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CLASS GROUP RELATIONS IN CYCLOTOMIC FIELDS.’ 


By Ropert E. MacKenzie. 


1. Introduction. Let F be the cyclotomic extension of the field R of 
rational numbers obtained by the adjunction of a primitive n-th root of 
unity «, n = 3. 

Let N be the multiplicative group of residue classes of the rational 
integers prime to n modulo n. If q is an element of N, then q will be 
regarded as either a residue class modulo n or as a rational integer repre- 
senting this residue class, whichever is appropriate to the context. For each 
qe N, let og be the uniquely determined automorphism of F over R for which 
oq(«?) =e. By this definition N may be identified with the Galois group 
of F over R. 

The principal result contained in this paper is the following theorem. 


TuEorEM 4. Let & be any ideal class of F. For all rational integers 


s and t, 


II oq (&) [q(s+t)/n]-[qs/n]-[qt/n] 
qeN 


is the principal class. ([«#] indicates the greatest integer < the rational 


number 7.) 


This theorem lists a set of relations among the elements of the class 
group of any cyclotomic extension of the rational field. In the present state 
of algebraic number theory it is a rather isolated fact. It would be of con- 
siderable interest to know whether it has a more intimate connection with 
class field theory. 

Theorem 4 is a generalization of a known theorem? for the case where 
nis a prime. The key to the proof consists in regarding the n-th power 
residue symbol* («/p) as a function on the additive group of the residue 
class field of the prime p and employing the relation between the convolution 
of the functions (a#/p)* and (a/p)* and the product of their Fourier trans- 


1 Received November 12, 1951. 
*D. Hilbert, “Die Theorie der algebraischen Zahlkérper,” Jahresbericht der 


Deutschen Mathematiker Vereinigung, vol. 4 (1897), § 109. 
*°H. Hasse, “ Bericht tiber neurere Untersuchungen und Probleme aus der Theorie 


der algebraischen Zahlkérper,” ibid., Erginzungsband VI (1930), § 10. 
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forms. Theorems 1 and 2 concern the factorization of the values of the Fourier 
transform of («/p)*. Theorem 3 gives the factorization of the values of the 
convolution of («/p)* and (a/p)*. 


2. The Fourier transforms. Let p be a prime ideal of the ring of 
integers of F which does not divide n. Let ® be the additive group of the 
residue class field of p and #* the multiplicative group of non-zero residue 
classes. If a is an element of ® (or ®*), then @ will be regarded either as 
a residue class or as an integer which represents this residue class, whichever 
suits the context. Np is the customary notation for the order of ®. 

Let X be the character group of For xe X the Fourier transform 
¢, of x is the function ¢,(A) = Sax(%)A(«), ae 6*, defined on the charac- 
ters* A of 6. Among the elements of XY occur the functions (4/p)*, where 
(«/p) is the n-th power residue symbol* in F and s is a rational integer. 
When it requires special consideration, the Fourier transform of («/p)* will 
be denoted by ¢s. For convenience, (0/p) will be set equal to 0. Then (a/j)é 
becomes a function defined on ©. 


THEOREM 1. Jf then | [I $,(A)|? = 
xex 
Proof. Order the elements of ®* and of X in a fixed manner and 
consider the determinants 
A = det{A(aB)| a, Be 
and 
D = det{x(a)| xeX, ae 


each consisting of Np—41 rows and columns. Summing on «@ gives 


Da = det{x(B) Sax(%8)A(aB)| xe X, Be 


where x(8) is the complex conjugate of x(8). The sum occurring in this 
determinant is ¢,(A) and hence Da = DI, ¢,(A), xeX. 


D may be shown to be different from zero by forming 
DD = det{3,x(«)x(B)| 2, Be 


The sum occurring in this determinant is zero unless a =, in which case 
it is Np—1. Therefore DD = (Np—1)%?“. It now follows that 


| IL, (A) | | |. 


* The values of the characters are roots of unity. 
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The theorem requires the evaluation of | A|?. Since 
| A | =| det{a(— », Be 
it follows by suming on £ that 
| A == | det {pr ({« — v}B) | ave |. 


The sum appearing in this determinant is —1 unless « =v, in which case 
itis Np—1. That is to say, 


| A |? =| det{(— 1+ 8, p |v, 


where 8,, is the Kronecker delta. This determinant may be evaluated by well- 
known methods and gives the desired result. 

Further considerations will be restricted to the special Fourier transforms 
ds. The values of A(«) are p-th roots of unity, where p is the rational prime 
which p divides. The values of ¢,(A) are therefore integers in the extension 
E obtained by the adjunction of a primitive p-th root of unity to F. The 
problem is the factorization of the integers ¢,(A) in the field #. Theorem 1 
shows that the divisors of ¢s(A) are necessarily divisors of p. 

It will now be assumed that p is a prime of first degree relative to R. 
This condition prevails throughout the remainder of the paper. Let 
Py =o,()),qeN. According to Hilbert’s theory of the factorization of primes 
in normal extensions,® the primes p, and p, are distinct when gq’ in N 
and as g runs through the elements of N the primes pg run through the 
divisors of p in F. It is not difficult to see ® that pg is completely ramified 
in £, that is, there is a prime $, in E such that pp—,?". As q runs 
through the elements of NV, the primes $$, run through the divisors of p in E. 

According to Theorem 1, the factorization of ¢,(A) in H may be written 
os(A) = The values of the exponents v(s|/q) are given by the 
following theorem. 


THEOREM 2. If A~1, then v(s||q) = (p—1){1— o(qs)/n} tf s 40 
(mod n) and v(s|\q) =0 if s=0 (modn), where w(m) is the least non- 
negative integer congruent to m (mod n). 


Proof. The elements of ® are represented by the rational integers 
0,1,2,---,p—1, hence 


-5 (v/p)*a(v) -5 (v/p)*”(1). 


5D. Hilbert, loc. cit., Chap. X. 
*D. Hilbert, loc. cit., Chap. XXI. 
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Since A 1, A(1) is a primitive p-th root of unity. Let r—A(1) —1. 
Then ge N. Applying to the congruence *® (v/p)? == 
(mod p) gives (v/p) =v®¢/" (mod p,) and 


Since v?-?==1 (mod p), one may replace the exponent (p—1)qs/n by 
(p—1)o(qs)/n. 


Using the binomial theorem, 


p-1 p-1 y p-1 
=> ( ) n tS} ye-o(as)/n (mod 
If s is divisible by n, then ¢.(A) =—1 and v(s||q) =0. It may be 


assumed that s£0 (mod). In this case the exponent (7 —1)(qs)/ n is 
not divisible by p—41, which means that the second sum in the congruence 
for ¢;(A) is congruent to zero mod p. It may be dropped mod $7". 


Let »= 1 and 1S/Sp—2. It follows from (")y = (vl + terms 
of lower degree in v)/p! that m 


= 0 (mod p), = p—I—1. 


Applying this to the congruence for ¢s(A), one concludes that 
hs (A) = (mod 


where a is a rational integer +0 (modp) and hence #0 (mod §,). 
Theorem 2 now follows from this congruence. 


3. The convolutions. The coefficient of A(«) in the product $5(A)¢:(A) 
will be denoted by g,'(a«). Its explicit value is %g(B8/p)*({a#— B}/p)', 
which is an integer in F. Owing to the multiplicative nature of the power 
residue symbol, gs‘ is almost the function (a/p)&*#. 


Case 1. 
(%) = %p(aB/p)*({a— aB}/p)* = 


Case 2. «a=—0. 


t ,s + ¢ £0 (mod n) 
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Using these values of g,‘(a) it follows that 


— | 8+ t (mod n) 

+ (Np —1)(—1/p)', s + t= 0 (mod n). 

The factorization of g.¢(1) in F may be written = 
as will be demonstrated in Theorem 3, which gives the values of the exponents 
v(s|¢ || q) in most cases. 


THEOREM 3. If neither s nor t is divisible by n, then 
v(s| tg) =1—[g(s + t)/n] + [gs/n] + [gt/n]. 
Proof. Case 1. 340 (modn). 
(1) = (A). 
The results of Theorem 2 ard the relations py = %,? and 
w(m) —[m/n]n 
give the desired result. 


Case 2. s+ ¢=0(modn). Put A = 1 into the expression for $.(A)¢:(A). 
Then g.¢(1) =— (—1/p)* = +1 and v(s| || g) =0. 


4, The class group relations. The proof of Theorem 4 may now be 
given. Let & be the ideal class which contains p. For this ideal class we 
may state from Theorem 8 that Ijoq()’@l¢I® is the principal class, provided 
that neither s nor ¢ is divisible by n. Furthermore, the factorization p = Ib, 
shows that II,o,() is also the principal class. This means (1) that the first 
statement regarding & is true even if s or ¢ or both are divisible by nm and 
(2) that 


is the principal class. The latter statement is Theorem 4 for the case when 
R is the ideal class containing p. 

The generalized theorem on arithmetic progressions’ assures us that 
every ideal class of / contains not only one but an infinite number of primes 
satisfying the conditions on p in this paper. Hence Theorem 4 is true for 
every ideal class of I. 


INDIANA UNIVERSITY. 


7 For the most general statement of this theorem see H. Hasse, ibid., vol. 35 (1926), 
§ 8. 
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A THEOREM ON UNIFORM CAUCHY POINTS.* + 


By W. L. Gorpon and C. W. McArruour. 


The purpose of this paper is to prove a theorem which implies the main 
results of recent papers of B. J. Pettis, [4], A. Alexiewicz [1], and A. M. 
Ostrowski [3] concerning the Osgood-Kuratowski-Banach theorem and some 
of its consequences. The terminology of [4] will be followed throughout 
this paper. 

Let X be any topological space, and ® any cardinal number. A subset £ 
of X is a J» set if it may be represented as the union of ® nowhere dense 
sets ; otherwise it is a IJ» set; H is -residual if its complement X \ E£ is a 
Ie set. Let Y be any completely regular topological space, and of all uni- 
formizations of the topology in Y [5], let {Va|a2A} be one having least 
cardinal number | A |. For each element d of a fixed directed set A, let f) 
be a function on X to Y. A point z in X is a Cauchy point of {fy} if 
(0.1) given any we A, there is some Aq such that f,(%) © Va(fre(%o)) for 
allA=dAq A point x is a uniform Cauchy point of {fy} if (0.2) for each 
aeA there is some Age A, and an open set G containing 2, such that 
© Val(fre(z)) for all and all re G. The set of Cauchy points 
of {f,} will be denoted by C and the set of uniform Cauchy points by (C,. 
The closure and interior of any set H in a topological space will be denoted 
by and £° respectively. 

Our main result may now be stated. 


THEorEM 1. Let | A| represent the least of the cardinal numbers of 
cofinal subsets? of A. If each fy is continuous, and if 6 => max(| A |, | A), 
then CNC, is Io. 


For each ae A there exists ([5], p. 14) a non-negative real function 
a(p,g) on Y XY such that (i) oa(p,p) =0, (ii) oa(p,q) =oa(Q, P), 
(iii) if o.(p,q) <1 then pe Va(q) and ge Va(p), and (iv) given >0 


* Received September 13, 1951. 

1 Part of this paper was written under contract N7-onr-434, Task Order III, Navy 
Department (the Office of Naval Research). 

* Equivalently, let | A | be the least of the cardinal numbers of domains of subnets 
of the net {fr} in the sense of J. L. Kelley, “ Convergence in topology,” Duke Mathe- 
matical Journal, vol. 17 (1950), No. 3. 
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there is some Be A such that | oa(r,s) —oa(p,q)| <¢ whenever re Vg(p) 
and se Vg(q). Let M = [p] be a cofinal subset of A having cardinal number 
| A], and for each ae A and we M, let 


= X[a: | oa(fr(w), fu(w))| for all A= 


In [4] it is shown without using the continuity of the f,’s that C = () U Qaus 
and C, = a U Q°a,. From this it follows that 


CNC, CE = UU \ Q°au)- 
a 


By hypothesis, each f, is continuous; hence, by (iv) above, for fixed A and p, 
| oa(fx(@), fu(z))| is a continuous function of z. Therefore each Qoy is 
closed, and Qayz \ Q°au is nowhere dense. Hence E£ is the union of | A |-| A | 
nowhere dense sets. If |A|-|A| is finite, H is nowhere dense and so 
obviously Zs. If |A|-|A| is infinite, then 
and E is necessarily a Jp set. As a subset of a Ip set, C \ Cy is also I¢. 

With the same hypotheses on the spaces Y and Y as in definitions (0. 1) 
and (0.2), and with {f,} a directed family of functions on X to Y, a point 
of almost equi-continuity of {f,} is a point x» satisfying the condition that 
(0.3), for each ae A there exists a Aq and an open set G containing 2, such 
that Ve(fax(%o)) for all and all xeG. The set of all such 
points will be denoted by Ca. We recall the following result ([4]). 


LemMa 1. The relations C, D C®* 1Cyg=CNC, always hold, and tf fy 
is continuous for each dX in a cofinal subset of A, then Cy = C*NCyg=CN Cz. 


The following corollary is a combined statement of Theorems 1 and 2 
of Pettis ([4]), the latter part being an extension of a theorem of Alexiewicz 


({1]). 


Corottary 1.1. If each fy is continuous, and max(| A |,|A|), 
then Cy, C Ca, and 


(1) if C is &-residual, then C, and Cy are ®-residual ; 
(2) if C ts a IIe set, then CN Cq (—C,) is a Ile set. 


By Theorem 1, C \C, is Js, and since X \Cy= (C\ Cy) U (X\NC) 
is the union of two I sets, X \ C, is Ip; that is, C, is &-residual. By Lemma 
1, Cy C Ca, so Cy is also @-residual. The second part of the conclusion is 
evident since C= (C\C,) UC,, and C\C, is Is. 

Given any function f, on X to Y, let Cy be the set of points of continuity 
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of fo; and given fy and {fy}, let C(f.) and C,(f.) represent the sets of those 
points for which (0.1) and (0.2) respectively hold when f), is replaced by f,. 
We recall the following lemma ([4]). 


LemMA 2. For any f, and any {fy}, we have 

(1) CD C(fo); (2) CoD C(fo)®N Ca; 

(3) C(fo) Cu Cu(fo) D C(fo)°M Cus 

(4) af fy, 1s continuous for each X in a cofinal set, then Cy D Cu(fo)- 
The Osgood theorem now takes the following form. 


THEOREM 2. Given {fy} and fo, suppose that each fy is continuous and 
that => max {| A|,|A|}. Then Cu(fo) C CaN Cy and C(fo)® \ Cu(fo) is Is. 


From (1) and (3) of Lemma 2 we have C,(fo)C CN Cy, and from 
Lemma 1, CN C,=COC,; thus Cy(fo)C Ca. By (4) of Lemma 2, 
Cu(fo) C Co, hence we clearly have Cu(fo) C CaM Co, or equivalently C.(fo) 
= C,(fo) ACaNCo. Using 3 of Lemma 2 we have 


O(fo)® \ Cu(fo) C C(fo)? N(C(fo)® Cu) = C(fo)? Cu C ON Cy. 
Hence by Theorem 1, C(fo)®° \ Cu(fo) is Ie. 
CoROLLARY 2.1. Assuming the hypothesis of Theorem 2, then 
(i) tf C(fo)® is ®-residual then so ts Cu(fo)A CaN CoN C(fo)°; 
(ii) if C(fo)® is IIp so is Cu(fo) A CaN CoN O(fo)®. 
From Theorem 2, Cu(fo) = Cu(fo)A CaM Co, and since 
(X NC (fo)°)U (C(fo)® NCu(fo)) = XN (C (fo)? Cu(fo)); 


where VY \C(f,)° and C(fo)® \Cu(fo) are I sets, (i) follows. To establish 
(ii) note that C(fo)° = (C(fo)® \ Cu(fo) )U (Cu(fo) C(fo)®), where C(fo)° 
is and C(fo)® \Cu(fo) is I». Therefore Cu(fo)A C(fo)°® is Ie. 

Observe that in the special case of Corollary 2.1 obtained by requiring 
C(fo) = X, one may conclude in addition that Ca = C, = Cu(fo) C Co, because 
in this case parts (3) and (4) of Lemma 2 imply Cy, = Cu(fo) C Co and 
Lemma 1 implies that C, = C4. 

The set A is called essentially denumerable if | A 
integers). The following theorem summarizes the foregoing results in case A 
is essentially denumerable and Y is pseudo-metric. Parts (2), (3), and a 
consequence of (5) have been stated by Pettis [4] and in less generality by 
Alexiewiez [1]. 


=, (e.g. positive 
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TurorEM 3. Let Y be pseudo-metric and A essentially denumerable, and 
suppose fy 1s continuous for each Ac A. Then 

(1) CNC, is first category; 

(2) if C is residual so are Cy and C,; 

(3) if C is second category so are C, and C,,. 
If also fo is on X to Y, then 

(4) C(fo)® NCu(fo) ts first category; 

(5) if C(fo)° ts residual so ts Cu(fo)A CaN Con C(fo)°; 

(6) if C(fo)° is second category so is Cu(fo)A CaN Con C(fo)°. 


If X is second category then so are Cy, and C,q in cases (2), (3), and in the 
cases (5), (6) so is Cu(fo) 1 CaN Con C(fo)?. 


Following Bourbaki [2] we call X a Batre Space if every non-null 
open set of X is second category (e. g. a locally compact Hausdorff space or 
a complete pseudo-metric space). In such a case it is clear that any residual 
set is second category and everywhere dense. Hence 


CoroLttary 3.1. Let Y be a pseudo-metric space, X a Baire space, 
A essentially denumerable, and suppose f, 1s continuous for each Xe A and 
fo is on X to Y. If C(fo)°® ts residual, then Cu(fo)N CaN CoN C(fo)® ts 
residual, second category, and everywhere dense. 


In a recent paper A. M. Ostrowski [3] states the following theorem: 
Let f(t,2) be a continuous function of the point (t,7) fora<a2<b and 
t=T, and suppose we have limf(/,2) =f(x), where f(z) is also con- 

t->00 


tinuous in (a,b); then for any « > 0 there exists a subinterval J of (a, b) 

and a number 7, such that we have | f(¢,2) —f(r)| <<«fort=T,andzedJ. 

Using Corollary 3.1, Ostrowski’s theorem may be strengthened to the 

following: Suppose for each t= T that f(t,x) is a continuous function on 

A = real interval (a, b) into a pseudo-metric space Y, and that f is a function 

on X to ¥ such that lim f(t,z) =f(z) for eachae X. Then Cy(f)N Co 
00 


is residual, second category, and everywhere dense, and C, = C,(f) C Cs. 


TULANE UNIVERSITY. 


\ 
) 
j 
3 


W. L. GORDON AND C. W. MCARTHUR. 
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MATRICES WITH INTEGER ELEMENTS IN COMBINATORIAL 
INVESTIGATIONS.* 


By H. J. Ryszr. 


1. Introduction. Let it be required to arrange n elements into n sets, 
such that each set contains exactly & distinct elements and such that 
every pair of sets has exactly A= k(k—1)/(n—1) elements in common 
(0<A<k<n). The significance of this n, k, A combinatorial problem has 
been described in detail in [2]. The problem for n=N’?+N-+1, 
k=N+1, N22, and A=1 is equivalent to finding a projective plane 
with + 1 points onaline. Forn—4N —1,k —1, andA=N—1, 
the problem reduces to a determination of an Hadamard matrix of order 4N. 

Let 7:,° - *,2%n denote the n elements and let s,,- - -, 8, denote the n sets 
formed from these elements. The elements 2,,- - -,2, may be listed in a row 
and the sets s,,° * *,8, in a column. One forms the incidence matrix A in 
the usual way by inserting 1 in row 7 and column j if the element 2; belongs 
to the set s; and 0 otherwise. The matrix A of order n is composed entirely 
of zeros and ones and satisfies the matric equation AA’ = B. Here A’ denotes 
the transpose of A, and the maftix B has k in the main diagonal and d in 
all other positions. Moreover, for the incidence matrix A, one readily proves 
that A’A = B. Clearly, the matrix B is congruent to the identity, relative 
to the field of rational numbers. The utilization of this fact has resulted in 
a proof of the impossibility of the n, k, A problem for large classes of n, k, 
and A ([1], [2]). 

Consider now two n by n symmetric matrices A and B, with integer 
elements. The matrix B is integrally represented by A provided there exists 
a matrix C with integer elements such that C’AC = B. In particular, B is 
integrally represented by the identity provided there exists an integral A such 
that AA’ = B. 

Let B now denote the n by n symmetric matrix with k in the main 
diagonal and A = k(k—1)/(n—1) in all other positions. If the n, k, dv 
problem has a solution, then clearly B must be integrally represented by the 
identity. The purpose of the present paper is to show that for certain n, k, 
and A, the converse proposition is also valid. 


* Received September 20, 1951. 
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Unfortunately, the classical problem of deciding whether or not one 
matrix is integrally represented by another is not entirely solved. An excellent 
account of this and related arithmetic topics may be found in [3]. 


2. Theorems concerning the n,k, % problem. The following is a 
generalization of Theorem 3 derived in [1]. 


THEOREM 2.1. Let B be the symmetric matriaz of order n, with k in the 
main diagonal and X = k(k—1)/(n—1) in all other positions (0<A<k<n), 
Suppose that AA’ = A’A = B, where A has integral elements. Then A is 
composed entirely of zeros and ones, or entirely of zeros and minus ones. 
Consequently the matrix A yields a solution of the n, k, X problem. 


Let s; denote the sum of column 7 of the matrix A = [a,,]._ Then 


n 
(1) Ke’, 
i=1 
where 7 =1,---,n. Adding, one obtains 
(2) > 3? = nk?, 


It is clear from A’A = B that | s;| = Daj |S aij? —k, whence s7 Sk’. 
i 


But then (2) implies | s;| =. But if s; 4, then all of the a’s in the j-th 
column of A consist of zeros and ones. On the other hand, if s; = — k, then 
all of the a’s in the j-th column are zeros and minus ones. Thus the columns 
of A are either composed of zeros and ones, or zeros and minus ones. Since, 
however, the inner product of two column vectors of A is the positive integer 
A, the matrix does not contain columns of both varieties. 

Actually, the restriction of the normality of A in Theorem 2. 1 is unneces- 
sarily severe. However, any restriction imposed on the transforming matrix 
is undesirable. This difficulty is overcome subsequently for certain values 
of n, k, and X. 


THEOREM 2.2. Let B denote the symmetric matrix of order n, with k 
in the main diagonal and X=k(k—1)/(n—1) wm all other positions 
(Q0<A<k<n). Suppose further that k and k—dX are relatively prime, 
that k — 2 is odd, and that AA’ = B, where A 1s integral. Then upon suitable 
multiplication of the columns of A by +1, the matriz A is transformed into 
an incidence matrix composed entirely of zeros and ones. Consequently A 
yields a solution of the n, k, X problem. 
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Again let s; denote the sum of column 1 of A, and let ¢,; denote the inner 
product of the i-th and j-th column vectors of A. We first derive a basic 
relationship connecting the quantities ¢;; and the products sjs;, namely 


(3) k*ti; = ASiS; + k?(k r) 
where 6;; is the Kronecker delta. 


The matrix A is nonsingular, with determinant | A | = + k(k—A)@%/, 
For if column one of B is.subtracted from each of the other columns, and if 
to row one there is then added each of the other rows, it readily follows that 
|B| =k?(k—2)"*. Thus AA’=—B implies that 


(4) A’A = A“BA. 


Let A,;; denote the cofactor of the element a,, of the matrix A. Then com- 
paring elements in the (u,v) positions on both sides of (4), one obtains 


| A | bie Aintiy + A 
4 


But 2 Aindiy = | A | 8y, and equation (1) implies that 


(3) | A | Aw 
Hence (3) follows. 


Any column of A may be multiplied by —1 and the equation AA’ = B 
remains valid. Hence we may suppose without loss of generality that s;= 0. 
Now | A | = + k(k —A)@-/, and by hypothesis, k and k — X are relatively 
prime. Hence by equation (5), it follows that each s;==0modk. Thus we 
may write s; == Moreover, from (3) it follows that 


(6) ty = Au? + (k—xd). 


Let us now suppose that some u;=0. Then s;—0, and by (6) it 
follows that t; But 


=a,?+---+ an? =k —A(mod2), 


and this contradicts the assertion that K— 2 is odd. Hence each u,=0. 
But -+s,? whence u,?-+- +--+ Hence it follows 
that each u;—1 and thus for all 7% But then — 4, and hence each 
a; must equal 0 or 1. Thus A is an incidence matrix. 
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planes and Hadamard matrices. 


THEOREM 2. 3. 


N be an odd integer > 1. 


H. J. RYSER. 


The preceding theorem is of interest for the special case of projective 


Let B denote the symmetric matrix of order n= N? 
+N +1, with N + 1 in the main diagonal and 1 in all other positions. Let 


Then the assertion that there exists a projective 


plane with N+ 1 points on a line is equivalent to the assertion that the 
aff B is integrally represented by the identity. 


THEOREM 2.4. Let B denote the symmetric matriz of ordern = 4N —1, 
with 2N —1 in the main diagonal and N —1 in all other positions. The 
assertion that Hadamard matrices of all orders congruent to zero modulo 4 
exist is equivalent to the assertion that the matriz B is integrally represented 
by the identity, for every odd integer N. 


If B is integrally represented by the identity for every odd integer N, 
then by Theorem 2.2, there must exist Hadamard matrices of order 4N. 
To construct the Hadamard matrix of arbitrary order congruent to zero 
modulo 4, it is only necessary to form the direct product with the Hadamard 
matrix whose order is a suitable power of 2 (cf. [4]). 
2 is not necessarily valid for / —A an even integer. In this 


Theorem 2. 
case certain of the u; may actually equal zero. 


If te,° ° 


Uz. constitute 


those u; equal to zero, then equation (3) merely implies that A’A is a direct 
sum of two matrices, one factor of which is (tk —A)J, where J is the identity 
matrix of order ¢. 

To furnish an example, let H be an Hadamard matrix of order N = 2 


or N =0(mod 4). 


The first column of H is to be composed entirely of plus 


ones. Consider now the matrix of order N* + N, which is the direct sum 
Let this matrix be bordered by a row 


of the matrix H, taken N + 1 times. 


vector 


(1,0,- 


0,1,0,- - 


of V* + N components, where each of the sequences of zeros contains N — 1 


members. 


Let the resulting array be bordered by a column vector of 


N* + N+ 1 components, consisting of 0 in the first position and 1 in all 
other positions. The resulting matrix A is of order N? + N + 1, and satisfies 
the matric equation AA’ = B. However, the matrix A is not the incidence 


matrix of a finite projective plane.* 


OnIo STATE UNIVERSITY. 


* The writer expresses thanks to Dr. C. J. Everett, whose correspondence with the 
Thanks are also due to the 


author provided considerable help and encouragement. 
referee for improvements in the exposition. 
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A GENERAL THEORY OF RADICALS.* 
I. Radicals in Complete Lattices. 


By S. A. AMIrTsur. 


The various radicals which have been hitherto defined by various authors 
(Artin, Levitzki, Jacobson, Brown-McCoy, etc.) constitute an important tool 
in the study of the structure of rings. The theory of radicals was recently 
extended to non associative and non distributive rings as well as to more 
general structures. The similarities which exist between some of these radicals 
(in the underlying definitions and reasoning) have been already observed by 
B. Brown and N. H. McCoy, and they developed in [4] a theory for radicals 
in groups which, in particular cases, yields some of the known radicals in 
the theory of rings, but bears no relations to others. The purpose of the 
present paper is to give an axiomatic study of radicals. In order to achieve 
the greatest possible generality it was found suitable to develop the theory 
of radicals for complete lattices.1 The axiomatic approach and the general 
results obtained here will be applied in a subsequent paper where also the 
the results of [4] will be incorporated in our general theory. 

One readily observes that each of the radicals which have been hitherto 
defined in rings is connected with some ring-property which is invariant under 
ring-homomorphism.? Thus the Jacobson-Perlis radical ([3]) grows up out 
of the property of quasi-regularity. Generally, by a z-radical WN of a ring S is 
meant a maximal ideal N of S possessing a given property x of this type, and 
such that the quotient S/N is free of non zero ideals with the same property. 
It turns out that the theory of radicals is based on the following simple con- 
sequence of the homomorphism-invariance of the property z: If A, B, C, are 
any three ideals in a ring S such that the quotient ring A/B has the property 
a then (A,C)/(B,C) has the same property.? This fact, and the method 


* Received March 9, 1950; revised September 15, 1951. 

+I am indebted to Prof. R. Baer for a remark which led to the present general 
treatment of the theory of radicals. 

2 Compare with [4], Theorem 2. 

*This follows immediately since A/B is homomorphic with A/A 1 (B,C) 
= (A.B,C)/(B,C) = (A,C)/(B,C). 
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which has been applied by Baer for defining his Lower Radical in [1] are 
the starting points of the theory of radicals developed in this paper. 

It is found convenient to formulate our conditions and results not in 
terms of properties but rather in terms of binary relations p between elements 
of a complete lattice. Thus in the case of ideals in a ring S and a ring- 
property z we write ApB if AB and the quotient ring A/B has the 
desired property z. In particular, a p-radical r of a lattice LZ is an element 
re such that rp 0 and zpr implies z—r. In this notation the above men- 
tioned condition may be formulated as follows: if apb then (aU c)p(bUc). 

In Section 1 the definition of Baer’s lower radical is extended to complete 
lattices with binary relations of the preceding type. The discussion of the 
existence of the radical is carried out in Section 2. In order to cover the 
problem of the connection between the radical of a ring and the radical of 
its ideals in the theory of radicals of associative rings the whole theory is 
extended in Section 4 to more general structures to be called complete pseudo- 
lattices. Some related questions and the dual development of the present 
theory is dealt with in Sections 5 and 6. The last section deals with an 
application to lattices in which multiplication is defined. We obtain an 
extension of Baer’s lower radical of [1] to such lattices. The dual definition 
of this radical yields the maximal idempotent element of such lattices. The 
latter is an extension of the idempotent kernel of rings and semi-groups 
defined by J. Levitzki in [2]. 


1. The upper radical. 


Notations. Let M be a complete lattice. We denote by Jy and by Ox 
the unit and the zero of M. When no confusions are expected, the subscript 
M will be omitted. Lattices and sublattices will always mean complete 
lattices and complete sublattices. By an M-interval [a,b] is meant the set 
The notation Sup[z;-- -] and Inf[z;- - -] will be 
used to denote the greatest lower bound and respectively the least upper 
bound of the elements x subjected to a condition which will replace the dots 
in the brackets. We refer to the relation = of MV as to an inclusion relation, 
and we say that a includes b if a= b. 

We consider a set of sublattices {Z} of M such that if a,beL, where 
Le {LZ}, the L-interval [a,b] belongs also to the set {L}. 


Definition 1. A binary relation p defined in M is called an H-relation 
in M if p satisfies: 
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(A) Ifapb;a,beM, then a=b. 
(B) apa for every ae M. 
(C) Ifapb andc=b then (aUc)pe. 


Remark. Let apb. Since bUc=b, it follows by (C)_ that 
(aU c)p((b Uc) for every ce M. 


When apb anda, be L we write ap b in L, and a is said to be a p-element 
over bin L. An element ae L is said to be a p-element in L if ap Or. 

A sublattice Z of M is said to be p-semi simple in M if L does not 
possess non zero p-elements, i. e. x p Oz in Z holds only forz—0,. Leta) 
be two elements of Z. If the L-interval [a,b] is p-semi simple in M, we 
write apb in L. The element 0 is said to be a p-element over a in L. If 
apIz, a is said to be a p-element in L. 


Definition 2. An element re JZ is called a p-radical in L if r is both 
a p-element in Z and a p-element in L. 


Example. Let M be the lattice of the ideals of an associative ring 8. 
The relation v in M defined to be: avb if a*~=b =a for some integer n is 
readily seen to be an H-relation in M. In this example, the v-elements are 
the radical-ideals defined by Baer in [1] and the v-radical in M is the nil- 
potent radical of the ring S (in case it exists!). 

Unless otherwise stated, binary relations to be considered hereafter will 
be H-relations and the sublattices of M will be restricted to the set {L} 
considered above. 

Define inductively the following chain of elements in L: uo(L, p) = 01, 
ui(L, p) = Sup[p;pp0z in L], p) = Sup[u,(L, p); v <A] for limit 
ordinal A, and u,(L, p) = Sup[p; p puy.(L, p) in L] for non limit ordinal 4. 
Thus the chain {u)} * is a well-defined non-decreasing chain of elements of L. 


LemMaA 1.1. There ts an ordinal + such that u,(L, p) = uo(L, p) for 
every ordinal o =r and u,(L,p) < Up(L,p) forvpSr (tf r>1). 


Since the chain {u,} is a subset of Z it is readily verified that there 
exists a minimal + such that u;—u,,,. The rest of the lemma follows now 
immediately by the definition of the chain {u,} and by the minimality of +. 

The element u,(Z,p) is called the A-th p-radical of L, and u,, the 
element of the preceding lemma, is called the upper p-radical of L (in M). 
This element will be denoted by u(ZL, p).* 


*When no confusion is expected u,, will replace u,(Z,p). Similarly u and r 
will replace u(Z,p) and r(Z,p). 
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The object of the present section is to determine the relation between 
the upper p-radical of Z and the p-elements of L. 

The following fact will be often used: if apb in L, then apb in every 
sublattice of I which contains both a and Db. 

The following lemma is fundamental: 


LemMaA 1.2. Let p,q be two elements of the L-interval [a,b] such that 
qgpb and ppa; then q =p. 


Proof. It follows by (C) that (pUq)pq in ZL. Since gpd and 
b= pUq=q. pUq=q. That is g=p. 

In particular if and = 0;, we have 

CoroLtary 1.1. Hach p-element in L includes every p-element of L. 


A simple consequence of the preceding corollary is: 


THEOREM 1.1. Every sublattice L possesses at most one p-radical. 


Indeed, if r, and r. are two p-radicals of L, then since r,pJ and rz p 0, 
72. Similarly r, =r, Thus r, = 

If L possesses a p-radical, in the light of the preceding theorem we refer 
to this radical as the p-radical of ZL and denote it by r(J, p). 

Since r(L,p) is a p-element it follows by Corollary 1.1 that 


1.2. Jf r(L,p) exists in L, then r(L,p) is the maximal 
p-element of L. 


Lemma 1.3. Let Q={q} be a set of p-elements tn L, then 
t= Inf[q;qeQ] is also a p-element in L. 


Let pe L be such that ppt. Since q =t, ge Q, it follows by Lemma 1. 2 
that g=p. This holds for every ge Q; hence =p. This proves that ¢ is 
a p-element. 

The set of all p-elements of Z is non vacuous, since evidently J, is a 
p-element in LZ. We obtain, therefore, by the preceding lemma, 


CoroLtuary 1.3. The meet of all pelements of L is the minimal 
p-element in L. 


The following is the main theorem of the present section. 


THEOREM 1.2. The upper p-radical u(L,p) is the minimal p-element 
of L. 
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Proof. Since by Lemma 1.1 u(L, p) =u, it follows by 
nition of u;,, that u(L,p) is a p-element in LZ. Hence, if m = Inf[q;q isa 
p-element in L], m= u(L,p). To prove that u(L,p) it is sufficient 
to show in the light of Lemma 1.1 that m= u,(L,p) for every ordinal », 
By the preceding corollary m is a p-element in ZL, hence by Corollary 1.1 


m=p for every p-element p in LZ. This yields m=u,(L,p). Let 
m = u,(L, p) for every ordinal y <A. For limit ordinal A it is evident that 
m= uy. If d is not a limit ordinal, since m = u)_, it follows by Lemma 1. 2 
that m = p for every p which is a p-element over u)_;. This implies m = w, 
and the proof is completed. 


THEOREM 1.3. A necessary and sufficient condition that r(L,p) exist 
is that u(L, p) is a p-element, and in this case r(L, p) = u(L, p). 


Proof. In view of the preceding theorem, u(L, p) is a p-element. Hence, 
if u(L, p) is a p-element, u(L, p) is the p-radical of Z. Conversely, let 1(L, p) 
exist in Z. Since r(L, p)pJ it follows by Theorem 1. 2 that r(L, p)= u(LZ, p). 
On the other hand, since r(L,p) is a p-element, u(L, p)= ui (L, p)= r(L, p). 
Thus r(L, p) =u(L,p), and the latter is therefore a p-element in L. 


Since r(L, p) = u,(L, p) we have 
Corotiary 1.4. Jf r(L,p) exists, it is the maximal p-element of. L. 


A relation between the upper p-radicals of two lattices is given in the 
following theorem: 


THeorEM 1.4. Jf LOL’ such that 0=0’,° then u(L, p) 2 u(L’, p). 


The proof is achieved by showing inductively that u(L, p)= u(L’, p). 
If pp 0 in L’, the same relation holds in L; hence u(L, p)= u,(L’,p). For 
a limit ordinal A it is evident that u(L,p)= u(L’, p) if u(L, p)= u,(L’, p) 
holds for every v< A. Let A be not a limit ordinal. If ppwu_,(L’, p), since 
p and u.(L’,p) belong to L, this relation holds also in L. Hence, from 
u(L, p)= u1(L’, p) it follows by Lemma 1. 2 that u(L,p)= p. This yields 
that u(L,p)=u(L’,p). q.e.d. 


THEOREM 1.5. Denote by Lq the L-interval [a,JI]. If u(L,p)=a, 
then u(L, p) = u(La, p). 


Since u(L, p)pJ in L, the same holds in the interval L, since u(L, p)= a. 


5Q and 0’ denote respectively the zeros of ZL and L’. 


£9 


4 
a 
: 
2 
3 
4 


st 


A GENERAL THEORY OF RADICALS. 779 


Hence, Theorem 1.2 yields u(L, p)= u(La,p). The same reasoning implies 
that u(La,p)pI in L, since this holds in Lg; hence u(Lg, p)= u(L, p) and 
the theorem is proved. 

A relation between the upper radicals of two different relations p, and 
p. is discussed in 


THEOREM 1.6. If either 1) ap, b implies a pz b, or 2) b po TI in L implies 
bp, I in L, holds then u(L, pi) Su(L, pz). 


We first show that (1) implies (2). Indeed, if xp, Z holds and J is not 
a p:-element over x, then there is a pe L such that p>wz and ppiz. Hence 
(1) implies pp. which is a contradiction. Now assume that (2) holds. 
Since u(L,p2)p2T it follows that u(L, pz)pil; hence by Theorem 1. 2 
u(L, S u(L, pz). 

Hence, 


1.5. If ap,b implies apsb, and bp, I imphes b then 
u(L, pi) = u(L, pz). 


2. The @-radical. This section deals with the existence of the p-radical 
r(L,p). For ae L, we denote by Qa the L-interval [0,a]. If w(Qa,p) <a, 
then [w(Qa, p), a] is a non zero p-semi simple L-interval. If [z,a@] is a non- 
zero p-semi simple L-interval in L, then u(Qa,p) Sx <a. Hence 


LEMMA 2.1. u(Qa,p) =a if and only if none of the non zero L-intervals 
[7,a], «<a, is p-semi simple. 

Since L ~ Q, and both have the same zero, it follows by Theorem 1. 4: 

LeMMA 2.2. u(L, p)= u(Qa, p). 

LemMa 2.3. If apb in L, and bpcin L, then ape in L. 


Indeed, if c= p=a such that ppa, (pUb)pb. Sinee c=>pUb=b 
and cpb, it follows that pUb=—b,i.e,b=p=a. But then apb implies 
=a. This proves that ape in L. 
The main theorem of the present section is 


THEOREM 2.1. The p-radical exists in every lattice L of M if and only 
if p satisfies 


(D) For every a,beL such that a<b and such that b is not a 
p-element over a, there is an element ce L, such that cpb in L. 
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Proof. Let p be an H-relation which satisfies (D). If u(L,p) were 
not a p-element, then there is u(L,p)>c=0 such that cpu(L,p). By 
Theorem 1.2 u(L,p)pI in LZ. Hence the preceding lemma yields cpl. 
Thus u(L,p)>c contradicts Theorem 1.2. This proves that u(L,p) isa 
p-element, and therefore we obtain by Theorem 1.3 that u(L, p) =r(L, p) 
and the latter exists. 


Conversely, let p be an H-relation for which the p-radical exists in every 
lattice Z (of the set {Z}). Let b >a and b be not a p-element over a in L. 
The L-interval [a,b] belongs to the set {LZ}, hence its p-radical r exists. 
Evidently, r is the required element, i.e, b >r=a and rpb in L. 


Remark 2.1. From the first part of the preceding proof it follows 
that if (D) holds in some lattice Z only for the element a—0, then the 
p-radical r(L, p) of this lattice L exists. 


Definition 3. An H-relation which satisfies (D) is called an R-relation. 


THEOREM 2.2. Let p be an R-relation. Let {ag} be a set of elements 
in L which are p-elements over b, be L; then Sup ag 1s also a p-element over b. 


Proof. Let r be the p-radical of the Z-interval [b, a], where a = Sup ag. 
Since rp a, it follows by Lemma 1.2 that r=a,. Hencer=a. Thus r—a, 
and therefore ap b. 


One may replace (D) by the conditions of the following theorem. 


THEOREM 2.3. The relation p is an R-relation if and only if p satisfies 
the following two conditions: 


(Di) If apb and bpc then ape (Transitivity). 


(D.) Jf a,Sa,S--- ts an ascending well ordered sequence of p- 
elements over b, then Sup a; ts also a p-element over b. 


Proof. Let p satisfy the conditions of the theorem. Applying (D.) to 
the p-elements of the lattice Z (in the case ) =0z), one obtains readily by 
(Dz) the existence of a maximal p-element r. This element r is also a 
p-element in L, for if re L, x >r such that zpr then since rp 0, it follows 
by (D,) that zp0 which contradicts the maximality of r. This proves that 
r=r(Z,p). Hence by Theorem 2.1 it follows that p satisfies (D) and, 
p is an #-relation. 


Now let p be an R-relation. Condition (D.) is a simple consequence of 
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Theorem 2.2. To prove the validity of (D1), let r(C) be the p-radical of the 
M-interval [c,a] —C, where apb and bpc. Since bpc, r(C)=b, and we 
obtain, therefore, by Theorem 1.5 that r(C) is also the p-radical of the 
M-interval [6,a]. Since apb,r(C)=a. Thus r(C) =a, which proves that 
apc. This completes the proof of the theorem. 

The reasoning of the first part of the preceding proof yield also the 
following corollaries. 


CoroLnary 2.1. If p is any relation in M (not necessarily an H-relation) 
which satisfies (A), (B), (D1), and condition (Dz) only in the special case 
b=O0y, then M possesses maximal p-elements, and each maximal p-element 
is a p-radical in M. 


In particular, it follows by the preceding proof that if p is an H-relation 
which satisfies (D,), then every sublattice Z either possesses the p-radical or 
does not contain maximal p-elements. Hence 


CoroLLaRy 2.2. If p is an H-relation which satisfies (D,), then every 
lattice L which satisfies the ascending chain condition for p-elements possesses 
a p-radical. 


Example. Let M be the lattice of the ideals of an associative ring 8. 
Consider the following relation between the iedals of S: apb if the quotient 
ring a/b is quasi regular in the sense of Jacobson ([3]). One readily proves 
that p is an H-relation which satisfies (D,) and (D.). Thus the theorems 
of the present section yield the existence of the Jacobson-Perlis radical. 


It is readily seen that the H-relation v defined in the preceding section 
satisfies (D,) and need not satisfy (Dz). 

Let ZL be a fixed sublattice of M. Suppose we distinguish among the 
elements of Z a class 3, which contains the unity J, of special elements of L. 
We prove that: 


THEOREM 2.4. If for every p-element a in L which is not a p-element, 
there exists a special p-element q of % such that a>aN q then the p-radical 
of L exists and it is the meet of all the special p-elements of %. 


Proof. Let m= Inf[q;qe%, q is a p-element in LZ]. Since Je 3, m is 
well defined. . It follows by Lemma 1. 3 that m is a p-element in L. If m is 
not a p-element, then m > m1 q for some p-element gq of =. But this con- 
tradicts the definition of m. Hence m is the p-radical of Z. q.e.d. 
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3. Complete pseudo-lattices. 
the theory of radicals of rings whose generalization is not covered by the 


There are still some general aspects in 


theory developed in the preceding sections. This section deals with one of 
these problems, the relation between the radical of a ring and the radicals 
of its ideals. To this end the notion of complete pseudo-lattices is introduced. 


Definition 4. A set Wt is called a complete pseudo lattice if a binary 
relation = (inclusion) is defined in 9t which satisfies 


1) Oe M such that 0 for every xe M. 


2) Every Mt-interval [a,b] = is a complete 
lattice with regard to the inclusion relation. 


Note that the relation = defined in St must be reflexive and anti- 
symmetric but need not be transitive, as can be seen by the following example: 
Let Yt be the set of all subrings of a ring S. For a,beM, we write a= b 
if b is an ideal in the subring a of S. The interval [b,a] of Mt can be 
identified with the complete lattice of the ideals of the quotient ring a/b. 

By an H-relation p in Yi we mean a relation p defined in Mt which is an 
H-relation in every Mt-interval and satisfies the condition 


(C,) IfaUb,a db are defined in M, then ap(a U 6) implies (aN b) pb 
in Me. 


For complete lattices Yi, condition (C,) is a consequence of (C). Indeed 
if (a1 b)pb does not hold in Yt, then pp(an b) for some b= p>an b. 
Hence by (C) (pUa)pa, which implies pUa=a, i.e, a=p. This 
together with b= p contradicts p>anb. This proof does not work in 
the general case, since p Ua may not exist in Mt. 

We denote by r(n,m) the p-radical (if it exists) of the Mt-interval 
[n,m]. The aim of the present section is to prove 


THEOREM 3.1. If r(n, m) exists, then r(q, m) exists for every qe [m,n], 
and r(q,m)=q MO r(n, m) if and only if p satisfies 


(E,) If apb then cpb for every ce [b, a]. 
(E.) If apb then ape for every ce [a,b]. 
Proof. Suppose p satisfies the requirements of this theorem. Let 


r=r(n,m) exist. Since r=qNr=—n and rpn, (E,) yields (¢qN r)pn. 


®* Note that if ce [b,a], the Q-interval [b,c] is not necessarily a subinterval of 
[b, a]. 
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Now m=qUr=r and rpm; hence (E,) yields rp(q Ur), which implies 
by (C,) that (gr) pq. This proves that gM r(n, m) is the p-radical r(q, n). 


The necessity of (E,) and (E,) follows immediately since both conditions 
are the particular cases r(b,a) =a and r(a,b) =a of the statement of the 


theorem. 


4. The mapping a—r(a). Let L be a sublattice of M, and let p be 
an R-relation in M. For every ae ZL we denote by r(a) the p-radical of the 
[-interval [a,J]. The correspondence a—r(a) is encountered in many 
problems in the theory of rings, e.g. the correspondence between primary 
ideals and their prime ideals. A general property of this correspondence is 


treated in this section. 


‘THEOREM 4.1. Let p be an R-relation satisfying (E,) and the condition 
(F) (aU b)pb implies ap(aM b). Then the correspondence a—>r(a) ts an 
idempotent meet homomorphism of L onto itself. 


Proof. The mapping a—r(a) is isotone. For leta=b. Since r(a)p J 
in the L-interval [a,Z], the same holds in the JZ-interval [6,J]. Thus 
Theorem 1.2 yields r(a)= r(b). 


Now let Put r,—r(a,) and rz=r(a.). Since 4 =a, a2, 
az), and therefore N = r(a,N az). Since =(7,N a, 
=ua,, and since 7; pa, it follows by (H,) that The 
condition of the theorem implies (71M a1) = Simi- 
larly, since (a4, N a. and repds., (a, 12)U and 
hence (4, rs) p( T2)N de) = 4, do. We obtain (129 r2)p(ai N az) 
and (a, a2). Hence it follows by (D,) that (7, N T2)p(a az). 
This vields r(a, N Hence r(a.)M az). Since 
r(a)pl, we have r(r(a)) =r(a), which proves the idempotency of this 
mapping. 


5. Dual relations. On account of the duality of lattices, we develop in 
this section a theory of dual relations and dual radicals. 


Definition 5. <A relation o defined in a lattice M is called a dual 
H-relation if o satisfies: 


(A’) Ifaob, a,beM then 
(B’) = (B) aca for every ae M. 
(C’) Ifacb and c=b then (afNc)cc. 
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Dually to the non decreasing chain of elements {u,} we define a non 
increasing chain of radicals as follows: 1,(L,0) =Inf[q;qoI in 
=Inf[l,;v <A] for limit ordinal A, and = Inf[q;qol., 
in LZ] for non limit ordinal A. The element J,(L,c) is called the dA-th 
o-radical of L. This non increasing chain of radicals terminates at some 
1,(L,o), that is, there is a minimal +7 such that 1,1, for every »p =r. 
The element /,(L,o) = L(L,«o) will be called the lower o-radical of L. 

One readily develops a theory for the lower radical dually to the theory 
of the upper radical developed in the preceding sections. In particular we 
refer to a dual H-relation as a dual R-relation if it satisfies 


(D’) If aob does not hold, then cab does not hold, then cob for 


some ceL,ascc< b. 


Let p be an H-relation defined in M. The relation p defined in WV can be 
considered as a dual relation in WV. We have 


THEOREM 5.1. If p is an H-relation in M, then p is a dual H-relation 
which satisfies (D’,)." Furthermore, if the set L of the sublattices of M is 
the set of the M-intervals, then p is a dual R-relation, and u(L, p) = r(L, p) 
for every M-interval L. 


Proof. Evidently p satisfies (A’) and (B’). We proceed in proving (C’). 
Let apb and b=c. If cp(anec) is not true, then pp(afnc) for some 
c=p>cfNa. Since p satisfies (C), (aU p) pa. But in view of b= pUa=a 
and apb, it follows that pUa=—a, i.e, a=p. This together with c=p 
contradicts p > ca, and thus (C’) is proved. Condition (D’,) was proved 
in Lemma 2. 3. 

Before proceeding with the proof we remark that if {Z} is the totality 
of the M-intervals of M, then apb in an M-interval LZ is the same require- 
ment as ap b in the whole lattice M. 

We prove now that the upper p-radical u(Z,p) of an M-interval L is 
the p-radical of Z. By Theorem 1.2 it follows that u(Z,p)pJx in L, and 
hence u(L,p)piz in M. The interval [0z,u(L,p)] is p-semi simple, for 
otherwise gpu(L,p) for some 0, < u(L,p), ge L. Hence Lemma 2.3 
implies gpJz. This contradicts the minimality of u(Z, p) proved in Theorem 
1.2. This shows that u(L, p) =r(L,p), which, by the dual of Theorem 2. 1, 
proves that p is a dual #-relation. 


7 (D’,) denotes the dual condition of (D,). 
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In the light of the preceding theorem, Theorem 1.2 is the dual of 
Corollary 1. 4. 

Some of the known relations are at the same time both H-relations and 
dual H-relations. The following theorem deals with a class of such relations. 


THEOREM 5.2. If p is any relation defined in M which satisfies (A), 
(B), (Ei) and the requirement that (aU b)pa implies b p(a b), then the 
relation p’ defined by ap’ b if bpa, ts a dual H-relation. 


Evidently p’ satisfies (A’) and (B’). Let ap’b and b=c. Since 
b=cUa=—a and bpa, it follows by (E,) that (cU a)pa and, therefore, 
cp(aMc). This proves that (aM c)p’c, hence the validity of (C’). 


6. Multiplicative lattices. We conclude this paper with an example 
which generalizes two known radicals, the lower radical defined by Baer in 
[1], and the idempotent kernel of rings defined by Levitzki in [2]. 

By a multiplicative lattice M we mean a complete lattice in which 
multiplication is defined satisfying 


1) For every a,beM, abeM is uniquely defined, 
2) abCand, 
3) a(bUc) =abUac; (6Uc)a=baU ca. 


Ifa=b, aU b=); hence by (3), it follows that ca U ch = cb, which 
implies that ca cb. In particular a? Sab S 0’. 

Consider the two relations £ and its dual @’ defined in M as follows: 
afbandbf{aifa®=b<a. Evidently ¢ and ¢’ satisfy (A), (B) and (A’), 
(B’) respectively. Now let ag 6 and c= Bb, then (a U c)? S (a? Uae U ca U c?) 
=bUc=c=cUa. This proves that is an H-relation. The relation 
satisfies (C’), for if b¢’a and ca then c?a*?=b. Hence, since c? Sc, 
eSbNcScie, (bN cfc. Thus @ is a dual H-property (One readily 
verifies that ¢’ satisfies also E,). Hence the upper ¢-radical and the lower 
¢’-radical are defined in M. 

In case M is the multiplicative lattice of the ideals of an associative 
ring 8, the upper ¢-radical is known as the Baer’s lower radical of S ([1]). 
It is readily seen that the theory of this radical is valid also in non-associative 
rings. Further properties of this radical will be discussed in Part III of this 
paper. 

The lower ¢’-radical can be approached from a different point of view, 
due to the fact that the notion of ?’-elements coincides with the idea of the 
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idempotent elements of M. Indeed, if a? — a it is evident that a is a @’-element 
in M and conversely, since a* £’ a, the fact that a is a (’-element must yield 
a® =a. Thus we obtain by the dual of Theorem 1. 2 that the lower ¢’-radical 
of M is the maximal idempotent element of M, and that the interval 
[7(M, 2’), I] does not contain idempotent elements. This result has been 
obtained for ideals in rings and in semi-groups by J. Levitzki in [2]. 
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ON THE STRUCTURE OF MULTIPLY TRANSITIVE 
PERMUTATION GROUPS.* * 


By T. C. HoLyoxe. 


1. Introduction. Since Jordan [1] first considered the problem of 
transitive extension of finite transitive permutation groups [2], not much 
improvement on his work has been made in the way of general results. 
Zassenhaus [2] obtained results for certain groups of automorphisms of finite 
geometries. Witt [3, pp. 257-259] specialized Jordan’s results to the case 
of multiply transitive groups, giving his results in such a way that they are 
still valid if infinite groups are admitted. Miller [4] showed that if a finite 
group of degree n > 12 does not contain the alternating group on its letters 
and is s-fold transitive, then s << 3n4}— 2. From this result it is possible to 
infer an upper limit of the number of successive transitive extensions which 
a given finite group can possess. 

In this paper, the theory is extended to cover transitive extensions in 
general, the finite group appearing in the réle of a special case for which 
certain simplifications of a calculational nature can be made. A general 
transitive extension theory, paralleling Schreier’s extension theory, is given. 
Then the case of extension of a multiply transitive group is taken up in detail, 
in such a way as to emphasize the important réle played by certain conju- 
gates of the given group, not only insofar as the existence of transitive 
extensions is concerned, but also in the actual construction of them. Unlike 
the results of Jordan and Witt, the process given here is constructive in 
nature, reducing both the number of permutations to be investigated and the 
number of tests that need be applied to them, and leading eventually to the 
realization of the strong dependence of any multiply transitive group on 
certain associated groups which are exactly doubly and triply i-ansitive. 


2. Statement and general solution of the problem. Let there be given 
a permutation group G fixing a certain letter, say O, and transitive on the 
remaining letters (not necessarily finite or countable in number). We wish 
to find a permutation group H which is transitive on all the given letters and 


* Received February 27, 1951; revised June 11, 1951. 
*This paper is based on the author’s doctoral dissertation at The Ohio State 
University. 
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in which G is the (largest) subgroup fixing the letter O. Such a group H 
has been referred to as a transitive extension of G [2]. 

For sections 2 and 3, the following notation will be used: The letters 
displaced by G will be denoted by {x}. The subgroup of G fixing the letter 
1 e {x} will be denoted by F. For each letter z, a representative u,e G will 
be prescribed which displaces 1 by x. This can be done because G is transi- 
tive. Letu,;—J. Then G=%,Fu,. A permutation g e G will be considered 


Fuzg FP 


upon identification of letters z, Fu, and u,;,1F. The group G will be given 
as acting only on letters {x}, but will be considered the same as that group 
having the same permutations and fixing any other desired letters. H will 
denote a transitive extension of G, if one exists. The symbols f, g, and A are 
generic for elements of /, G, and H respectively, and the symbol wu for the 
chosen coset representatives of F in G. Functions will be denoted by Greek 
letters, placed to the right of the elements on which they operate, composition 
of functions by °; transformation by a permutation p will be denoted by 7p, 
and the composite function by except that will be 
denoted by y’. Finally, g:(gsy) will be written as g,goy, and (9:y) ‘9: 
as 9iy92- 

Suppose a transitive extension H exists. The following facts, well- 
known in the finite case, will be of use: 


the same as 


2.1 H contains an element a transposing 0 and 1, hence a’ ¢ F [1, p. 31]. 
If {x} is finite, a? can be taken as /. 


2.2 a'*Fa=F. The proof here differs from that in the finite case 
[1, p. 32] in that aa could conceivably be a proper subgroup of F. It is 
not, however, since a* induces an automorphism of F. 

2.3 For each g#F there exist g, and gofF such that aga= g,a9, 
[1, p. 32]. 

2.4 H=—G-+ 3%, Gau,, and every h has the form g or the form gau 
[cf. 3, p. 258]. 

2.5 91092 9309, if and only if gs*g, ec and (93"92)ta = 9492". 

The following theorem serves to formalize the problem of transitive 
extension in terms of the internal structure of G. 


2.6 THEOREM. A necessary and sufficient condition for the existence 
of an extension H 1s that there exist an element q and an automorphism « 
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H f of F, and two single valued mappings 8 and y of G— F into ttself, satisfying 
E the following relations for every g, gi, and g2 not in F and every f, f,, and f. 
: in F: 
ter E 2 
‘ill (a) gy 18 aU, qa=—q, = fa? = 
si- (b) F and 
ad — (frag fs) 
(c) gB(gvf)BeF and = gafat (9rf)y}: 
(d) {(f98)B}~qfage F and = {f9B}y (gy) 
ie (e) 9:(928)eF if and only if g:yg2e F, in which case 
(9x92) % = {919 2B} 5 


ll (f) For g:g28 not in F, F, and 
({ (91928) (9rv92)B)% = {9:9 2B} (9rv92) 


; Proof. Assume the existence of H. By 2.1 and 2.2, H contains an 
a element a such that a?e¢F and a'Fa=F. Take @ and q as vq and a’, 
“ f respectively. By 2.3, 2.4, and 2.5, for g# F, aga = g’au (uniquely), with 9’ 


» andwnot in F. Define g8—g’ and gy—u. Relations (b)-(f) now follow 
§ from 2.5 (except in the case of (e)) and the associativity of H, considering 
respectively elements of the following types: a(f,"'egf.)a, agafa, afaga, 
ag,ag.a with g.g.BeF, and ag,ag.a with g,g.8¢F. Conversely, assume that 
¢, , 8, and y are given and satisfy the prescribed conditions. A suitable 
group H will be constructed. Consider all objects of types (g) and (9:, 92) 
|. & for all g, g;, and g, in G. Define the equivalence ~: (g)~/(g’) if and only 
if g= 9's (9) (G15 92)3 (91 92)—~(9s, 9s) if and only if and 
= 9.927. Denote equivalence classes by [g] and [91,92]. Let 
H denote the set of equivalence classes. Products are defined as follows: 


[a = [919293], [9192][9s] = 929s], 
[91> 92] 9+] = 1919 ( 929s) 


if gogseF, and [91,92][9s, 94] = [91(9293)B, 929s) otherwise. That 
. these products are well-defined follows directly from the definition of 
F equivalence. except in the last two cases. For those cases, suppose 
(9:'. 92’) ~ (91, g2) and (g3’, gs’) ~(9s, gs). Then there exist f, and f, such 
that 9.’ = gif, go’ = fr ago, 9x’ = Gsfo, and gs’ Therefore 
belongs to F if and only if g.’g,’ belongs to F’, in which case 


by (a). If g.g3 does not belong to F, then the equality of [9;, 92][9s, gs] and 
[9’. 92’ ][gs’, follows from (b) and the definition of equivalence. 
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The element [J] is a right identity, and right inverses for elements [g] 
and [91, 92] exist in [g-*] and [g2"*, (g1q)*] respectively. 

That products in H are associative follows directly from the definition of 
products and the associativity of G, except in the case of [91,92]([9s-94][95-9«]). 
For the various possibilities g.g,;eF and gogzfF and gig;eF; 
F and gogsf F and and and finally 
F and gogsf F and g293(9sgs)8 I’, associativity follows from relations 
(a), (c), (d), (e), and (f) respectively. Hence A is a group. Define 
a=[I,I], g=[g]. @ the set of all g, F the set of all f. Then G is iso- 
morphic to G, and [91,92] = 9:49. Also, a fa = = fa, and 
a?— For gf F, aga =[gB, gy] =gBagy. H =G+ 3, Gai,, for, given 
h = [g1.g2], h can also be written in the form [g,u], where gze Fu. Thus 
h = gai. The cosets are clearly distinct. It remains to be shown that H 
has a faithful permutation representation H on letters O and {zx} in 
which the image of & displaces O and the image of g is exactly the permu- 
tation g with the added fixed letter 0. Such a representation is given by 


- , under the correspondence O@G, Gai. 
Gh- -- - - 


--- 

i = ‘ j 
- ) t 0-- ) Gag: - ) 
I= Fated | and Gdiig = Gai, if and only if Fug = Fu,. Thus H has the 
properties asserted in the theorem. 


2.8 Definition. If gq, «, B, and y satisfy the conditions of Theorem 2. 7, 
(q, %,8,y) will be called an embedding system. 


Notation. The “bar” notation of Theorem 2.7% will now be discarded. 
Let the mappings ¢ and y be defined as follows: g¢@ is the coset representative 
wu for g, and gy the element of F’ such that g = gy¥q¢. 

2.9 Definition. Two systems (q, a, B, y) and (q*, a*, B*, y*) are similar 
if there exist an element f and an automorphism z of G mapping F onto itself 
such that gy* = (gy"fa™)¢ for all g¢F. Two similar systems for which z 
can be taken as the identity are equivalent. 


2.10 Definition. Two transitive groups of permutations on the same 
set of letters are permutation-isomorphic if there exists a permutation of 
those letters transforming one onto the other. 

2.11 THrorEM. Two transitive extensions of G are permutation-iso- 
morphic if and only if the corresponding embedding systems are similar, 
and are identical if and only if the corresponding systems are equivalent, 
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under the natural correspondence of letters Gau with Ga*u and G with G, 
respectively. 


Proof. Suppose H and H* are permutation-isomorphic. Of the permu- 
tations transforming H onto H*, at least one fixes the letters 0 and 1, since 
H* is doubly transitive. Let p be such a permutation. Then Gr,—G and 
Fr, =F. Also, arpe Fa*, so that a* —fpap. Now 


gB*a*gy* = a*ga* fpapgfp ap = fp ap 
= fg )y(gy?fa?)> = o (a*)?f*]a* (gy?fa?)¢, 
so that gy* has the desired form, with 7 = 7p. 

Conversely, suppose two systems and an element f are given such that 
gy* = (gy"fa™) >, where z is an automorphism of G mapping F onto itself. 
Recall that in H* the letter Ga*u, and in H the letter Gau, correspond to 
the letter Fu as given in G. In the following discussion, all representatives u 
are different from the identity. There exists a permutation p fixing letters 


Fu 
To show 


that p*Hp = H*, it will suffice now, by 2.4, to show that a* = farp. 
(Gau)p\ ( Fur ) 
( = OD ruy)p) =O) Puy on 


Gaur Ga*u’ 
Hence 


fry — argfar — (01) ( (0)(1)( = OD ( 


Ga*u Ga*u 
= (01 = a*, 
If + is the identity automorphism, then p can be taken as the identity 
permutation, and fa =a*, hence H and H* are the same. 


0 and 1 such that r+, [38, p. 259], in particular, p -( 


2.12 Corottary. The relations similar and equivalent of 2.9 are 
equivalences. 


The importance of the concept of similarity of systems is brought out 
in section 4. 

The connection between the mappings 8 and y and the permutation a 
can be partially expressed in terms of permutations. Define the permu- 
tations b and c (on the cosets of F in G as letters) by the following: 
(F)b = (F)c=F; (gF)b = gBF and (Fg)c—Foy for gf F. If b and c 
are considered as permutations of the letters of G, they fix the letter 1, and 
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=c—(01)-a. Furthermore, Gr, unless G contains all finite even 


permutations of its letters. 


2..13 Remark. G has no transitive extension if it does not contain all 
finite even permutations of its letters and if its normalizer in the group of 
all permutations of letters {2}—1 contains the normalizer of F on those 


letters. 


3. Some groups having no transitive extensions. The following 
theorems indicate two infinite classes of finite simply transitive groups for 
which transitive extensions do not exist. 


3.1 THEOREM. Let G be a transite permutation group on letters 
1,2,---,n,n+1,n+2,---,n-+ such that the subgroup F fiaing the 
letter 1 also fixes n+ 1, and has two multiply transitive constituents on the 
sets 2,---,nandn+2,---,n-+n respectively, so constituted that in each 
element f, the fixed letters are congruent (modn) in pairs, and congruent 
letters are displaced by congruent letters; or let G be permutation-tsomor phic 
to such a group. Then G has no transitive extension. 


Proof. Permutation-isomorphic groups have or fail to have transitive 
extensions together; so the group G can be taken as described. F' contains an 
elements f of order two, having an even number of transpositions, say 2). 
Then 27 = n—1. Suppose an extension H exists. H contains an element a 
interchanging 0 and 1, and conjugate to f [1, p. 31], therefore having 2j — 1 
transpositions among letters 2,3,---,2n. Now a’Fa=F (2.2), hence a 
fixes the letter n+ 1 and either permutes the letters of each transitive set 
among themselves, or must interchange the sets entirely. The latter case is 
impossible, for would have transpositions among 2,3,--: -, 2n. 
Therefore it may be supposed that a takes each transitive set into itself. 
Then a has the transposition (ij) among letters 2,- - -,n if and only if it 
has the transposition (n+i,n-+ 7), since different permutations induce 
different automorphisms of a multiply transitive group. This contradicts the 
fact that 27-1 is odd. Hence no such group ZH exists. 


3.2 Corottary. If the symmetric group of degree n > 4 is represented 
as a group G of permutations on the cosets of one of its alternating subgroups 
of degree n—1, then G has no transitive extension. 


3.3 THeEoREM.? Jf G is a transitive group (41) of odd order and of 
degree n=1 (mod 4), then G has no transitive extension. 


° The author is indebted to M. Hall for this theorem. 
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Proof. Suppose an extension H exists. The order of H is divisible by 2 
but not by 4; hence H has a Sylow subgroup of order 2. Since a subgroup 
of order 2 is in the center of its normalizer, H contains a normal subgroup H* 
of index 2 in H [5, p. 327]. G, being maximal in H, is not contained in H*. 
Therefore GMH* has index 2 in G, yielding a contradiction. 


4, Multiply transitive groups. The notation will now be changed in 
accordance with the following: for k > 1, let G; represent a k-fold transitive 
group on letters {a}, 0,1,- - -,—1, not containing an element consisting 
of a cycle of length 2 or 3; and fori —0,1,- - -, &—1, let G be the subgroup 
of G;., fixing the letter i. The letter added in the attempt to find transitive 
extensions of G; will be called &. Let G,, for variable index p, represent 
all the distinct transitive extensions of G,_, other than Gx. 


4.1 Remark. In G; (t=2,--+-,k), there exists an element a; trans- 
posing letters i— 1 and i— 2, permuting letters {x} among themselves, and 
fixing the rest [cf. 1, p. 32, and 3, p. 257]. Let elements similar to a; be 
chosen also in each G,) and designated by a“). All these elements are 
permutable with G [3, p. 257]. 


4.2 Definition. Let = ay ra, (hk, —1, k—2). 


4.3 Remark. If adjunction of various elements a,., to G, produces 
transitive extensions of G;, then all such extensions are distinct. 


Proof. Tf ay.1 and ay: yield the same extension, then 
from which it follows that a; © Goa,””, and G, = G,, i.e. p—=p’. 


4.4 TuHroreM. In order for a particular ay. to yield a transitive 
extension of Gy, it is necessary and sufficient that (a,a,)*eG, and 
= For k > 2, these conditions are equivalent to the 
two conditions (a,a,)%e Go and Go (in Theorem 4.11, it ts 
shown that for k > 3, the single condition (dxs.ay+)? € Go is sufficient). 


Proof. Since (dxdx.1)* = (a;,a,)°, this theorem follows from a 
theorem of Jordan [1, p. 33] and Witt [3, p. 257]. 


4.5 TxHroreM. Lach transitive extension of Gy can be obtained by 
adjoining to it one of the elements ay,:, in which case the corresponding 
G.) (uniquely determined, as follows from 4.3) is permutation-~somorphic 
to Gy, the element —1) transforming Gy. into itself and a; 
into some element of the coset Goa". 
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Proof. Let Gx,; be a transitive extension of Gx, a,,, an element of 
Gys1 Which interchanges k and k—1, and fixes k—2,---,0. Define 
= (k,k—1,k—2). Then a,’ ¢ Gy, otherwise (k, k —1, k —2) 
would belong to G;,;, in which case G, would also contain a cycle of length 3, 
since G;,, is triply transitive. G;, and G;_, U {a;’} are permutation-isomorphic, 
since the element (k,&—1) transforms into itself and a, into a,’. 
Gy-1 U {a,’} is an extension of G,_, and is therefore one of the G,. Now 
== fa,’ for some element fe Go, and 


rq, (k, k— k— 2) 
= On (k, k— k— 2) (k, k—1k— 2) 


hence = GU (2.4), and = for some element f, € G. 
Since all the a’s are permutable with G , the final assertion of the theorem 
follows. 


4.6 Corortary. If the number of distinct extensions of Gy.» which 
are permutation-isomorphic to G), is a finite number t, then the number of 
extensions of G;, 1s less than t; in particular, if a finite simply transitive 
group G of degree n>3 has at most t permutation-isomorphic extensions, 
then G cannot be extended to a (t+1)-fold transitive group of degree 


4.7 Definition. If every a;., produces a transitive extension of (;, 
it will be said that G;, can be extended in every possible way. 


4.8 Lemma. for k >3, G, and are two extensions of 
then there exist permutations 81, S82, 83, and s, on letters {x} such that 
= U (k — 3, k —4)} (¢ = 1, 2, 3, 4) are transitive extensions of 
= Gyo U (kk — 2, k — 3)} (7 = 2, 3, 4) are transitive exten- 
sions of Gyo (= Gro), and = U (kK —1, k — 2)} 
(m== 3,4) are the two given extensions G; and G;’, respectively of Gi 
(— 


Proof. This follows from successive application of 4. 2-4. 5. 
Let 7; represent r,, throughout the remainder of this paper. 
4.9 LEMMA. (mod G,), 


SmT2 T1 = SmT2; and S4T3 Te O T1== To, 


(1 = 1, 2, 3,4; m = 3, 4). 
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STRUCTURE OF MULTIPLY TRANSITIVE PERMUTATION GROUPS. 
Proof. s;?>=I, by (2.1). (S25m)*==J, since, by 4. 4, 
(kK —2, —3) (kK — 2, —3) RSI. 


By Theorem 4. 4, I = (Smo ° 7181)? = Smt2 © 718mt2, from which it follows that 


SmT2 Ty = Sm = SmT2- Finally 
O Te SS 


== STs ° 


4.10 LEMMA. = 1, if and only if (srs 7252)” =T1, and 
if these relations hold, then (S4rs ° T28st2)* =I. 


Proof. Lemma 4.9 will be used here repeatedly. Assume 


(Sars =I. 


Then 
[= OT, 0 718271) 2 == (Sars ° 282) 744, 
whence (873° 7282)" Assume that (s4r3 ° 282)? Then 
(Satz 28271)? == (Sars O T2 O T8271)? =H, 
Also Tz == = Sars, and 


(S473 ° T283T2)* = = (Sy73S2T3)* == (S482) =I, 


4.11 Turorem. In order for dx. (cf. 4.2 and 4.4) to yteld a tran- 
sitive extension of G;, when k > 3, it is sufficient that (dguiay+)? © Go. 


Proof. Let the groups G; and G;’ of 4. 8-4. 10 correspond to the groups 
G, and G,. of this theorem, respectively, s3r.°7,:(kK—1,k—2) and 
071° (kK —1,h—2) to ay and and so7,-(k—2,k—3) to ay. 
Then = 072 k—1), and the theorem is seen to follow 
from 4.9, 4.10, and 4. 4. 


4.12 TuHeorem. If, for k > 3, every (k —1)-fold transitive extension 
of Gy, can be extended in every possible way (cf. 4.7), then all the extensions 
of Gy.» are permutation-isomorphic and can themselves be extended in every 
possible way. 


Proof. lf G, and G, are two extensions of G;_,, it is required to show 
that a;,, yields a transitive extension of G,. Let the same correspondence 
be set up as in the proof of the previous theorem. Then the following groups 
are (k —1)-fold transitive extension of 
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{Gy-s, 8, (k — 3, k—4), SoTi° (k —2, k — 3)} (= 
— 8, 4), —2, E—3))}, 


and 


{Gy-2) 8: — 3, — 4), — 2, k —3)}. 


Since G;-3t2*t = G,_3 (Theorem 4.4), it follows that 


(k — 3, k—A4), 8371 (k — 2, — 3) } 
3, k—4), (it — 2, k—3)} 


and 


{Gr-s; 8, (k — 3, k — 4), S47 (k 2; 3) 


8. (k — 3, k —4), S4t2(k — 2, k — 3)} 


are also (k — 1)-fold transitive extensions of G,_3. The assumption that each 
such group can be extended in every possible way leads to the conclusion that 
I = (83711 28282)” = (S473 © T282)” (mod Go); and the desired result now 
follows from 4.10 and 4. 11. 


4.13 Remark. It is easy to show that each permutation of the letters 
{x} which, with the adjunction of a suitable transposition, is used to obtain 
an extension of G, having degree of transitivity greater than three, has already 
been used similarly in obtaining some extension of G, which is exactly triply 
transitive. This fact seems to lend weight to the conjecture that there 
are only a finite number of triply transitive groups which have transitive 


extensions. 
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ON THE DETERMINATION OF MULTIPLY CONNECTED 
DOMAINS OF AN ELASTIC PLANE BODY, BOUNDED 
BY FREE BOUNDARIES WITH CONSTANT 
TANGENTIAL STRESSES.* * 


By C. ARF. 


1. Formulation of the problem. 


B. Consider the closed curves Z of the z plane which are boundaries of 
multiply connected domains C of multiplicity m, such that there exists a state 
of stress of C which satisfies the following conditions. 


B,. The stress tensor (¢2,oy,7) satisfies the condition oz + oy = 4a 
with a given constant a throughout C and on L. 


B,. The stress tensor (oz, oy,7) has determined finite or infinite values 
everywhere in C and on the boundary LZ, with a possible exception at 
More precisely the analytic function I'(z) = 
has no singularities other than poles in C and on the boundary LZ except at 


the point z 
B;. The boundary ZL is a free boundary for the state of stress (o2, cy, 7). 


B,. I(z) has only a finite number of poles in C and on L. Besides 
these we shall require that the following geometrical conditions are satisfied. 


B;. The domain C does not contain the point z—co. But the point 
2==0 might be a point of the boundary LZ. For a variable point z of the 
domain which tends toward o continuously, argz has limits which are the 


numbers ¢1,$2,° *,¢n < gn < 
Bs. To every ¢; is associated a set of separated intervals 
(a,9, (a2, bo), (ay,, by,), 
which are described by the expression exp(—1d;), where zeC is 


supposed to go to oo continuously and lim arg z = qj. 
2-00 


* Received February 20, 1951. 
1T wish to thank Dr. R. C. Roberts for helping me prepare the English version of 


this paper. 
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B;. JZ has only a finite number of points of inflection and a finite 


number of cuspidal points. 


It is clear that these conditions require that the curve L have the form 
shown in (fig. 1) and that the isolated exterior forces which are applied to 
the elastic plane body (C + LZ) are like those shown on that figure. 

The purpose of this paper is to determine the domains C and the stress 
tensors o;, oy, t Which satisfy the conditions above. 


Fia. 1. 


2. In our former publications? we have shown that a state of stress 
for which o, + o, = 4a is a constant has free boundaries if and only if it is 
defined in the following manner except for the case where the stresses are 


constants throughout the plane. 
Let x(t) be an analytic function which takes real values on some parts 


of the real axis of the T-plane. We put 


A) =ifx(i(—1)/(E +1) 


The function z = ®(€) defines a conformal mapping (locally) of the ¢-plane 
onto the z-plane. At the point z= ©(£) we consider the tensor 


*C. Arf, “ Sur les frontiéres libres 4 tensions constantes d’un milieu élastique plan 
en équilibre,” Notes communiquées au VI¢ congrés international de mécanique appliquée, 
1946. 
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AN ELASTIC PLANE BODY. 


= 2a(1 + RE’), 
(2. 2) oy = 2a(1 RE"), 


2anse?, 


which defines a state of elastic stress of the z-plane. The point 


(2. 3) &((1—it)/(1+ it)) 


describes a free boundary of this state of stress, when ¢ varies on the part of 
the real axis of the plane where x(t) is real. If @ denotes the angle of the 
tangent to the boundary with the z axis, the center of curvature of L at the 
corresponding point z of the boundary will be 


a+ ix(tgdo)e™, 


and we will have 


z= ©((1— itg}p)/(1 + itghd)) =O(e), 


We consider now the function 
Z=C? = (0, — oy, — = T(z) 


which transforms conformally our domain C and its boundary LZ into a 
Riemann surface 2 and its boundary & respectively. The point Z T(z) 
tends toward the point Z = exp(— 2t¢1) when z tends toward zoo con- 


tinuously under the condition lim arg z= ¢;. The set 2+ k= E#, in which 
2-00 


we include the points exp(— 2t#:), is then a closed domain of a certain 
Riemann surface over the Z plane. We consider now the symmetric surface 
L8 of L with respect to the boundary & of #. The set 2+2+k—R will 
then be a closed Riemann surface. Let us consider a connected part L, of L. 
According to our assumptions, LZ has only a finite number of cuspidal points 
and a finite number of points of inflection. Therefore the variation of the 
angle @ of the tangent to Z, when the point z describes the connected part L,, 
will be such that Z = exp(— 2i@) will draw a finite number of arcs of 
finite length of the unit circle |Z|—1. The boundary & will then be con- 
stituted by m such closed ares. If we now take into account that Z = TI(z) 
can take the value Z oo only a finite number of times, or that HY has only 
a finite number of points at infinity. We can conclude that # and therefore 
Ff has only a finite number of sheets. R is therefore an algebraic Riemann 
surface of genus m —1 and has only a finite number of points of ramification. 
Let Mz, be a point of E different from the images of the point zoo, 
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(3.1) 
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Let ¢ = (Z —Z,)*" (or t= Z-/# if be the local uniformization 
parameter of F at this point Mz,. We consider the inverse function z = A(Z) 
of Z=—T(z) at this point Mz, Because of the fact that the mapping 
z= A(Z) of EF into C+ L is conformal, we shall have 


(3. 2) A(Z) =a, +at+---+a,i7+--- with a, ~ 0, 
and therefore 

(3.3) A’(Z) =1/pt* (a, + +--+ -) for Z, finite, 
(3. 3’) A’(Z) = V/pt"" (a, + for Z,—o. 
From this we can deduce the following results: 


An ordinary point of E which does not correspond to a point at infinity 
on L is an ordinary point of A’(Z). 

A point of ramification of order » of E which does not correspond to a 
point at infinity on L is a pole of order »—1 of A’(Z), tf tts affix ts finite. 

A point M, of ramification of order » on E ts a zero of order » + 1 of 
A’(Z). 


The function A(Z) is obviously equal to A(Z) =@(Z4). We have 
therefore 


(3. 4) A’(Z) = /2Z4 = ix (i(Z4 — 1) 4+ 1)) /2ZZ8, 
or 


Thus the function 1ZZ4A’(Z) has to be real on the boundary & of FL. We 
can therefore extend this function on &* by the formula 


(3.6) iZ*Z*8N(Z*) 


where Z* is the symmetrical point of Z with respect to k&. One can write 
this as follows: 


(3. 7) A’(Z) = — Z**A’(Z*) 
This relation enables us to extend the function A’(Z) on &. Our results 


about the singularities of A’(Z) on & will then have the following conse- 
quences on 


A point of ramification of order p on 2 is a pole of order »—1 of A’(Z), 
if this point has a finite affix different from zero. 
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A point of ramification of order » on 28 whose affix is zero, is a pole of 
order 2n—1 of A’(Z). 

A point at infinity on 28 is a zero of order 24+ 1 of A’(Z), wf this 
point has an order of ramification p on &. 

We can also show in exactly the same way as we have done in our 
former work * that a point P of R which corresponds to a point at infinity 
on L is a pole of order w for A’(Z), if this point P is a pownt of ramification 
of order p on R. 

In the following parts of the paper we shall study only the special case 
m==2. The case m > 2 will be studied in a forthcoming paper. 


4, Let us denote by L, the exterior boundary of our domain C, and 
by L, its interior boundary. JL,» will have no point at infinity. 


For m= 2 the genus of R is 1, and we can represent Z and A’(Z) as 
elliptic functions H(T) and R(T) of a variable T=t + it’. 


Let ;, w2 be the fundamental periods of these functions, and let us consider 
the corresponding o-function of Weierstrass. It follows from the fact that R 
is symmetrical with respect to & that to each zero a of order » of Z—=H(T) 
corresponds a pole b of order » of H(T). The function H(T) has then the 


following form 


(4. 1) H(T) =A [I (o(T — /o(T — )™, 
where the points a,,@2,° +, dy; -, 6b, are different from each other 
and satisfy the condition 
v v 
j=1 


We consider now a point M on R and the symmetrical point M* with 
respect tok. Let T and T®* be the corresponding points of the T-plane. 


(4. 3) T T* 


is then a conformal mapping of the finite J-plane on itself. This mapping 
is therefore of the form 


(4. 4) a, B constants. 
*C. Arf, “Sur la détermination des états d’équilibres d’un milieu élastique plan 


admettant des frontiéres libres & tensions constantes,” Revue de la Faculté des Sciences 
de VUniversité d’Istanbul, tome XII, Serie A, 1947. 
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From (M*)* = M we deduce (T*)*=T mod(w, :), which means 


a(aT +p) +B=T mod 


(4. 5) 
|o| 41, “B+ B=0 mod w2). 


By a preliminary substitution of the form 7—aT + 6 we can make a ~1 
and B real.t We can then either choose as one of our periods , w2 (o, for 
example) a real number, and we have 8B ~«,/2 or B =0. Besides this, to 
every set of congruent points 7’ + m,o,-+ m2, must correspond a set 
T*® + myo, + me’w. of congruent points. This means that we must have 
T + myo, + mo. + B=T+ B+ myo: + me’w2. Therefore the conjugates 
of periods must be periods too. The fundamental periods are then either of 
the form = o, = or of the form o; = 20, = w+ Ww’ (a, real). 
If B =w,/2, the images of & in the T-plane are the lines T=T + w,/2 
+ myo; + Mowe, OF 

(4.6) 237 = mw’, +4=—0, for o, =o, = Ww’, 
(4.7) 23T = mw’, o, = 20,0.—o 4 w’. 
The equations (4.6) have no solutions, while the lines which are solutions of 
(4.7%) are deduced from one of them by the translations nw.. In the case 
B =w,/2 the boundary k will have therefore either no point at all or consist 


only of one piece. 
We must have therefore 80. The images of k& in the T-planes are 


then the lines 
(4. 8) — Mow’ , n, >= Q, for = 0, = lw’, 
(4. 9) 29T = Mow , Ms 2m, = 0, for oOo, = 2e, Wo iw’. 


The lines which are solutions of (4.9) are obtained from one of them by the 
translations mw.. The boundary & will consist in that case of a curve of 
one piece only. We shall therefore have to consider only the case 


(4. 10) = 4, = Ww’ T*=T. (w, real) 
The fundamental periods being of this form, the functions 


o(T) = TI’ {(1 — T/(mo + im’o’) exp(T/(mo + im’e’) 
+ T?/2(mw + im’o’)?)}, 
=1/T + ¥(1/(T — mo — im’o’) + 1/(mo + im’o’) 
+ T/(mo + im’o’)?), 


‘Such a substitution carries the coefficients a and 8 into aa/d, B + (ab —aab) /4. 
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will be real on the real axis, and we shall have o(7) =a(T), ¢(T) ={(T). 
The points of affix zero and the points at infinity on R being symmetrical 
with respect to k, the corresponding points a; and b; of the JT plane will 
have to satisfy the condition 


(4. 11) b; =4d,, mod (, Ww’). 


We consider now the functions R(T) = A’(Z) =A’(H(T)) and F(T) 
=A(Z) =A(H(T)). Since the functions R(T) and H(T) are elliptic of 
periods w, ww’, the function 
(4. 12) = R(T)’ (T) 
is also elliptic of periods w, iw’. The function A’(Z) has to satisfy the 
condition 

A’(Z) =— A’(Z) @, 


at every point Z of k (3.7). The function F’(7) will have therefore to 
satisfy the condition 


(4. 13) /H’(T) =—H(T) 


for all values of 7 for which §7 —0 or o’/2. But for these values of T 
we have 


Z4—H(T)-H(T)=1, H’(T)H(T)+H(T)H(T) =0. 


The condition (4.13) can therefore be written as follows: 

(4. 14) H(T) =F"(T)/F’(T), for XT = 0, 0’/2. 
If we put F’(T) = F’(T), we can deduce from (4.14) and from the fact 
that F’(T) is an elliptic function of periods (w, iw’) that 

(4. 15) H(T) =F'(T)/F'(), 

for all values of 7. Reciprocally one can deduce from (4.15) the relations 


(4.14), H(T)-H(T) =1 and (4.13) for 3T —0 or o’/2. The function 
2=A(Z) —F(T) maps one of the strips 


0< Sr /2, —w/2< ST <0 


on our domain C. But by a substitution of the form T—-aT +b (a=+1, 
b =0,iw’/2) we can make this function map the strip 0 << $T < o’/2 on 
the domain and the line $7 0 on the exterior boundary L, of C. This 
mapping must obviously be conformal in that strip 0< 97 <o’/2. The 


3 
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zeros and the poles of F’(T) are therefore in the strips which can be obtained 
from —o’/2 = 3T =0 by translations of magnitudes mo’ 

Let us consider a point T, on 37 —0 or GT =—o’'/2. If the image 
F(T.) =A(HA(T,)) of this point on the boundary Z is different from 
and from a cuspidal point of LZ, then the point Z, — H(T,) of k is a pole 
of order »—1 of A’(Z), where y» is the order of ramification of this point 
on F&. The point 7, is then a zero of order »—1 of H’(T), and the 
function /’(T) = A’(H(T))-H’(T) will be regular at the point 7). If 
the image F(T.) is a point at infinity on ZL, (in which case 37, —0), 
the point Z, —H(T,) on k is a pole of order » of A’(Z) = A’(H(T)), 
and the function F’(T) = A’(H(T))-H’(T) has a simple pole at T). 

The function ¥’(T) has therefore no singularities on 37 —o’/2, and 
its only singularities on 37’ = 0 are poles of order 1. 

The zeros of F’(T) on the lines ST —0, GT —wo’/2 have also to be 
of order 1. In fact, if T, is a zero of F’(T) on one of these lines, then the 
image of the neighborhood of 7, in 0 < ST < o’/2 by the mapping z = F(T) 
will have more than one sheet unless /’’(T,) £0. Under this condition the 
neighborhood of F(T.) in C will have to be of one of the following three 
forms * 


Fir) “ 
© a 
F(Z (7%) 


x I 
Fie. 2. 


But it can be easily shown that the cuspidal point F(T.) of LZ has one of 
these three forms if and only if 


S(F(T.)/F’(T.)) > 0 for 37, =0 
(4. 16) for odd values of », 
<0 for 0'/2 


where F)(7’) is the lowest order derivative of F(T) such that 
~0. 
5°C. Arf, “Sur la détermination des états d’équilibres d’un milieu élastique plan 


admettant des frontiéres libres & tensions constantes,” Revue de la Faculté des Sciences 
de VUniversité d’Istanbul, tome XII, Serie A, 1947. 
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Finally, the function z= F(T) = fF’(T)dT has to be chosen in such 
a way that the domain 0 = $7 So’/2, 0= RT < o is mapped on a doubly 
connected closed domain of the z plane. For this it is necessary to have 


(4.17) +0) —F(T) =f F’(T + t)dt =0 
0 

for all values of T with 0 < ST < o’/2. In order to make this condition 
explicit we consider the following representation of F’(T): 

A (T — B;) 
where 
(4.19) 2 — 

1)“ 1) 14 (T — 

is the principal part of F’(T) at the pole 8;, c is a suitable constant, and 
where the coefficients A; have to satisfy the condition 
(4. 20) > A; = 0. 

j=1 
We put now this representation of F’(T) in (4.17), and we obtain the 
following condition for the coefficients A;, A’;, and the constant c: 
(4. 21) o— +t)dt=w+> (4s t(T +t—B;)dt 

0 j=1 

+ A’;(¢(T + — Bj) — B;) 

Using the known relations 


¢(T — + o) — f(T — = 2¢(w/2) 


+ t)dt =log(o(T — + )/o(T 


= 7(T —8;+ 0/2) +1, 
we can write this condition as follows 
(4. 22) co — ( > Aj8;— TA i) = 0. 
j=1 j=1 


We consider again a pole T= 8 of F’(T) on the line 37 —0. As we 
have noticed before, this pole is of order one, and in the neighborhood of 8 


we have 


806 C. ARF. 
(4.23) F(T) =Ase(T—8)dT + R,(T) 
= Alogo(T—8) + B,(T) =A log(T —f) + R(T), 


where Rf,(7T), R(T) are regular in the neighborhood of T7—£. If one 
follows the variation of this function in the neighborhood of @ in the strip 
0=3T S o’/2, one sees that the function F(T) maps such a neighborhood 


on a domain like the one shown in figure 3. 


/ 


Fie. 3. 


The neighborhood of T —f8 corresponds to an infinite strip of c whose 
direction is given by the coefficient — A of the principal part of F’(T) at 
T=f£. The thickness of this strip is obviously |A|7. If therefore 
B:, Bx is the increasing sequence of the poles of F’(T) nO =T 
and A, ——f, exp(i¢i), 42 =— - An fn exp(idn) are 


the corresponding residues of ¥’(7), we must have 


°° 


in order that the corresponding strips of c do not overlap each other. 
Besides this we must also require that ¥’(T7’) be such that none of the 
closed curves 
z= F(i(w’/2 — 0) + 2), 0OSt<a, 


2—=F(+i0 +1), 


cuts itself. 


m 


di 


_ 
( 
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Conversely let a function 
k h h 


k 


be given which satisfies the following six conditions: 


I. 4; exp(tp;) = 0, 

II. 


V. The function F’(T) has no zero in 0 < ST < 0’/2, and tts zeros a on 
the lines = 0, ST =o'/2 are all simple and satisfy the condition 


(a)/F"’(m)) >0 for Ja:—0 and v odd, 
S(F (a1) /F’(m)) <0 for and v odd, 
where F(T) ts the first derivatwe of F(T) for which 3(F™(a)/F’(a1)) € 0. 
VI. None of the curves 
z=F(+0+2), 
z= F(t(0’/2—0) +2), 0St<o, 
cuts itself. 
The function 
—2 fj exp (145) log (o (T’ — B;) ) 


k 
+ log(o(T — yj)) + — 


maps the domain 0 = ST So’/2, OS RT <wo on a doubly connected simple 
domain C which satisfies the conditions B;, Be, B;, and the distribution of 
stress given by the formula 


4 
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(4. 25) a+iy=z—F(T), 
2a(1 + REE(T)/F(T))), oy = 2a(1 — 
F(T) = 


satisfies the conditions B,, Bs, Bs, By. 


5. In this section we shall compute the following quantities. 


a) The resultant X + 7Y of the forces which are exerted on the boundary 
(b) of a small body containing the point z;—=F(7¥;) where F’(T)/F’(T) 


= (0, — oy — 2ir)/4a becomes infinite, 

b) The resulting momentum of these forces with respect to the point 
F(¥;), 

c) The displacement wu-+ iv which corresponds to the state of stress 
given by (4. 25). 
a) X (rdx — o,dy) +if (oydz — rdy) 

(0) (0) 
2a — (1 + (T)/F(T)))dy, 


+ $a + dy, 


(5.1) X+i¥ = 2ai — (F"(T)/F’(T))dz = — 2at raat, 
where (br) designates the image of (b) in the T-plane. Since 
is the principal part of F’(T) at the point y,;, the value of this integral is 
X;+ iY; =— 2ai(2wid;), so that 
(5. 2) X; + iY; = — 41a Aj. 
The thickness of the strip which corresponds to the pole f; being -zf;, the 


resultant of the forces exerted at infinity on that strip is — 4raf; exp(id;). 
We remark therefore that the condition 


(I) frexp (ids) — 


| 

t 

I 
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which expresses the fact that the function F’(T) is elliptic, also expresses 
the fact that the resultant of the external forces acting on (C), is zero. 


b) The resulting moment of the forces which act on the boundary (b) 
is given by 


Mj= f, (x — RF(7;)) (oydx — rdy) — (y — — ondy), 


= 2a — (a — REG) da + (L)/F(T)(@ — dy 


— SF Gide + (1 + — 


= 2a | 2 — |? — (2 — dz], 


= — RL F'(T)(F(P) — aT], 
(br) 


and the moment with respect to the origin is given by 
Mo = M; — 


The moment 9;° of the forces which are acting on the strip which corresponds 
to the pole 8; of F’(T) is easy to compute. One finds 


Ny? = — 4ra[S(F(L) + fj exp(ig;)log o(T — B;)) 7-8, — 


If we compute now the sum 


k 
j=1 j=1 


we obtain zero. 
c) From the usual form 


T + + vy) + v2) 
| + v2) + + Vy) 


Cy 


of Hooke’s law one can deduce easily the following expression of the displace- 
ment vector which corresponds to the distribution of stress 


+ 
$ 
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oo = = 2a(1 — RP(T)/P(T)), 
t= — ; 
U + = (2a/p)(22p/(A + + 
This displacement is obviously uniform in our domain C if and only if 
A, = and 
k 


F(T + A exp(— 195) B; 


j=1 
k 


+ A’;+ > fi exp(— 
which is in fact identically satisfied. 


6. In this section we shall consider the special case where the quantity 
F’(T)/F’(T) = (oz — oy — 2ir) /4a is finite everywhere in C. In that case 
the function F’(T) can have no pole in the strip 0 << 3T So’/2. F’(T) is 
therefore of the form 


h 
(6. 1) ——2hi exp — Bj) + nBj/e). 
The function F’(T) must not have all its zeros on the lines 3T = nw’, 


wl =w'/2-+ mo’; for in this case the function H(T) = F’(T)/F’(T) 
would be a constant. Indeed, if 


h h n 

(6. 2) F’'(T) (e(r— %)/o(T —Bi)) with %— Bi= 0, 
j=2 j=1 =} 

where the points a, are on the lines 37 —no’/2, then a= 2%,+ nw’, 


h 
with } n, = 0, and 


4 (o(T —ai)/o(T — exp (— (T — — ings’ /2)), 
(6. 3) 
— (4/A)F(D) exp (3 na (2+ ins! /2)). 


Now we are going to show that the function F’(T) must have no zero at all 
on the lines = no’ /2. 

Let us suppose that 2,, for example, is on one of these lines §T = no’/2; 
a, is then a simple zero of F’(T), and according to V. has to satisfy the 


condition 


_ 

( 
| 
W 

( 

W 
| (( 

(6 
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F'(a,) 40 20 for n even, 


(6. 4) 
F” (a,) 0 S0 for n odd. 


We have 


(6.5) PUL) = —ai)/o(T — 
— —B)/a(T — ))), 
(6.6) PMT) = — a) /o(T — 


+ P(L)( — an) — a) — — — 80), 
and 
(6.7) = 
+ (3 — — — Bi) — 
From this formula we get 
(6.8) 
= + T — a4) F(T) 


But from (6.5) we can deduce the following expression of F’(T)/F'(T) 
in the neighborhood of T = a,: 


(6.9) =1/0o(T — + Ao + Aio(T — 
with 
(6.10) — a) /o(a, — a)) — — — Bi)). 
We have therefore 
(6.11) = [Ao + 1/0(T — a1) 

+ (o(T —%)/o(T — — )(1 — Aoo(T — 
We have also 
(6.12)  o(T—2,)/o(T — a) = 1/o(T — a) — a) 
(6.13) (o(T — a)/o(T — %))’ = — 1/0°(T — + $e20°(T — a1) 


811 
h 
l=1 
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and therefore 


(6.14) — a) + > t(a, — 


(6.14%) = 23( > — a) — — fi)). 


We have seen that the zeros.a;, %,- - -,%, of F’(T’) are congruent to some 
points - +, a, of the strip —o’/2 = <0, and that at least one 
of these points a’; is in the strip —o’/2 << 9T <0. Using this and the 


h h 
relations > > Bi=0, we can write a, = + inw’, with 


and 


= 23 (¢(a’s — — 2(m — (iw’/2)) 
— Bi) + /2))], 


= 231 (<(a’, — a's) — 2((a’, — a1) /2)) 
> (£(a’s — Bi) — 2((a’, — /2)], 


(6.15) = (— 4/0) > — 


h 

We have now 

R(L(T)iw’/2 — TL(w’/2)) = 0, for no’ = ST no’ + o’/2, 
(6. 16) 

R(L(T)iw’ /2 — TL(iw’/2)) <0, for no’ + o'/2 < (n+ 
where the equalities hold if and only if ST = mo’/2.° In (6.15) the points 
a’,—, are, according to our hypothesis, all on the line 37 =O or 


l= —o’/2, and the points a’; — a’; are in the strip 
0= for Ja’, = 0, 
for Ja’; = — w’/2, 


See Appendix. 


i 
| 
h h ? h 
l=1 
| 
a 
T 
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at least one of them being inside of the corresponding strip. From this and 
from (6.15) we obtain the inequalities 


(a1) (a1) ) 0 for Sa’, = 0 
> 0 for 3a’; = — 
which contradict the condition (6. 4). 


The function F’(T) must have therefore all its zeros inside the strips 
No + 0/2 << ST < (n+1)o’ and the curve L has no cuspidal point. 


We will show now that the curve L has no point of inflexion. 


Let us consider a point z = F(t + tew’/2) of L (¢ real and e —0 or 1). 
The angle of the tangent to the boundary at this point, with the z axis 
being ¢, we have 


—H(T) —exp(—2id), T—t + iew’/2, 
and therefore 
— 2 = log F’(T) — log F’(T) 


h 
= log A —log A + (log o(T — 2) — log o(T 
i=1 


It is then enough to show that the derivative of this expression does not 
vanish for real values of ¢t = T — tew’/2. 


h 
— = ~ + tew’/2 — a1) — C(t + tew’/2 — @)), 
h 
— + tew’/2 — + 2nik(w't/2)), 
h 
h 

~ R(L(t + iw’e/2 — /2 — (t + w'e/2 — ]1/o’. 

The points «,; being all in the strip —w’/2< 97 <0, the points 


t+ w’e/2—@, are all in the strip —w’/2<97T <0 for «=O and 
0< ST <’/2 for while the points ¢+ tw’e/2— a’; are all in 


j 
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0< ST < o’/2 for and o'/2 < ST <w for e=—1. We obtain then 
by the inequalities (6. 16) 


(6. 18) ¢:< 0 for «—0; ¢:>0 for «—1. 


Let us follow now the variation of ¢ when the point z= F(T) describes 
one of the curves L,, L.. We have 


(6.19) ¢=(1/o’)f > REE + iw’e/2 — /2 
— (t + — /2) ) dt 
— > + tw’e/2 — wt /2 — (t iw’e/2 — dt. 


The variation of ¢ along these lines is therefore 


(6.20) 86 = (1/w')R f — dr 


with = w’e/2 — a), = w’e/2 where the integrals are taken along 
the lines parallel to the real axis of the + plane. By integrating the 
function {(r)w’/2 —rf(w’/2) on the parallelogram (— + w’/2, to, 
T + 0, 0/2 + w’/2), we obtain 

wt+iw’)/2 
(6. 21) — — J — 


— + 0/2 — w’/2) — er’, 


with ¢ for wo’ > Sr > 0, and for < < 0. Thus 


h 
8 (1/0) R [— + — iw’/2) 
i=1 
+ mi(iw’e/2 — + — iw’/2) — (1 — 

h 
(6. 22 86 =(— 1/0’) 2a Qa’, — A(1 —)z. 

The interior boundary Z., which has no point at infinity, cuspidal point, or 
point of inflection, will not cut itself if and only if 8¢—-+ 2z, when the 


point z= F(T) traces this curve, i.e. when e=1. For this, it is obviously 
necessary and sufficient to have 


(6. 23) > Ja’; = — ow’. 


l=1 


| 
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Now, if this condition is satisfied, 5¢ will be equal to 21—-hw when the 


point z= F (7) traces the exterior curve L,, which has h infinite branches. 
: From this, one can easily conclude that 1, does not cut itself. 
The functions F’(T') which correspond to the solutions of our problem 
for the special case considered in this paragraph are therefore of the form 
(6.24) = AIL —Bi)) 
4 


where OSB, < Bo < @ = @, + an 
h h 

with —w’/2 < 0, and It follows from the pre- 
§=2 j=1 


ceding analysis that such a function satisfies the conditions V, VI of § 4. 
It satisfies obviously by construction also the conditions I, II and IV of that 
paragraph. 


Let us show now that the zeros of any function of the form 
h h 
(6.25) = (— 2/a)(w/2) — 2 — Bi), 


h 
with > frexp(id:) =0,0S Bi < Bo < and (§4, IIT) f, >0, 
i=1 


di < 2x Satisfy the conditions above, 


where such a function has h zeros a ;,@.,:--,a’, in —o’/2 < ST < 0, 

RT < ow and > Se’; We consider first the function 
i=1 


(6.26) — (o(T + iw’ /h — iw’)/o(T)) il (o(T +- iw’ /h — lw/h)/o(T — lo/h)), 


h-1 
= — exp(— + in’ /h — ia’/2)) TI (o(L + — lw/h)/o(T — lw/h)), 


which satisfies the equation 


(6. 27) + o/h) = F’)(T )exp(2zri/h). 


The coefficient A; of the principal part of this function at the pole (j —1)w/h 
is obviously the ratio of 


h-1 
— exp(— 2¢(iw’/2)((j — 1)o/h + tw’/h — tw’/2)) II o((j + two/h — lw/h) 


4 
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to 

—1)w/h)o((j — 2)w/h) -o(w/h)o(— o/h) o((j —h)o/h); 
we have 
(6. 28) A; = A, exp(2(j —1)zt/h). 


The function 

h 
(6.29) F’o(T) = (24A1/) & exp(2(j — 1)at/h) 

j=1 

X — ((j — 1)o/h)o/2 — (T — (j — 1)o/h)E(w/2)) 
differs therefore from F’,(7) by a constant K. But it is easy to verify that 
the function F’)(7T) is also a solution of the linear functional equation 
(6.27). The constant K is therefore zero. The zeros @ 
= — Ww’ /h + +, no = — Ww’ /h + (h—1)o/h of the function 
F’,(T) =F’, (T), which is of the form (6. 25), are actually in the rectangle 
, 


h 
—w/2< 3T <0, 0 SRT < o, and we have ¥ $e’ jp = — o’. 
j= 


We consider now an arbitrary function 


of the form (6.25). This function has h zeros @’;, @’s,: - -,a’,, which are 
continuous functions of ¢;,¢.,° fi, Bi, Bn, and 
which take respectively the values @’no for 


$5 = ojo = 2G —1)r/h, By =Bi = (J —1) o/h 


From 
h 
28%) =0 modv’, 2 jo — 0’, 


we deduce by continuity 


, 

w’. 

j=1 
We will show now that the points @’;, @’2,- - -,@’,, which are initially inside 
of the strip —w’/2 < 3T < 0, always remain in that strip. Suppose they 
are not inside of that strip for fj = Bj = Bj, and let us con- 
sider a system of continuous functions $;(A), f;(A), B)(A) (OS AZ=1) which 
satisfy the conditions 
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0S $2(A) — $1(A) S — o1(A) S — < 22, 


fd) >0, = 0, 
0S < B2(A) <* Ba(A) <2, 
$j(0) = ojo, f9(0) = fio, (0) = Bio, 


at least one of the differences ¢;(A) —¢:(A) being different from 0 and 7. 
The numbers @’; = ’;(A) are then continuous functions of A which take the 
values @20,° no for A=0. Some of the values of @’,(A), a’2(A), 

-+,@n(A) for A=1 being outside of the strip —o’/ < 3T < 0, we can 
find a value Ao (0 <A» =1) of the variable A such that the points @’,(A), 
a’o(X),°**, &n(A) lie inside of that strip for 0 = A < Ao, and some of the points 
a’s(Ao), &2(Ao),* %n(Ao) become boundary points of —w’/2 < ST < 0, 
the others being still inside of it. Let us consider now the expressions 


F(L, x) = (—2/e) f fy — 
—(T 


A) — A exp(— — (a))/a(T — 


Since the points 2’;(A) are all in —o’/2 < $7 <0 for A» < Ao, we can say, 
according to what we have shown before, that arg F’(t + iw’/2, A) = ¢ changes 
monotonically from arg F”’(t,) + w’/2, A) to arg F’ (ty) + w’/2, A) + 2m if the 
real variable ¢ varies from ty to t) +, forA <A». By continuity we can say 
the same for A = A, with the only difference that if, for example, «’,(A9) is on 
the line 37 ——o’/2, then the expression arg F’(t + ww’/2,A») makes a 
jump of magnitude z at the point @’;(A,) + i’ of the segment (t) + iw’/2, 
ty + w’/2 +). On the other hand, the point F(t + tw’/2, A») traces a closed 
curve when ¢ varies from f) to tf) +. But this is only possible if this closed 
curve is a line segment traced twice and that would be only possible if all of 
the numbers ¢$2(Ao) — o1(Ao), 3(Ao) — $1(Ao),* * — d1(Ao) were equal 
to zero or The points @;(Ao), @’(Ao),* %@n(Ao) are therefore all in the 
strip —o’/2 << 3ST =0. It remains to show that none of them can be on 
the line ST = 0. 

Since the points @’;(A) are all in the strip — 0/2 < §T < 0 forA < Ao, 
arg F’(t, 4) changes monotonically from arg F’(to, A) to arg F’(to, A) + 24 — ha, 


| 
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when the real variable ¢ changes from ¢ to t)-++; also it changes from 


kr to — (k + when ¢ traces the interval between two consecu- | 


tive poles 8;(A) + Nw and By. + Mo of F’(T,2). By continuity one can say 
the same for A = Ay with the only difference that if, for example, a, (Ao) is in 
the interval (8:(A.) + No, Bus(Ao) + Me), then the expression arg F’(t, Ay) 
will make a jump of magnitude —~- at the point a:(A)). We shall have 
therefore 


(Pis1 (Ao) — (4 + — — kr) < —z, 


OF — $i(Ao) < 0, which contradicts our hypothesis > $1(Ao). 
We can now summarize the results of this paragraph as follows. 


One obtains a solution of our problem, for m=2 and oz, oy, 7 finite 
everywhere in C, by putting: 


F(T) = (—2/) fy exp(idy) f — B,)o/2 — (T — B,)e(w/2))aT, 


> 


exp(i¢;)log 6,((7’ — 
h 
=Bi<o, f;> 9, fi exp(t¢;) = 0; and H=F"(T)/F(T) 


~ 


> fy exp(— id,)(€(T — — (T — B,)¢(w/2)) 


20(1+RA(T)), of, —20(1—RA(T)), 


The domain C is then the image of the rectangle w’/2 > $T >0,0 SRT <a, 
in the z plane, and every solution of that problem can be obtained in this way. 


Appendix. 


Let w, w’ be real and positive; then the following inequalities hold for 
the Weierstrass £ function corresponding to the periods w and iw’: 


R(L(T)iv’ /2 — Te(tw’/2)) = 0 for no’ [= ST S o’/2 + w’, 
R(L(T /2 — Te(iw’/2)) = 0 for —o’/2+ nm’ SST S wi’, 


and equality holds only on the boundaries of the strips. 


| 

| 
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Proof. Because of the relations 


+ w)iv’/2 — (T + «)f(iw’/2) 


= €(T)iw’/2 — T(iw"/2) + tw’l(w/2) — wf (tw"/2), 


= €(T)tw’/2 — Te(tw’/2) + mi, 
+ iw’)iw’ /2 —(T + /2) 


= C(T)iw’/2 — TE(iw"/2) (tw’/2) — 


= C(T)iw’/2 — Te(w'/2), 


819 


it is sufficient to prove the inequalities for n—=0 and —o/2 < RT So0/2. 
According to the relation of Legendre, the function 


= iw’ /2 — 


N 


od Re T w/2 


T= w/2 


~w/2 ZInTlo 
£ Re 7 LZWw/2 


-~-w/2Z ReT LO 


@7-€E 
T= w/e 
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ay 
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ve 
). 
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takes the same value ix/2 for T—wo/2 and for T=(o+Ww’)/2. Its 
derivative 


(T) =—(P(T)io’/2 + 


is purely imaginary on the segment (w/2, (w + tw’)/2). This derivative has 
therefore a zero T =e on this segment. The other zero of g’(7’) in the period 
rectangle (— iw’/2, — w’/2 + o, iw’/2 + o, w’/2) is then T =e. The func- 
tion z= g(T) therefore maps the rectangle (0, 0/2, (w + tw’)/2, w’/2) con- 
formally on the domain shown in fig. 4. By symmetry with respect to the 
segment (iw’/2, 0) we see that the rectangle (—w/2, w/2, (w+ w’)/2, 
—w/2 + w’/2) is mapped on the right side of the imaginary axis of the 
z plane, while the rectangle (—w/2, w/2, —w’/2, —o/2 —w’/2) is 
mapped on the left side of this axis (symmetrically with respect to the 
segment (—w/2,/2)), and our inequalities then become obvious. 
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A PERIODIC ALGORITHM FOR CUBIC FORMS.* 


By Harvey Coun. 


1. Introduction. In a very famous memoir in 1896, Minkowski [5] 


. set up a continued fraction type of algorithm for the product of three real 
| linear homogeneous forms in three integral variables. By the precedent set 
in the ordinary theory of binary quadratic forms, such an algorithm has to 
; supply a definition of reduced form with several properties: First of all every 
, form should be equivalent under unimodular change of variables to one or 


more reduced forms. Furthermore a concept of neighboring form should be 
present so that the reduced forms will arrange themselves into chains. 
Finally when the three linear forms are conjugates, each spanning a (totally 
real) cubic module, the number of distinct reduced forms should be finite. 
Probably the most immediate application of such an algorithm would be the 
determination of units of a totally real cubic field as automorphs within 
the finite chain of forms. 

The purpose of this work is to present a new algorithm for such cubic 
forms, combining some of the features of an ordinary (modified) continued 
fraction algorithm with some of the features of Minkowski’s algorithm. This 
new algorithm follows the former one to the extent that reduction is based on 
a visually convenient array of + and — signs rather than on “ admissible ” 
bodies; and it follows the latter algorithm to the extent that the proof given 
here for the reduction theorem uses Minkowski’s work as a convenient starting 
point. Once the theoretical aspects are established, it will be seen that the 
actual calculations in cubic fields are very simple, although the units obtained 
there are far from thoroughly investigated. 


2. Modified simple continued fraction algorithm. The familiar simple 
> continued fraction (for binary quadratic forms) of course fulfils the above 
4 requirements par excellence. We present a modification to emphasize some 
. curious resemblances to the definition of reduced forms that we presently 

give for cubics. The quadratic form may be written 


(2) @(n,m) = 


* Received August 27, 1951. Research currently sponsored by the U. S. Army 
0. O. R. 
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where 7;=—n—O6m, (n,m integers), 11,2 and 6& are conjugate real 
quadratics. The condition for reduction (as stated by Gauss) is that 6, and 
— 1/6. be each greater than 1. If we consider the lattice in the (2, 2.)- 
plane we find this is almost the condition that Vi, Vo, Vs, the (x1, 2)-vectors 


corresponding to (n,m) = (0,1), (1,0), (—1,—1) respectively, do not all © 


three lie in one pair of opposite quadrants of the (21, 2%2)-plane. Here note 
that V,, V2, V; have the property that any two of the three are basis vectors 
of the lattice, and V, + V.+ V,;—0. :The idea of using not two but three 
such vectors (but in another formulation), goes back to Selling [1]. The 
concept of neighbor in the simple continued fraction is (again) almost the 
condition that two of the three vectors V,;, V2, V3 be common to the two forms 
in question. The resemblance of this modified continued fraction algorithm 
to the one presented in this paper will become clear as matters develop. 


3. Minkowskian basis. We now use as a point of departure the exis- 
tence of a Minkowskian basis, an immediate consequence of Minkowski’s 
algorithm. 

We recall that a lattice is said to be admissible with respect te a convex 
body K (or vice versa) if no point of the lattice except the origin is interior 
to K. The convex body which we use is the rectangular parallelopiped : 


(3. 1) P(&1, €3) : | x | => 
The lattice we use can be written as 
(3. 2) i,m, + + Digms, m; integral, 1, 7 = 1, 2, 3. 


Its determinant D is assumed + 0, and we henceforth make the simplifying 
assumption that none of the components 2,, Y2, or x3 shall vanish for any 
vector of the lattice except the origin. This fits in conveniently with the 
intended application, where the triple (bi, bic, bis) spans the totally real 
cubic field K; (where the index 1 denotes the conjugate). 

We consider an ordered triple of lattice vectors (A;,A2,A3), where 
A; = zo, We call such a triple Minkowskian if P(a,™, 73) 
is admissible. Such triples exist under very broad assumptions ([2]) and 
from Minkowski’s algorithm ([5]) such a triple ts etther co-planar or a 
lattice basis. (The proof consists essentially, [4], of eliminating the possi- 
bility that the triple generate a sub-lattice of index 2, and this can be done 
more simply by the methods of 5 below). 

Minkowski’s algorithm also supplies a process of forming neighbors 
which we need not discuss in detail except for the following points of imme- 
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eal diate concern: The process [3] of “lowering the faces” shows that every 
nd @ Minkowskian triple has exactly three neighbors. The process, in addition, 
2)- involves a “ visualization ” of the lattice with a view to admissibility. (The 
ors neighbor process proposed in 10 below will be less simple in the first respect 


all but much more simple in the second.) 
ote Minkowski’s neighbor process is also such that a co-planar Minkowskian 
TS triple (fortunately) cannot have co-planar neighbors ([3]); hence we have the 
"ee 
he THEOREM. [very lattice has a Minkowskian triple that serves as a basis. 
he We call this a Minkowskian basis and proceed from there. 
ns 
m a 
Reduction Theorem. 
° @ 4, Definition of reduced form. We start off by considering a 3 X 4 
’8 ‘ matriz @ written as four column vectors P,Q, R,S with three x; components 
Si? 
x @ r 2 
(4.1) p: (%2:) Po Ge 82 
(%3:) | Ps 9s 1s 8 
Such a matrix is said to be reduced if 
(4. 21) O=P+Q+R+8S 
and if 
+ — — + 
(4. 22) + — +54; 
| — + + 


(i.e., if the components of ¢ have either the exact or reverse pattern of 
+ signs and — signs of the last matrix). Such a matrix is written out 
in 11 (below). 

From the definition it is clear that no three of the column vectors 
P, Q, R, S are co-planar (for, if so, there would be a common perpendicular 
to all four of them in contradiction to the fact that these four vectors and 
their negatives lies one in each octant). 

We next define classes of proportional matrices, by saying ¢ and ¢’ are 
proportional, i. e. 
(4. 31) 


5 
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if the three rows of each are proportional, = = = 8: /8', 
= w;(0). We say that ¢ and ¢’ are strictly proportional, or 

(4. 32) o=¢’, 

if and, in addition, w,w.w,; — 1. 


Clearly if ¢~®@’ and ¢’ is reduced, then ¢* is reduced, where X is a 
permutation in the Klein four-group on (P,Q, R,S). (If all constants, w,, 
are positive, then A is the identity.) 


We next consider degenerate ternary forms, i.e. 


3 


(4. 41) d= > = 
ikl 
where 
(4. 42) 
= 112073; xi = bm, + Dioms + Digms, 1S14,j53; 


B; = (b1j, b23, b3;). 


We call such a form reduced, or we say the three column vectors B,, B., B; 
are a reduced basis, if these three vectors, taken in some order, come from 
the column vectors P, Q, R, S of a reduced 3 & 4 matrix. This definition is 
immediately invariant under permutation of variables m,, m2, mz. This 
definition is such that given a form ©, the question of whether or not it is 
reducible does not depend on how the factors 2; are identified. In fact if 
the factors z; are transformed by the appropriate group: Lz 
—> 1 AJ FI, = 1), the corresponding 3 X 4 matrix obeys 
— ¢’, where 


(4. 5) = 


and o denotes a permutation from the alternating group on (P, Q, R, 8). 

We could finally discuss a degenerate quaternary form given by formulas 
similar to (4.41) and (4.42) except that the index j would go from 1 to 4 
and there also would be 4 values of m;. Then a reduced form would be one 
in which the B,, B., B;, By were, in some order, the P, Q, R, 8S of a reduced 
3X 4 matrix. Thus any reduced degenerate ternary form ® results from a 
reduced degenerate quaternary form in which the vanishing of a single m; 
leaves the form equal to ® (in the three remaining variables). The quaternary 
forms are such that each strict proportionality class of @ determines the same 
form (to within permutation of the m;) together with exactly all the ¢° 
described in (4.5). The table in 13 (below) will provide instances where 
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4 or 12 such ¢ determine the same quaternary form. Such properties neces- 
sarily extend to the ternary forms. 


5. Proof that every degenerate ternary form is equivalent to a 
reduced form. 


TurorEM. If A,, As, As are a Minkowskian basis, then + A,, + Az, 
+ A;, with an appropriate choice of signs, is a reduced basis. 


Remark. It seems that some significance was attached to the 3X 3 
array of signs of + A; by, Minkowski [5], but the role of a fourth vector was 


not considered. 


Proof. We can without loss of generality multiply the A; by constants 
and reflect the coordinate planes so as to have 


(5.11) ai=1, |ay|<1 if 1 <j, de, > 0, ds: > 0, 
(5. 12) A, = (1, diz, A, = i, Ass), A; = (asi, 1). 


Now the hypothesis that A,, A., A; is a Minkowskian basis requires, 
among other things, that the 20 vectors + 4; + Aj (( AJ), HA, +A2+AsS 
lie on or outside the cube | 2;| <1. So from here on, we weaken the hypo- 
thesis, (see [4]) so that the a satisfy the conditions in (5.11) together 
with merely 

max | + +ay%|>1 (tj), 
(5. 2) & 


max | dix Agx 
k 


> 1, for each choice of +. 


We now assert that the pattern of signs of the four vectors 
(5. 3) A, Ao, = As, A; A, As 


does in some order accord with the system (4. 22), if the + signs are chosen 
properly for each + Aj. 

Next we visualize the T,: (ds:,@3:)-plane, the (d12, d32)-plane, and 
the II;: (ais, @23)-plane, written more generally as (é,7)-planes. We see that 
the regions determined by the inequalities (5.11) and (5.2) are bounded 
by lines of the types: + €=—0,1; +y—0,1; +&+7=0,1. Thus in the 
II, X Il. X Il; space, 4 X 16 K 16 = 1024 regions with isoscles right-triangu- 
lar projections are determined. In fact, considering the sixteen II,- and the 
sixteen II;-projection triangles, we see that each one contains in its interior 
exactly one point of one of the 16 types (+: 4, + $), (+ 4, + #), (+4,4 3), 
(+?, +4), while the I1,-projection triangle contains only of the four types 
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formed using only + signs, (a;: > 0). In each of these 1024 (open) regions 
the inequalities in (5.11) are always true, while the inequalities in (5. 2) 
are each always true or always false. In the 184 cases where (5.11) and 
(5.2) are always true it is easy to choose the vectors in (5.3) to have the 
proper array of signs. The handling of all 1024 cases can be easily accom- 
plished in a few hours by using 4+ 16 + 16 strips of paper with the z,., 
and z3;-components of the 26 vectors + Ai, + A; + Aj, +A, + +A, 
(iA )j). 

6. Alternative form of the reduction theorem. We have shown that 
every basis is equivalent under change of basis to a reduced basis. It is no 
loss of generality to assume that the change of basis involves a matrix of 
determinant +1 (as all basis vectors can be multiplied by —1 without 
affecting the definition of reduction). Likewise we may assume by (4. 21) 
that B,, B., B; are S, P, Q respectively. Finally we divide each 2; by a 
constant so as to put the lattice in inhomogeneous form, whence 6,; = 1. 
Then calling b4 = &, bs: = 4 we obtain the following result: 


Let three non-collinear points (£, i) of the projective (&)-plane be 
given in some fixed order. It is possible to find an integral unimodular trans- 
formation such that the points (&;, 7) simultaneously go into the points (€;, 7i), 


a, + + do + + Con 
ds + + ds + + 

lying in the following three regions of the projective plane respectively : 
Ri: & 20,50, 

(6. 2) 0, 1+&+7=0; 


Note that in order to cope with our previous lattice restriction (that no 


det (a,b2¢3) 1 


. lattice vector have a zero component except the origin), we must extend the 
regions to the projective plane, thus permitting division by zero. 


7. Cyclic basis. A very important type of lattice is one with a cyclic 
basis, 
bi; = where k =1-++ 7 (mod 3) (k == 1, 2,3). 


In this case the ternary form ®, as a function of the mj, is invariant under 
cyclic permutations, and conversely. Here the basis B;, (j = 1, 2,3), (in the 
notation of 4) is reduced if and only if, of the four quantities @,, a, as, 
— (a, -+ %-+a;), two are positive and two are negative, 


(OTF + a + a3) <0). 


| 
| 
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We now single out the “hard case,” where, under a change of indices 


and (possibly) a change in sign of all a;, we have the inequalities 
(7.2) + > > > 0. 


Then, except for the hard case just cited, the cyclic basis will be finitely 
close to a reduced basis in the sense that the vectors P, Q, R, S for the 
reduced basis can be chosen from among the 26 vectors + By, + Bi + Bj, 
+B, + B;, 


The above statement can be easily verified. We further note that the 
hard case must be separated since the three numbers «, 2, %; can otherwise be 
arbitrarily close to one another and still satisfy the conditions (7.2). There- 
fore, even if the set of 26 vectors above were extended to any finite set, 
however large, of the type &;B, +1;B. + mj;B;, it would still be possible 
to choose the a; so that of the four desired basis vectors P, Q, R, S, the 
one (S) which is in the all + (or all —) octant would be the one for 
which k; + 1;-+ m; +0, while the other three vectors would be such that 
k; + l; + m; = 0, contradicting condition (4. 21). 

Fortunately, in many applications, the hard case simply does not occur. 
For instance, for later reference, take 


(7. 3) % = exp(2rim/p), (k = 1, 2,3), 


where p (= 1mod 3) is a prime and m through a complete set of residues 
of cubic character indicated by k. Here a, + a + %, ==—1, and therefore 
if the a; were all of one sign (as in (7.2)), we should have | a,a2@; | = 1/27 
in contradiction to the fact that a is an algebraic integer. Hence the lattice 
given by (7.1) and (7.3), (determined by contraction of a cyclotomic field), 
has a reduced basis very close to the cyclic basis described here. 


Finiteness. 


8. Norms and discriminants. We now consider the case where the 
1, Z2, ©, components in (4. 42) are the conjugates of three numbers spanning 
a (totally real) cubic field. We shall show that although the neighbor process, 
for instance, produces a chain of 3 X 4 matrices (see 12 below), they are 
strictly proportional to only a finite number of classes. Thus the ternary and 
quaternary forms take on only a finite number of values. 

As a preliminary step, multiply through the matrices so as to make all 
of the pi, gi, ri, 8; algebraic integers. We let A represent the (common) 
absolute value of the determinants formed by omitting any one of the four 
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columns. Here A? is an integer which represents the field discriminant 
multiplied by j?, where j represents the index of the sub-lattice (or module) 
of integers in the ring of all integers of the field. Of course A is invariant 
under change of basis. 

In the usual notation, where sub-scripts denote conjugates, we denote 
the norm and discriminant of the vector A = (4;, dz, a3) by means of 


(8.1) (8.2) d(A)=—[(a, 


Clearly d(A) =0 only if a, = a, =a; = rational number, while V(A) =0 
only if a; =a,—a;=—=0. Furthermore when A is an algebraic integer, N 
and d are natural integers. 

We shall next show that when A is bounded (and > 0) the norms of at 
least three of the four algebraic integers P, Q, R, S are bounded (< (A/3)*) 
while the discriminants of all twelve fractions of the type P/Q = (pi/qi) are 
likewise restricted to a finite set of rational fractions (whose numerators go 
from 1 to [(A4/3)*] and whose denominators go from 1 to [(A/3)**]). 

The above conclusions follow from the expansion of A in (4.1) along 
(say) columns # and § using, each time, the minors of P and Q. 


8.3 


Now take either the upper or the lower lines of (8. 3) according as (192 — q:p2) 
is negative or positive. (Note that pig; — pjqi340 for 17] by the rational 
independence of P and Q.) In (say) the first case, reference to system 
(4. 22) reveals that — A is the sum of three negative quantities, abbreviated 
t, +t. + whence easily, 


(8. 4) (4/3)? = | titets | =| N(R)|-| Q)|, 


where G?(P, Q) = (p1q2 — — YsP1)?( pos — Since G?(P, Q) 
is a rational integer, it follows that one column, R, of the chosen pair R, 8, 
has bounded norm. By repeating the argument we see that some three of 
the column vectors (say) P,Q, have bounded norm (as indicated above). 
Likewise, regardless of whether R or S has the bounded norm, 


(8. 5) G*(P, Q) = N*(Q)d(P/Q) = N*(P)d(Q/P); 


hence any of the twelve fractions of the type P/Q has, from (8.4), a dis- 
criminant restricted to the set of values indicated above. 


9. Completion of finiteness proof. Using the previous information let 
us suppose that fixed values of N(P/R), N(Q/R), d(P/R), d(Q/R), d(P/Q), 


| 


le) 


int 
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d(S/R) are given as rational numbers g,,- - -, gs respectively, chosen from 
a finite set. We next see that then P/R and Q/R have only a finite set of 
values. 

To see this we write P/R=(u), Q/R=(u), P/Q = (ui/%), 
S/R = (—1—u,— 4%) by virtue of (4.21). Thus we find that 


UjU2U3 = J1;-- V1V2V3 = 
(u, — Uz)(U2 — Us)(Us — = +V 9s, 
(9. 1) (v, — V2)(V2 V3) (Vs = V 94 
— U2/V2)(U2/V2 — Us/Vs)(Us/Vs — U1/V1) = + VJs, 
(ux + V1; — Uz V2)(Us + vz— Us Us)(Us + v3 — Uy — V 


This constitutes six equations in the six variables uj, vj There are either 
no more than 3°-6-2* solutions or else infinitely many. The latter possi- 
bility is somewhat tedious to exclude, but if there were infinitely many 
solutions for some g; (all £0), it would be possible to parametrize a one 
dimensional manifold in terms of ¢ == u,/uz as (say) to. By trying to 
calculate from (9.1) the order of magnitudes in ¢ of the uw and 1%, we see 
that this possibility leads to a contradiction. 


Now knowing that the values of 
G/M and (= — 1— pi/ri— 


are finite in number we can complete the proof. For then the 3 X 4 matrices 
¢ belong to only a finite number of proportionality classes. But since the 
number of values of pipep; (= N(P)) is limited, there must also be a finite 
number of strict proportionality classes. Finally (see 4) we have a bound 
on the number of forms ©. 


Neighbors and Chains. 


10. Definition of neighbors. Our definition of neighbors will be given 
as a definition of neighboring reduced 3 X 4 matrices ¢, but it can be carried 
over to the corresponding ternary or quaternary forms ®. Since the order 
of the column vectors P, Q, R, S is fixed by the array of signs, we need only 
supply the “ parabolic ” generator of the chain. In fact we take the simplest 
ones consistent with condition (4.21), namely those of the type 


(10. 1) ¢>¢ (Po-P, Q-Q4+P, RoR, 
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which are written for convenience as 


(10. 2) $(Q.P.8)¢’ or ¢’(S.P.Q)¢. 
Of the 24 matrices ¢’ thus formed, we call the reduced matrices neighbors of ¢. 


This process creates 3, 4, 5, or 6 neighbors, depending on the relative 
magnitude »f the components in the matrix ¢. Furthermore, (positively) 
proportions reduced matrices have the same neighbors. To calculate the 
neighbors is very easy in that it requires not even a mental picture of the 
lattice as did the Minkowskian algorithm. The automatic process will now 
be given in terms of an illustration. 


11. Illustrative calculation. For instance consider the lattice with 
reduced basis, (compare 7), bj; cos 2ij/7. We obtain the array of 
(approximate) numerical values: 


R S 

1.25 — .45 1 


Looking at the x, row we find the elements of like sign compare as 


follows in numerical magnitude: 
(11.1) In| >| |, 


written as ( .R.Q), ( .P.S). The elements of unlike sign compare as follows 


in numerical magnitude: 
written as (P.R. ), (Q.P. ), (Q.S. ), (S.R. ) respectively. 


Looking at the 2, row we obtain six more entries, ( .P.R.), ( .Q.S.); 
(Q.P. ), (S.P. ), (R.Q. ), (RS. ); and looking at the z; row we obtain six 
final entries, ( .Q.P.), ( .R.S); (P.R. ), (PS. ), (R.Q. ), (S.Q. ). 

We now have 18 entries (possibly repetitive), and the rule is simply 
that the neighbors are those remaining when the triples of the above 18 typ:- 
are eliminated. Thus going back (11.1) we see the entry ( .R.Q) disposes 
of (P.R.Q) and (S.R.%) as neighbors, while in (11.2), the entry (P.R. ) 
disposes of (P.R.Q) and (P.R.S), ete. It is seen that only three neighbors 
for are left, namely ¢o(P.Q.2) ¢0(Q-R.P) do(R.P.Q) ds, which occur 
in the lower left hand corner of figure 1 below. 


z 
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j 12. Closed chains. By use of this neighbor process we obtain a suc- 
’ cession of 3 X 4 matrices ¢. They must necessarily correspond to a finite set 
of strict proportionality classes. For instance, referring to the case we obtain 
the succession of neighbors ¢o(PQR)¢,(RPS)¢$5(RSP)d2(PRQ) ds; it is not 
+ hard to guess even from the approximations used above, that $s ~ ¢o, and 
indeed it can be seen to check with the defining equations. 

In this way we obtain by succession sub-sets of the matrices in each 
strict proportionality class (in fact, we obtain sub-sets with positive relative 
proportionality constants). Certain of these strict proportionality classes are 
; neighbors to one another. Hence we may always draw these classes as points 
connected by lines indicating neighbors. This is done in figures 1 and 2 (q. v., 


also see tables below). 


13. Further calculations. We submit now, five calculations of closed 
chains, summarized in the accompanying table. The modules taken are some 
of the integral modules with lowest discriminant. The case A? = 196 is the 
sub-module of index 2 of A? = 49, while A* = 148 is, of course, non-abelian. 


‘ 831 
] 
The (2;) conjugates are taken in an order consistent with the sign matrix 
(4. 22). 
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Defining Equation P | Q R S| Number of prop. 

| classes 
+ p?— 2p—_1=0 p = 8 
—3p—1=0 p \—2—p+e*) 1—p*/1/1x441x 12=16 
p> + p?— 4p + 1=0|—3+4+2p+p?} 3—p—p?|—1—p /1/1x 442 12=28 
+ p —p—p?|—2+49?| x 12=76 


ALL | 
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In each case the number of strict proportionality classes (see 4) of 
3 X 4 matrices is computed. Naturally more than one of these proportionality 
classes may correspond to the same quaternary form (see 4) under permu- 
tation of the m;, (or of the P, Y, R, S). On the basis of simple group- 
theoretical considerations, if more than one proportionality class corresponds 
to a given quaternary form the correlation is g to 1 where g is the order of a 
sub-group of the alternating group on P, Q, R, S. This correspondence 
(of classes of matrices into forms) for the cases in the table is by fours 
(Klein four-group) or by twelves. For non-abelian cases, if the correspon- 
dence is not unique, it is necessarily by fours, as can be easily proved. 


14. Units. Consider two 3 X 4 matrices in a chain or, even more 
generally, two such matrices having three of their four column vectors respec- 
tively equivalent under a unimodular transformation. If such two matrices 
are proportional, they are strictly proportional, since the constants of propor- 
tionality, being the eigenvalues of a unimodular matrix, have the product 1. 
Since the eigenvalues are also conjugate algebraic integers, in the conjugate 
cubic fields, they are either all 1 or are conjugates of a non-trivial unit of 
the field. From the rational independence of the column vectors, the eigen- 
values are all 1 only when the two 3 X 4 matrices are identical. In fact 
in the example (A? = 81) of fig. 2, there are even closed circuits such as 
$0(Q.P.R) which produce the trivial unit. (The cir- 
cuit do(Q.P.R) b2(P.S.Q) (P.Q.8) o4(Q.2.P) bo incidentally produces a non- 
trivial unit). In each of the five cases treated here, independent (non-trivial) 
units can be observed. It is clear that as we take an increasing large number 
of different fields the a priori necessity of obtaining different units will 
increase the complexity of the non-trivial circuits, but no further speculation 
on this will be attempted at present. 
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ON HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS.* 


By Puitie HartTMan and AUREL WINTNER. 


1. Introduction. In the standard existence and uniqueness theorems 
for the hyperbolic differential equation 


(1) Zay = f (2, Y, 2, q), 


where p = Z,, ¢ = 2y, it is assumed that f is continuous in (2, y, 2, p,q) and 
satisfies a uniform Lipschitz condition with respect to (2, p,q). It will be 
shown (Section 2) that the assumption of a Lipschitz condition with respect 
to z can be omitted in these existence theorems, though not in the uniqueness 
theorems. On the other hand, it will be shown in Section 3 by an example 
that the Lipschitz condition with respect to (p,q) cannot be omitted and, 
what is more, that there exist continuous f such that (1) has no solution 
whatsoever (in a vicinity of a given point of the (z, y)-plane). 

The existence theorem to be proved for (1) leads to improvements of 
some of the results of H. Lewy ([14]; cf. the presentation in [6], pp. 487- 
508). For example, it will be shown (Section 5) that if F(z, y, z, p,q, 7, 8, t) 
is a function of class C?, and if the partial differential equation 


(2) 2, Pp, 9, T, 8, t) == 0, 
where 7 = Zzz, 8 = Zzy, t = Zyy, is of hyperbolic type, that is, if 
(3) Fs? > 0, 


then initial data (belonging to a z of class C*) determine a unique C*- 
solution of (2). The conclusion, the existence of a solution z of class C°, 
is the same as that of Lewy (cf. [14], p. 189, where it is asserted that 
z, p, q, , 8, ¢ are of class C*). But Lewy assumes that F is of class (° 
(instead of being, as above, just of class C?) and he has the somewhat artificial 
assumption that the initial data belong to a z of class C* (instead of belonging, 
as above, to a z of only class C*; cf. [14], p. 18%, where it is assumed that 
the initial data of z, p, q, r, s, t are of class C?). The conclusion of unique- 
ness is a corresponding improvement of that of Lewy. (Incidentally, his 
statement of uniqueness involves solutions of a class which is apparently more 
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restricted than the class C*, but it turns out that all solutions of class C* 
belong to this restricted class.) 
When (2) is of the Monge-Ampére type, 


(4) A+ Br+ Cs + Dt + H(rt —s*) =0, 


where A, B, C, D, E are functions of the five variables x, y, 2, p, g, and (3) 


is replaced by 
(5) C?— 4BD+ 4AE>0 and E40, 


it will be shown (Section 6) that if A, B, C, D, E are of class C', then initial 
data (belonging to a z of class C*) determine a unique C?-solution of (4). 
Following Lewy’s procedure, the theorems involving (2) will be reduced 


to one on a system (1) by means of an intermediary system of first order of 
the type 
n 
(6) = bi, 
k=1 
(7) —.di, m+1SisSn, 
k=1 
where the given functions a,, b; are functions of z, y,21,- - -,2" satisfying 
det ai, 0. For the system (6)-(7) it is sufficient to assume that ax, bj are 
of class C1, in which case initial data belonging to a z= (z2',---,2") of 


class C1 determine a unique C1-solution z which possesses a continuous second 
mixed derivative 2, == 2yz; Section 4. This is an improvement of a theorem 
of Lewy ([{14], pp. 186-187), where it is assumed that aj, 6; and the initial 
data are of class C?, while the assertion is unchanged. The system (6)-(7) 
can fail to have solutions if it is only assumed that the given functions ax, 5; 
are continuous (instead of being of class C’), with det ax, 0. 

It will also be proved that every C?-solution z of (6)-(7) has a con- 
tinuous second mixed derivative z,, = 2). This permits a sharpening of the 
wording of the above-mentioned uniqueness theorem. . 

In Part IJ, the results of Part I just outlined will be applied to two 
problems of differential geometry; first, the problem of embedding into 3- 
dimensional Euclidean space a positive-definite line element, 


(8) ds* = g,,du? + 29,.dudv + 


of negative curvature; second, the question of transforming (8) into the 
Tchebychef form 


(9) ds? = dx” + 2 cos ¢ drdy + dy’, = 9). 
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Part III adapts the method of Part I to the quasi-linear hyperbolic 
system for the vector z= (z',- - -, 2"), 


fry + 9, 


where xz and y are scalars, f—f(z,y,z) is a matrix and g=—g(z,¥y,2) a 
vector. The linear case, where f = f(z, y) is independent of z and g is linear 
in 2, was first treated by Holmgren [11] under the assumption that f and g 
are of class C? (and the system is hyperbolic, that is, f has simple elementary 
divisors and real characteristic numbers). Perron ([16], pp. 562-564) has 
shown that Holmgren’s method remains applicable if g is not linear in 2, 
but is merely of class C? in (x,y,z). Friedrichs ([4], pp. 575-578) has 
proved that the Holmgren-Perron theory is also valid if f(z, y) and g(, y, z) 
are only assumed to be of class C1. The latter result was stated already by 
Holmgren ([12], pp. 1-2), whose proof however contains a gap. 

Friedrichs has extended the results also to the case in which f is allowed 
to depend on z but both f and g are subject to the classical C?-restriction ([4], 
pp. 582-584; cf. also Cinquini-Cibrario [2] and her papers referred to 
there). It will be shown in Part III below that it is sufficient that f(z, y, z) 
be of class C1? only. In particular, all of the results mentioned above appear 
as consequences of a single theorem. While the method of Holmgren, Perron 
and Friedrichs is that of the successive approximations, the proof of the 
general theorem is based in Part III on a combination of the process of 
successive approximations and the method of equicontinuous functions, as 
used in Part I. 


Part I. 


2. The system (1). A function z =z(z,y) will be said to be of class 
C* if z(x,y) is of class C* and possesses a continuous second mixed derivative 
Lay = 

(1) Let (#*, -, 2), p= ° q= + and 
be vectors with n components. Let f =f (x,y, 2, p,q) be 
continuous and bounded on the product space of the rectangle 


(10) R: 


and the entire (z, p,q)-space, and let f satisfy a uniform Lipschitz condition 
with respect to (p,q) on this product space. Let a(x), r(y) be n-dimensional 
vector functions of class C1 on the respective intervals OS tSa,0SySb, 
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and satisfy o(0) —7(0). Then there exists on (10) a function z= 2z(z, y) 
of class C* satisfying (1) and 


(11) 2(#,0) =o(«) and 2(0,y) =r(y). 


It will be clear from the proof that if f is not bounded, then it is possible 
to find an a, where 0 <aSa, such that the solution z= <2z(z,y) exists on 
the square OS ¢@Sa,0SySa. For example, if the absolute value of the 
components of o’ (x), r(y), 7’(y) are bounded by a number and if 
C > 0 is a bound of | f | on the product space of (10) and the 3n-dimensional 
parallelopiped | 2‘ |< 4M, | | q‘| 4M, where 1—1,2,-- -,n, 
then a can be chosen to be min (a, b, 3M /C, M4/C4). In this case, the absolute 
value of the components of a solution z and its partial derivatives p = Zz, 
q =, do not exceed 4M. 

In the simple case when f(z, y, z, p,q) is independent of the derivatives 
p and q, the assertion (I) reduces to a theorem of Montel [15], p. 282. His 
proof, as well as that of (I) below, is adapted from the standard proof of 
the Peano existence theorem in the theory of ordinary differential equations. 


Remark. It should be noted that, in the wording of (I), the specification 
of precisely the class C* is essential. Of course, every C'-solution of (1) is a 
solution of class C*. On the other hand, the example zz, 0 shows that 
differential equations of type (1) can have solutions which are not of class C%. 
In fact, such a solution is F(x) + G(y) if F, G possess first derivatives 
having discontinuities (which are, of course, of the second kind by necessity). 


Actually (1) need not possess any solution of class C? if f satisfies the 
assumptions of (I). In fact, if f(z, y) is a continuous function in a vicinity 
of (zr, y) = (0,0), it is clear that the second derivative dzz (or dyy) of the 
function 


$(2,9) = f f f(a, 8) dadg 


will not in general exist; so that (2, y) fails to be of class C? (though it is, 
of course, of class C*). In addition, —¢(z,y) will not become of the form 
F(r) + G(y) if f(z,y) ~0. Hence, if f(z, y) is just continuous, then for 
no choice of F(x) and G(y) need the sum ¢+/-+G become of class C?. 
Since every solution z(x,y) of (1) is such a sum if f = f(z, y), the assertion 
follows. 


Proof of (1). For a fixed m, let Rj. = Ry”, where j,k =0,- - -,m—1, 
denote the rectangle 


0 0 
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(12) ja/m Se < 1)a/m, kb/m Sy < (k + 1)b/m. 


Three vector functions Z =Z,(z,y), P=Pm(2z,y), =Qm(2, y) will be 
defined on FR with the properties that Z, P, Q are constant on Rj, and that if 


(13) =o(r) + 7(y) —o(0) 


+ SS f(u, v,Z(Uu, v), P(u, v), Q(u, v))dudv, 


then, on 

(14) Z(x, y) = 2(ja/m, kb/m), 

(15) P(x, y) = p(ja/m, kb/m), where p(z, y) = lim z,(@ + a, y), 
a——0 


(16) Q(z, y) = q(ja/m, kb/m), where y) y + B) 


(if either  —0 or y = 0, the limits defining p and q in (15) and (16) are 
meant to be replaced by limits as a—-+ 0 and B>+ 0). 

In order to obtain the functions Z, P, Q, first put Z(x, y) = o(0) = 7(0), 
y) =2,(0), Q(z, y) =7,(0) on Roo. Then (13) defines z(z,y) as a 
function of class C* on the closure of Roo, and the analogues of (14), (15), 
(16) hold on Ry, — Roo. Define Z, P, Q on Rio, Ror, Ru by (14), (15), 
(16), respectively, and define z on the closure of these rectangles by (13). 
Repeat this procedure, defining Z, P, Q on Ros, Roi, Roe, Rye, Roz by (14), 
(15, (16) and z on the closures of these rectangles by (13). Continuing in 
this fashion, the desired functions Z, P, Q, z are defined on R. (In the last 
step, where either j or k is m —1, the functions Z, P, Q can be defined on 
the closure of Rj.) 

If none of the functions | o(x)|, | r(y)|, | o’(z)|, | ’(y)|, | f | exceeds 
the number M, then | z‘|, | p‘|, | g*| do not exceed 3M + Mab, M+ Mb, 
M + Ma, respectively, for i—1,---,n. In particular, bounds for z, p, q 
can be chosen independently of m. Hence there exists a subsequence of the 


integers with the property that the corresponding subsequences of the sequences 


Z1, 22," Pi, Po,* *, and gi, converge on a dense set of points of A. 
Let 21, * 3 * * 3 denote these subsequences. It is clear 
from (13) and the boundedness of f that z,, z.,- - - is equicontinuous on f. 


Consequently, - converges uniformly to a continuous function z(z, y) 


on #. The relations (14) show that Z,,Z2,- - - also converges uniformly to 
z(x,y) on R. 
It will be shown that the sequences and q;,q2,° also con- 


verge uniformly to continuous functions on R. For any (scalar or vector) 


Y 
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function h and for any positive number 8, let w,—=w,(8) denote the least 
upper bound of | h(2,y) —h(a*,y*)| for |e—a*|S8, |y—y*| S8, 
where || denotes the sum of the absolute values of the components of a 
vector h. In order to prove the existence of uniform continuous limits for 
Pry Pas’ * * and Qi, Q2,° * *, it is sufficient to show that for every « > 0 there 
exist a = 8, > 0 and an integer N = N, such that 


(17) wn(d) << if h = pm, Ym, and m= N,. 


To this end, note that if (z,y) is not on any of the lines x = ja/m or 
y= jb/m, where j =0,1,: m, then, by (18), 


(18) + fle, »), »), Q(a, ») 


Hence if (z*,y*) is not on any the lines x= ja/m or y= jb/m, and if 
|a—a2* |= 8, | y—y* | S84, then 

| p(2,y) —p(2*,y*)| Swe + M | y—y* | -+b(w + Kup + Kuo), 
where 
(19) w= u. b. | f(z, 9, (a, 

— f (z*, y*, Z(x*, y*), P(2, y); Q (2, y) ) | 

for | y—y* | <8, and K is a positive constant implicit in 
the assumption of a uniform Lipschitz condition on f. Clearly, 
(20) Wy S Wo + MS + + Kwp + Kwe). 
It is similarly seen that 
(21) Wq Swe + M8 + a(w + Kwp + Kwg). 


The relation (15) shows that wp(8) S wp(8 + 2a/m), so that wp(8) S wp(28) 
if 2a/m =8. For any function h, S 2w,(8); hence wp(d) S 2w,(8) 
when 2a/m = 8. Similarly, we(8) S 2w,(8) if m is sufficiently large. Thus 
(20) and (21) give, for large m, 


(22) Wy + S (war wer + 2MB + (a + byw) /(1 — 2(a + b)K), 


provided that 2(a-+6)K <1. There is no loss of generality in supposing 
2(a+6)K <1, for otherwise the rectangle R can be divided into a finite 
number of sufficiently small rectangles, and theorem (I) applied successively 
to each of these sub-rectangles (in a suitable order). 

In view of the definition (19) of w, the existence, for every « > 0, of a 
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= 6, and an JX, satisfying (17) follows from (22) and the fact that 
=Zm(z,y) tends, as uniformly on to a continuous fune- 
tion z(x,y). Consequently, pi, and tend uniformly on 
R to continuous functions, say p(z,y) and q(z,y). The relations (15) and 
(16) show that p(x,y) and Qm(2,y) > also hold uni- 
formly on R as m->oo. It follows from (13) that 


(23) (x,y) + —o(0) + f f(u,0,2,p, 


y 
on FR, and from (18) that z,(x, y) = p(2, y) =o'(z) +f f(z, v, 2, p, q)dv if 
0 


(x, y) is not on any line x = ja/m or y = kb/m, where j,k =0,1,---+, m and 
m=1,2,---. By the continuity of the functions involved, z,(7, y) = p(z, y) 
on R. Similarly, z,(z,y) =q(a,y). In view of (23), this completes the 
proof of (I). 


(II) Let f(x, y,2, p,q) satisfy the conditions of (1). Let o(x), r(y) 
be functions of class Ct for 0OSySb, respectively. Let 
T:¢—2z(u), y=y(u), where 0SuSl, be an are of class such 
that (x(0), y(0)) = (0, 0), (x(1), y(1)) = (a,b) and z’(u) > 0, y’(u) > 0. 
Then there exists a function z= 2(x,y) of class C* on (10) satisfying (1) 
and a0 


(24) 2(a(u), y(u)) =o(x(u)) + r(y(u)), 0<SuS1. 


The proof of (II) is similar to that of (I) and will be omitted. If f 
is not bounded, one obtains a solution z= (2, y) only in some vicinity of 
the open are Tp:4 2(u), y= y(u), where0 <u<1. For example, if the 
absolute value of the components of o(z), o’(x), r(y), 7’(y) do not exceed 
M, and if | f | does not exceed C > 0 on the product space of (10) and the 
3n-dimensional parallelopiped | |= 3M, | = 3M, | q‘|<3M, where 
i=1,:--,n, then there exists a solution of (1) and (24) on the common 
part of the two (2, y)-sets 


(25) max —a) Sx (a,7(u) +0), 
(26) 2—2(u),max (0,y(u) —a) Sy Smin y(u) +-a),0SuS 1, 


where a = min (M4/C3, 2M/C). 
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8. Counter-examples. In this section, it will be shown that 


(i) a solution z= z(x,y) of (1) and (11), whose existence is assured 
by (1), need not be unique; and that 


(ii) (1) becomes false if the Lipschitz condition on f with respect to 
(p,q) is omitted. 


Ad (i). Let n=1 in (1), so that z, p,q, f are scalars. Let f(z, y, 2, p, q) 
=|z|\, where 0<A< 1, and let o(x) =0, r(y) =0. Thus (1) reduces 
to and the initial conditions (11) to z(7,0) =0, z(0,y) =0. 
This initial value problem has on the rectangle R:0 S71, OS yl, 
more than one solution of class (*, since it is satisfied by both z(z, y) =0 
and z(x,y) where p= (1—A)7/@-, 

Ad (ii). By a solution of (1) is meant a-function of class C* satisfying 
(1). Consider the case of a scalar equation (1) of the form z,, = f(x, zy) + y. 
It is clear that this equation has a solution of class C* if and only if the 
first order partial differential equation 


(27) +y 


has a continuous solution z(x,y), which then possesses a continuous partial 
derivative with respect to 2. 

Let it be granted for the moment that there exist continuous functions 
f(z,z2) on —1 S21, with the property that the ordinary 
initial value problem 


(28) dz/dx = f(z, z), 2(0) == 2, 


has more than one solution for every 2, and that if z*(x), z,(v) denote the 
maximum and minimum solutions of (28), then 


(29) 2* (27) + c2- and 24 (27) S — 


hold for 7 = 0,1,- - - and some positive c¢ which is independent of 2 and j. 
It will be shown that, for such an f, (27) possesses no continuous solution 
whatever in any square Sec, |y|Se«. Consequently, there exist con- 
tinuous functions f such that (1) has no solution (of class C*) in any 
vicinity of a given point. 

Suppose (27) has a solution z—2z(z,y) on some square |a| Se, 
|y|<e«. In particular, z(0,y) is continuous for |y| Se. For a fixed y, 
the function z= z(z,y) satisfies the ordinary initial value problem 


dz/dx =f (x,z) + z(0) =2(0,y). 
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If y is positive, then z(z, y) is not less than the maximal solution of (28), 
where z —2z(0,y). Hence 2(27%,y) = 2(0,y) +¢2-% if2%J Sc. Similarly, 
if y is negative, 2(27%,y) =2(0,y) —c2-*7. These two inequalities imply 
that z(x,y) is not continuous at (x,y) = (27,0), since c > 0. 

Thus, in order to complete the proof of the assertion (ii), it remains 
to show that there exist functions f(z,z) having the properties specified in 
connection with (28). It turns out that an f(z,z) defined, in another 
connection, by van Kampen ([13], p. 151) has the desired properties. His 
function f(z,z) is defined as follows: 

In an (2, z)-plane, consider the curves 


(30,) z= 4n-+a(1—cos 2rz), where 
(302) z=4m+ 2+ B(1-+ cos 2zz), where OS 721 
depending on the parameters n, m, a, B, where n,m=0,+1,--~- and 


—l<a<1,—1Z851. The curves (30,) belonging to a fixed n and 
varying a have only the points (z,z) = (0,4n) and (1,4n) in common, at 
which points the derivative z, is 0. These points are also on the curve (302), 
where m= n—1 and B=1. The curves (302) belonging to a fixed m and 
varying B have only the point (z,z) = (4,4m-+ 2) in common, at which 
point the derivative z, is 0. The points just mentioned are the only points 
common to two curves in the families (30,)-(302) ; at such a point z;—0. 
Through other points (z,z), where 0S 71, —w<z<o, there passes 
one and only one curve in the families (30,)-(30.). 

Let g(z,z), for OS —w<z< 0, denote the slope 2, of 
(30,)-(30.) at (z,z). Clearly, g(z,z) is a continuous function and satisfies 
g(0, z) = 9(4, 2) = g(1, z) = 0. If z is a number satisfying 4n = z <4n + 4, 
where n=0,+1,:-~-, then the ordinary initial value problem dz/dz 
= 9(z,z),2(0) 2, has a solution z= 2z(zx) which, for 0 =z S is (302), 
where m=n and 4n+2+28—2z (so that —1=8< 1), and, for 
$2751, is 2(r) —=4n+2+ (1+ cos2mrz). Hence, 2(1) =4n+ 4. 

Define f(z,z) for —1S¢S1, —w<z<o as follows: 


f(— 2) = f(x, 2), f(0, 2) = 0, and f(a, 2) = 2%g(2"(@ — 2-4), 272) 


if and j—1,2,:-:. 

Since g(0,z) = g(1,z) =0, the function f(z,z) is continuous and 
satisfies f(2,z) for 7—=0,1,2,---. If 2*l22-*', the equation 
dz/dt=f(z,z) is equivalent to du/dt=—g(t,u), where u—2%z and 
t == 2*(—2-*). Hence it is seen from the above description of certain solu- 


a @ 
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tions of the latter differential equation that through the point (2, z) = (2~, zx), 
where = z, 2-**?(m+1) and m=0,+1,---, there is a solu- 
tion 2(z) of dz/de—f(a,z) satisfying z(2***) (m-+1)2-*?, Hence 
this solution can be chosen so as to satisfy 2(2-**?) = (r-+1)2-** or 
== (r+ 2)2-°* according as m is of the form 4r, 4r-+ 1, 4r+2 
or is of the form 4r-+ 3. Thus, in any case, 2(2-**?) = 2(2-*) + 2-7#? or, 
if —2 is denoted by simply 2(2*) = 2(2**) + 

If z* — z*(z) is the maximal solution of the initial value problem (28), 
it is clear that z*(2-*-*) = 2*(0); hence z*(2*) = 2*(0) +2°*?, This is 
the first inequality in (19), with c—=2*>0. It is proved in the same way 
that the minimal solution z,(z) of (28) satisfies the second inequality in 
(29). This completes the proof of (ii). 


4, The system (6)-(7). The existence theorem for the system (6)-(7) 
will be reduced to that of a system (1). 


(III) Let ay, y,2), bs 0; (2, y, 2), where 1,k == 1,---,n, be 
functions of class C* on the product space of the (x, y)-rectangle (10) and the 
n-dimensional z-space + -,—w< <0), and let 


(31) det ay, ~ 0. 


Let the arc T and the functions o(x), r(y) satisfy the conditions of (II). 
Then there is a number a > 0, such that, on the common part of the sets 
(25)-(26), there exists az—=2(x,y) of class C* satisfying (6)-(7) and (24). 


It will be clear from the proof that one can also obtain the existence 
of solutions of initial value problems of the type (6)-(7) and (11) on a 
sufficiently small square OS OSySa. 

It turns out that the situation in (III) is similar to that in (I) and 
(II) in that every Ct-solution of (6)-(7) is of class C*. 


(iii) Let ay, b; satisfy the conditions of (III), and let the vector 
z= 2(x,y) be a function of class C* satisfying (6)-(7%) on some domain. 
Then z(x,y) is of class C*. 


In contrast to (I) or (II), there is a uniqueness theorem corresponding 
to (III) which does not involve any additional hypothesis. 


(III bis) Under the conditions of (III), there cannot exist two dis- 
tinct Ct-solutions z= z(x,y) of (6)-(7) and (24) on the common part of 
(25) and (26), for anya> 0. 
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Lewy ([14], pp. 186-187) has proved a uniqueness theorem for the case 
in which the coefficient functions aj, and 0;, and the initial data T, o(2) 
and +(y) are of class C*, and the class of solutions considered is the class C*. 
In view of (iii), Lewy’s restriction to the class of C*-solutions is not more 
severe than the restriction in (III bis) to the class of C*-solutions. 

Both the existence theorem (III) and the uniqueness theorem (III bis) 
become false if the assumption that ai, b; are of class C* is lightened to the 
assumption that they are continuous. As to (III), this is seen from the 
example (27) above, which is of type (6)-(7), where m=n=1. (This 
remark concerning the impossibility of reducing the assumptions on ajx, }; 
in (III) is valid if the system (6)-(7) is of the type considered by Lewy 
({14], pp. 186-187), where aj, 6; do not depend on the independent variables 
x, y. For, under suitable initial conditions, (27) is equivalent to a system 
of type (6)-(7), namely to —1, —f(z,z) =1, where y, z 
are the dependent, and u, v the independent, variables and n = 3, m = 2.) 

As to (III bis), the equation z, =| z |‘, where 0 <A <1, which is of 
type (6)-(7), with m =n =1, has the trivial solution z(z, y) = 0, as well 
as a solution given by z(z,y) or 2(2,y) =0 
according asx=yor2z<_y. Both of these solutions satisfy (24) if T is the 
line r= y, and o(z) = 0, r(y) = 0. 


Proof of (III). If z—<z(z,y) is of class C* and satisfies (6)-(7), let 
(6), (7) be differentiated with respect to y, x, respectively. In view of (31), 
the resulting set of n equations can be solved for the n components of Z2y = Zyz. 
This leads to a system of equations (1) in which each component of f is of 
the form U + V + W, where U is a quadratic form in the components of 2, 
and z, with coefficients which are continuous functions of z, y, z, V is a 
corresponding linear form, and W is a continuous function of z, y, z. Con- 
versely, if z = z(x,y) is any solution of class C* of this particular system (1), 
then z = z(z,y) is also a solution of (6)-(7). Consequently, (III) follows 
from (II) and the remark made immediately after (II). 


This proof shows that (6)-(7) is equivalent to a system (1) if only 
solutions of class C* are considered. In view of (iii), the same is true if 
solutions of class C* are considered. 


Proof of (iii). Let (2, yo) be a point of (10), and let a0, B~0 
be number such that z(z,y) is defined on the rectangle with the vertices 
Pi = (Zo, Yo), Po = (Zo +4, Yo), Ps= 8), (Lo, Yo + 8). 
Let (6) be integrated with respect to from to a (along P,P;). 
Then an integration by parts shows that 


q 
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(32) (Pi) =— [ix + + f bidz, 
k=1 k=1 k=1 
P,P» P,P. 
n 
where = + and, for any function h, the bracket is 


defined by = h(P2) 
P, to P; gives 


h(P,). Similarly, an integration of (6) from 


(33) ax (Ps) = — [ain + +- b,da, 
k=1 k=1 k=1 
where the left side can be written as 


ax (Ps) [2*]4° [aix]a* [2*].°. 


If z*(P.) on the right side of (32) is expanded to 2*(P;) — [2*].%, then 
subtraction of (32) from (33) gives 


P,P3 
—3 Je —3 + — f 
P.P3 


where [h] =h(P:1) —h(P2) +h(P:) —h(P,), for any function h, so that 
[h] = [h].8— [h].? = [h].° — 

It will be shown that if the right side of (34) is divided by af, then 
the quotient tends to a limit if first a—0 and then B-0. This is clear 


for the last three terms of (34). As to the first two terms on the right of (34), 
the corresponding quotient has, as a— 0, the limit 


n n 
BU ]1*2* (Ps) i. e., (Ps) [2*],*. 
But this expression tends to a limit as B—> 0. 


For the purpose of combining equations (34), which resulted from (6), 
with the corresponding equations which result from (7), it will be verified 
that the ratio of the right side of (34) to a8 also tends to a limit if B—0 
and then a—>0. To this end, add and subtract the term 


PsP. 


on the right side of (34). This term, when combined with the first term 
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on the right of (34), behaves as did the first two terms of (34). The ratio [ 
of the last three terms of (34) to af clearly has a limit as B—>0 and then [7 


a— 0. 
Thus there remains to consider the difference of (35) and the second 
term of (34). This difference is the line integral 


around the oriented rectangle P,P.P;P,. If the derivatives aj. and dixy are 
of class C*, then Green’s formula shows that this line integral is 


where the double integral is taken over the rectangle P,P2P;P,. But the 
Lemma in [8], p. 761, shows that this reduction is also valid in the present 
case. Since the ratio of this double integral to a8 tends to a limit as 
(a, 8) — (0,0), this completes the proof of the statement made before (35). 

Let (34’) denote the set of equations which results from (7) in the 
same way as (34) did from (6). Then, by (31), the system of linear 
equations (34), (34’) can be solved for the components of [2], and so the 
preceding considerations show that 

[2] lim a™ —%y(Pi)) = (Ps) 


exists and is continuous. This proves (ili). 


Proof of (III bis). Suppose that (6)-(7) and (24) have two C?-solu- 
tions, say z= 2(z,y) and z= 2(z,y) + £(2, y), on the common part of (25) 
and (26), forsomea>0. The difference, £, of these solutions vanishes on I. 


If, as above, ai, = dix (Z, y, 2), = bi (a, y, z), then it follows from (6) 
that, if 1=i=™m, 


n 
+ (ze! + ¢.*) (ax (2, Y, + Aix) bi (2, Y, 2 + g) bi. 
= 
Since b; are of class this implies that 


> = 0( | 
k=1 k=1 


where the constant implicit in the O-term depends only on the partial 
derivatives of z+ ¢, ay, and Bb; If (x,y) is in the common part of the sets 
(25)-(26), let the last relation be integrated with respect to x from the point 


| 
| 
| 
n n 
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on T, where y= y(u), to the point (z,y). An integration by 
parts shows that 


f 0( 3 |e |)ae, 


since £ vanishes on [. Consequently, 


f Z| de) for i1Sism. 
k=1 k=1 


Similarly, (7) implies that 


y 
k=1 k=1 
where (x(v), y(v)) is the point of T for which z(v) =a. Since (31) shows 
that the system of nm linear equations represented by the last two formula 
lines can be solved for the n components of €, it is seen that 


@ y 
n 
y(v) 
Hence if » is the maximum of | {| on the common part of (25) and (26), 
then p = 2naO0 (yp). 
Since the constant implicit in the last O depends only on the functions 
z, €, dix, b; and their partial derivatives, it follows that » = 0 if a is sufficiently 
small. In view of the definition of », this means that £(z, y) == 0, so that 
the solution of (6)-(7) and (24) is unique on the common part of (25) 
and (26), if a is sufficiently small. Actually, the last proviso concerning 
the smallness of a is superfluous, for it is only necessary to divide the common 
part of (25) and (26) into a finite number of suitable parts and to apply 
the arguments just used successively on these parts, arranged in a convenient 
order. 


5. The hyperbolic equation (2). The following theorem is the im- 
proved version, mentioned in Section 1, of the corresponding result of Lewy 
({14], pp. 187-191). 


(IV) Let y=y(u), where 0S ul, be an are of 
class C*, and T, the open part of T,O<u<l1. ForO0 let z—2z(u) 
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‘be of class C*, and p= p(u), g=q(u) of class C*, finally r—=r(u), s =s(u), 
t==t(u) of class C’. In an 8-dimensional open set containing the points 
(x(u), y(u), z(u), p(w), g(u), r(u), s(u), t(u)), where OS ul, let 
F(a, y, 2, p,q, 7, 8, t) be a function of class C? satisfying (3). ForOSuSl, 
let the functions x=-2(u),:-:,t—t(u) satisfy the relations (2), 


(36) 2 = pa’ + qy’, (37) p’= re’ + sy’, (388) = sz’ + ty, 
and 
(39) — Fa’y’ + €0, 


where ’=d/du. Then, in a vicinity of To, there exists one and only one 
function z= 2(2,y) of class C* which satisfies (2) and the wnitial conditions 


Although the statement of (IV) is rather awkward, (IV) is simply the 
analogue of (II) when z is a scalar. The are [ plays the same role in both 
theorems. The conditions z’(u) > 0, y’(w) > 0 in (II), which mean that T 
is not in a characteristic direction at any point, are replaced by (39). The 
initial conditions in (II) are given by (24) in terms of two arbitrary func- 
tions o(x), r(y) or, equivalently, by the derivatives o’(x), 7’(y) and quadra- 
tures. The same is true in (IV), where, if p(w) and q(u) are given, z = z(w) 
is determined by a quadrature of (36), and r—r(u), s=s(u), t=t(u) 
are determined by (2), (37), and (38). In fact, if 7, y, z, p, g are considered 
as functions of u, and r, s, ¢ as unknowns in the equations (2), (37), (38), 
then (39) expresses the non-vanishing of a Jacobian, thus assuring that r, s, ¢ 
are uniquely determined as functions of wu (if (2), (37), (38) are satisfied 
for at least one value of w). 

The proof of (IV) will not be given, since it becomes identical with that 
of Lewy’s, if use is made of (III), (III bis) above instead of his theorem on 
systems of the type (6)-(7). (Another reason for not giving the proof of 
(IV) is that a similar proof will be given in detail for the case of a Monge- 
Ampére equation in the next section.) 


6. The Monge-Ampére equation (4). As is well known (cf., e. g., [5], 
pp. 42-43), if the hyperbolic differential equation (2) is of the Monge- 
Ampére type, then the differential equations for (z, y, 2, p,q, 17, s,t), which 
define a characteristic strip of (2), can be replaced by differential equations 
which involve only (2, y, 2, p,q). This formal simplification permits a reduc- 
tion of the degree of differentiability in the assumptions and assertions of 
(IV) when (2) is of the form (4). This is the content of the following 
theorem. 


| 
¥ 
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(V) Let T:tc—a(u), y=y(u), where 0SuZ1, be an are of class 
C2, and T, the open part of ForOSuSil, letz—2(u) bea 
function of class C?, and let p=p(u), y= q(u) be functions of class C. 
In a 5-dimensional open set containing (x(w),- -,q(u)), where OS 
let A, B, C, D, E be functions of x, y, 2, p, q, of class C* satisfying (5), and 
let Ay = Ar Y, Z, Az y, 2, p,q) denote the (real, distinct) roots 
of the quadratic equation 


(40) Oh + AP 


so that rx, As can be chosen to be of class C’. 


For 0SuXl, let satisfy (36) and 
(41) + By’ + Eq’) + day’ + Ep’) #0. 


Then, in a vicinity of To, there exists one and only one function z = 2z(2, y) 
of class OC? satisfying (4) and the initial conditions z(x(u), y(u)) = 2(u), 
zo(z(u),y(u)) = p(u) and z,(2(u),y(u)) = g(u) for OSuS1. 


Proof of (V). Consider the system of partial differential equations 
(421) + By, + Equ = 0, Day + + Epy = 0, 


(422) 


(42s) + Byy + = 0, (424) Day + + Epo = 0, 
in the dependent variables (21, - -,2°) = (2,y,2,p,q) and the inde- 


q pendent variables u, v (which do not occur explicitly). This system is of 
the type (6)-(7), where n=5 and m=2. It is readily verified that the 
determinant of the matrix of the coefficient functions is 


= — B2(0? — 4BD 4+ 4AE)?, 


— 


which, by (5), is not 0. The coefficient functions of (42) are of class C’. 
Consequently, (III) is applicable if suitable initial conditions are given. 

In order to choose such conditions, let T* be the segment v—u, 
| 0SuS1, in the (u,v)-plane. Then, corresponding to the initial functions 
| 2=2(u),---,q¢—=4q(u), there is an a, 0 <<a <1, such that in the closed 
hexagonal region H bounded by the six line segments 


(u=a,l1—aSvBl), 


(v=0,0SuSa), 


(u=0,0=uSa), 


there exist five functions r—7z(u,v),-°-+,q¢=4q(u,v) of class C* which 


| 
| 
| 
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satisfy (42,)-(42,), and which reduce to the given functions z(u),- * «, ¢(u) 
when v=u, OSuZl. 

It will be shown that, in the region H, the functions 2, y, p, q of (u,v) 
satisfy the identity 
(43) Puly + QuYv = Prlu + 


To this end, multiply (42,), (42) by wv, zy, respectively, and subtract the 
resulting two equations. This gives 


AeYuly — + (Puty — Poty) = 0. 
Similarly, (42,) and (423) lead to 

— ArYotu — Quo) = 0. 
Since # =£0 by (5), the last two relations show that 
(44) — = — Quo» 


and this is equivalent to (43). 
The following analogue of (42;) will now be verified: © 


(45) Plu + —— 2y = 0. 
If v=u, then (45) follows from (42;) and (36). Hence, (45) will be 


proved on H it is shown that the right side of (45) has, with respect to 2, 
a partial derivative which vanishes identically. Since z,---,q are of class 
C*, the right side of (45) has, with respect to v, a partial derivative which 
is equal to 


Pvtu + + PLuv + QYuv — Zuv- 


A differentiation of (42;) with respect to w and the identity (43) show that 
the last expression is identically 0 (since == yu, Yuv = Your = 
This proves (45). 

The Jacobian of xz, y with respect to u,v does not vanish on I, that is, 


(46) LyYu — 


forv=uand0Su<il. First, if (46) does not hold at some point of I*, 
then, by (42,)-(42,) and H=0, the ratios ty: Yu: Yo) Put Poy Yui Q are 
identical. But then z,:2’, yu: Pu: Qu: are identical, where ’ denotes 
differentiation in any direction, say along vu. This contradicts (41). 
Hence (46) holds in the region H if a is sufficiently small. 

In view of (46), the linear equations 


(47) Pu = + SYu; Pv = TLy SYy 


de 
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determine a pair of continuous functions r—r(u,v), s=s(u,v) on H. 


Similarly, 
(48) Qu = SLy + tYu, Fv = SLy + tyy 


determine a pair of continuous functions s = s(u,v), t= (u,v) on H. It 
follows from (44) and (46) that the two definitions (47), (48) of s = s(u, v) 
are identical. 

That the functions r(u,v),---,¢(u,v) satisfy (4) follows by standard 
procedures, which will be indicated here for the sake of completeness. Multiply 
(421), (422) by Yu, ®u, respectively, and add. Since (40) shows that 
+ Az =— C, the result is 


By? Dz,? + E (putu a. 0, 
or, in view of (47), 
— + Day? + E (ray? + 2stuyu + tyu?) = 0. 


Multiply (42,) by Dyu— Equ—A2stu, and (422) by Bay — Hu—Aryu, and 
add. Using the relations A; + As == — C and = BD — AE, one obtains 


A(ay? + Yu?) + (B— D)(putu— Guu) + C(puyu + Gutu) — E(pu? + qu?) = 0, 


after dividing by H0. If pu, gu are eliminated from this relation by the 
use of (47), (48), it follows that 


(A ++ Os)(au? yu?) + (B— D) (rity? — + + t) 
— (a4? + yu?) + + + 2(r + 0. 


If (49) is multiplied by r++ ¢ and the product added to the last equation, 
it is seen that 


{A Br+ Cs + Dt + E(rt —s?)} (ay? + yx?) = 0. 


Since, by (46), the last factor does not vanish, (4) is satisfied on H. 

It follows from (46) that in a 2-dimensional vicinity of the open segment 
vu, 0<u<1, the transformation r—2z(u,v), y=y(u,v) from 
(u,v) to (z,y) has an inverse (of class C1). Hence the existence statement 
in (V) follows. 

The uniqueness statement follows from (III bis) since, as is well known, 
every O?-solution of (4) is built up of characteristics; cf. [5], pp. 48-44. 
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Part II. 


7. Embedding a hyperbolic ds*. Let (gx) = (gix(u, v)) be a binary, 
symmetric, positive-definite matrix of class C? in a vicinity of the point 
(u,v) = (0,0). The line element (8) is called hyperbolic if the curvature 
K = K(u,v) belonging to (8) is negative. The problem of the existence of 
a surface X¥ —X(u,v), in 3-dimensional Euclidean space, X = (2, y,z), 
such that 


(50) | dX — 2912dudv Jo2dv*, 


can be reduced to the determination of a function z= z(u,v) such that the 
line element 


(51) ds? — dz? = (911 — 2”) du? + 2 (912 — dudv + (922 


dv? 


is positive-definite with a curvature 0, and to the determination of solutions of 
the equation 
(52) dx? + dy? = ds? — dz? 


for the functions v), y= y(u, v) (Weingarten; cf. [3], pp. 253-254). 


When the coefficients gi, are of class C*, the problem of determination 
of a z(u,v) such that (51) has zero curvature leads to a Monge-Ampére 
equation (4), where p= 2, +. t = cf. e.g. [3], pp. 253-254. 
The coefficients B, C, D are linear forms in p, gq, with coefficients which 
depend on gj and their first order partial derivatives. The coefficient FZ is 
— (det gix)4 <0, and the function A is Q-+ K(det gi), where K is the 
curvature of (8) and Q is a quadratic form in p, q with coefficients depending 
on gy, and their first order partial derivatives; cf. [9], p. 883. Hence, if 
p=4q= 0, the right side of the first inequality in (5) is —4K (det 9i,)*”, 
so that (5) holds if (8) is hyperbolic. 

Consequently, the existence theorem (V) for a z= z(u,v), with p(0, 0) 
= q(0,0) =—0, is applicable when the functions 9, are of class C* (so that 
A, B, C, D, E are of class C*). The theorem (V) shows that in this case 
there exist functions z= z(u,v) of class C? in a vicinity of (u,v) = (0, 0) 
such that (51) is positive-definice and of curvature 0. A result in [9], p. 882, 
then implies the existence of functions r= z(u,v), y=y(u,v) of class C? 
in a vicinity of (u,v) = (0,0) satisfying (52). Hence one obtains the 
following theorem: 


(*) Let (gix(u,v)) be a binary, symmetric positive-definite matrix of 


class C* in a vicinity of (u,v) = (0,0). Then there exists a vector function 
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X= (x(u,v),y(u,v),2(u,v)) of class C? in a vicinity of (u,v) = (0,0) 
with the property that (50) holds. 


Remark. The statement (*) remains true if the classes C* and C? in 
the assumption and in the assertion are replaced by C"** and (”, respectively, 
where n > 2 is arbitrary. 


The truth of this remark follows from the corresponding analogues of 
(II), (IIL) and (V), analogues which (n in C” being at least 3) are supplied 
by the classical theory of characteristics (and which are clear, of course, from 
the proofs of the above theorems also). 

This theorem contrasts with that of [9], pp. 876-877, where (8) is of 
the elliptic type (K > 0), in which case it is sufficient to assume that the gix 
have second order partial derivatives satisfying a Holder condition (instead 
of assuming that the giz are of class C*) in order to assure the existence of an 
X(u,v) of class C? satisfying (50). In the treatment of the hyperbolic case 
(K <0), we have blundered in [7], [9]; see [10]. The above result and 
the remark following (*) fill in the gap created by that blunder. 


8. Tchebychef nets. The following theorem on the possibility of trans- 
forming (8) into the Tchebychef form (9) will be proved: 


(t) In a vicinity of (u,v) = (0,0), let the coefficients of 
(53) ds? = g1,(u, v) du? + 2910(u, v)dudv + goo(u, v) dv? 
be functions of class C1 and have a non-vanishing determinant. Then there 
exists, in a vicinity of (x,y) = (0,0), a patr of functions 
(54) u=u(z,y), v=v(z,y) 


which are of class C1, of non-vanishing Jacobian, and such that (53) becomes 
identical with 


(55) ds* = dx? 2y(x, y) + dy’ 
by virtue of (54). 
As observed by Bianchi ([1], vol. I, p. 157), the possibility of trans- 
forming (53), when 
(56) det giz ~ 0, 
into the normal form (55) follows from an existence theorem of classical 


type if the functions gj, have continuous partial derivatives of first order 
satisfying a uniform Lipschitz condition. Thus, the point in (f¢) is that the 
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imposition of a Lipschitz restriction is claimed to be superfluous. The role 
of the assumption (56) is that of assuring the existence of the contravariant 
representation (g**) of the tensor (gi), which, combined with the C. 
character of gy, means that the Christoffel symbols Ty, =Tyz,4(u, v) exist 
and are continuous. Hence, it is possible to consider the pair of Servant’s 
partial differential equations 


(57) Ut ay = — Tag* (ut, wu?) where u?) = (u,v), 


which represent the formal condition for a pair of functions (54) trans- 
forming (53) into (55) ; cf. [1], vol. I, pp. 156-157. 

If (56) is omitted, the assertion of (+) becomes false even if the 
coefficient functions of (53) are analytic. For instance, if (53) is chosen 
to be the square of g(v)du, where g(v) is a non-constant, positive, analytic 
function of v, and if (53) is identical with (55) by virtue of (54), then 
9Uz=1 and gu,y=1. This implies on the one hand that u,—u,, which 
means that uw is a function of x+y alone, and on the other hand that 
g*(v) (dz + dy) is a complete differential, and so g-*(v), therefore v itself, 
is a function of + y alone. Hence the Jacobian of (54) must vanish 
identically, and so (54) cannot be a transformation. 


Proof of (+). Since the T'y* are continuous, (I) is applicable to 
(57%), which is of type (1) with (2,2?) =(u',u?). Let «> 0, and let 
o(z) = and r(y) = (r'(y), 7?(y)) be vectors of class C* for 
|y| Se, respectively, satisfying o(0) —7(0) =0. Then (I) im- 
plies that, if « is sufficiently small, (57) has on the square | z| Se, | y|S« 
a solution (u(x, y),v(z,y)) = (u'(a, y), u?(x,y)) of class C* satisfying 
(58) u*(0,y) = r*(y), 2). 
Let the initial data o(z), r(y) be so chosen that 
(59) (x) =1, |r|S6 (’=d/dz), 


(60) gap(t*(y), (y) =1, |y|Se d/dy), 
and that 
(61) ao” (0)7”(0) —o”(0)r”(0) 


In view of (58) and (61), the Jacobian of (54) does not vanish at 
(x, y) = (0,0) and, therefore, for |x| Sc, | y| Se if is sufficiently small. 
It remains to show that (53) is transformed into (55), that is, that 


(62) Jap (ut, u?) = 1, where ut = ut(z, y) 


and where the primes denote either 0/dx or 0/dy. 
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This will be deduced from the following geometrical interpretation of 
(57): If y= yo is fixed, the vectors (u*y(2, yo), form a parallel 
sheaf in the sense of Levi-Civita along the arc ut = u'(a, yo), u® = u? (2, Yo) 5 
ef. [1], vol. II, pp. 806-811. Hence, the squared length gag(u', wu?) u%,u4,, 
where ué = wu‘ (x, yo), is independent of z. But if c= 0, it is seen from (58) 
and (60) that this length is 1. Consequently, (62) holds if the primes 
denote 0/dy. Since it is clear that the same is true if the primes denote 
6/dx, the proof of is complete. 


Part III. 


9. Quasi-linear systems. The general theorem announced at the end 
of Section 1 is as follows: 


(VI) Let f and g in the system of partial differential equations 
(1) = fry t 9, 
where z= (z',---,2") is a vector, satisfy the following conditions: f = f(a, y, 2) 
is a matrix function of class C* on the (a, y, 2)-region 
(21) (22) | Se,---, Se, 


and has simple elementary divisors and real characteristic numbers (2, Y, 2), 
+ y, 2), while g = 9 (zx, y, z) is a vector function which is continuous 
and possesses continuous partial derivatives with respect to y,2z',: + +,2" on 
(2:)-(22). Then there exists a positive a(S a) such that, if the constant K 
is so chosen that 


(3) ++, | | SK on (21)-(22), 
the system (1) possesses on the region 

(4) +Kesb 
one and only one C'-solution z= z(x,y) satisfying 

(5) z(0,y) =0. 


It will be clear from the proof that it is possible to give a (lower) 
estimate for a in terms of bounds of the elements of the matrix f and their 
partial derivatives and of the components of g. Theorem (VI) implies that 
(1) and arbitrary initial C*-data 


(5’) 2(0,y) =2(y), where | y| and | 2#(y)|<c¢, t=1,---,n, 
have one and only one C?-solution on a region of the type (4). 
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10. Preliminaries. For a vector (or matrix) v, the symbol | v| will 
denote the absolute value of the largest component (or element) of v. 

The assumptions of (V1) for the matrix f = f(z, y,z) imply that there 
exists on (2;)-(22) a pair of real matrices H = H(z,y,z), F = F(z, y,z) 
of class C* such that H is non-singular, F is diagonal, and 


(6) Hf = FH, 


where <K by (8). 

The C*-character of F (hence of H) can be deduced as follows: The 
diagonal elements of F’ are the zeros of the invariant factors of f—UNI, 
where J is the unit matrix. When f is of class C', the invariant factors of 
f —AlI are polynomials in A with coefficients which are of class C1? in (z, y; 2). 
The assumption that the elementary divisors of f are simple means that the 


invariant factors have no multiple zeros, and so their zeros are of class ('. 

The symbol M will be used to denote a constant (not always the same . 
constant) which is a bound for | v| on (2;)-(22), if v is a combination of f, 
g, F, H, and their partial derivatives. 


In the remainder of this section, all functions will be scalar functions. l 
Let F(z, y) be a function of class C* on 

(7) 0<2<a, |y|+KrSb, 

and suppose that, on (7), 

(8) |\F| SK. 


Let $(é,7) be the solution of the ordinary initial value problem 


(9) + F(é,¢)=0, (0,4) =, 
and y =y(z,y) the solution of the implicit equation 

(10) =y. 

The transformation (2, y) — (&, 7), 

(11) =V¥(2,y); 

is defined and of class C* on (7), and has the inverse 
(12) 


and the non-vanishing Jacobian 
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If G(z, y) is a continuous function on (7), then the partial intial value 
problem 
(14) Fz, + G, z(0,y) =0 
is transformed by (11) into 
(15) ze= G, z(0,») =0. 


The latter problem has the unique solution 


or, in terms of (2, y), 
(17) c= f 
0 


If G is of class C*, then (17), defined on (7), is the unique solution of (14). 
Under the assumption of mere continuity of G, it cannot be verified and, 
in general, is not true, that (17) is a solution of (14). If, however, G is of 


the form 
(18) — (H,—FH,)U + V, 


where H = H(2z,y), U =U (z,y), V =V (a, y) are of class C on (7), then 
(17) is of class C* on (7) and is the unique solution of (14). (This remark 
is a simple case of Theorem 4.4 in [4], pp. 570-571). In order to verify 
this remark, note that (15), (16) can be written as 


(19) AU + V, 2(0, 7) = 0, 
g 
(20) rane f + V)dt, 


respectively. Let Ah denote the difference between the value of the function 
h at the points (é,7 +8), (7). Then (20) shows that 


Az {(AH):U + He*aU + aV}adt, 


where the argument of He¢* corresponds to (é,y-+ 8). The first term can 
be integrated by parts and is 


(AH)U |§— f (AH) Uedt. 
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This shows that z has a continuous partial derivative with respect to 1, 


0 


It is seen from (20) and (21) that z is of class C1 with respect to (€,7), 
hence with respect to (x,y). It is also clear that z is the unique solution 
of (14), (18). 

The derivative z, can be calculated from (13) and (21), 


(22) f —H,Us + Vy} exp( f F,dr) dt, 


where the argument of H,, Hy, Uz, Uy, Vy in the integral is (t, d(¢, y (2, y))), 
that of F, is (7, ¢(7,~(2, y))) and, in (22), it is assumed that U(0,y) =0. 


11. The semi-linear case. In order to obtain certain inequalities for 
the proof of (VI), the existence statement in the semi-linear case of (VI), 
where the matrix f does not depend on the vector z, will be considered first. 
In this case, the matrices H, F in (6) depend only on (2, y). 


Remark. In the application of this section to the proof of (VI), the 
matrix f(z, y,z) will be made a function of (z,y) alone, by letting z be a 
function, says z = (2, y), of class C'. Then H and F also become functions 
of (x,y) alone. In accordance with the paragraph following (6), the symbol 
M will again be used to denote an upper bound of | H | or | |. On the other 
hand, C (not M) will be used as an upper bound of | H,|, | H,|, | F.| and 
| Fy |, since these partial derivatives depend not only on the functions f, 9 
but also on the partial derivatives of the function {(z,y). In other words, 
C can be taken to be M(1-+ B), where B is an upper bound of | £, | and | %, |. 


Existence proof for the semi-linear case. This proof is a modification 
of that of Holmgren [11], pp. 3-8 and Perron [16], pp. 562-564. Since it 
is assumed that f, H, and F depend only on (z,y), the introduction of the 
new dependent variable 
(23) u== Hz 


changes (1), (5) into 
(24) = Fu, + (H,— FH,)Hu + Hg, u(0,y) =0, 


if use is made of the identities (6) and of the relations HH-, = — H,H", 
HH", =— H,H". 


ye 

| 
a 
3 


HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS. 859 


Consider the successive approximations uo(z, y),Ui(%,¥),° defined as 
follows: Uo(z, y) == 0 and, for k=1,2,---, 


(25) Uno = Fury + (He — Au + Hg (2, y, 
(25 bis) =0. 


Since /’ is a diagonal matrix, it is easily verified that each of the n initial 
value problems for the components of wu; is of the type (14), (18) provided 
that u,+(2,y) is a function of class C’ satisfying | H-*up1 | Sc on (4), 
where 0 << a—ay+ a. Under this proviso, the system (25)-(25 bis) has a 
unique C*-solution = ux(z,y) on (4), with a = since F satisfies (8). 
The analogue of (17) shows that uw; satisfies the inequality 


| | Samax |(H,— FH,) Hw. + Hg (2, y, |, 


where max refers to (x,y) on (4). Since | H-*u,, | Sc, this can be written 
as | u, |= (MC+M)a. Hence, if a is chosen so that 


(26) (MC + M)a<d, 
where 
(27) d =c/nmax | H-|=c/M, 


then 2, H-'u;, satisfies | z,|c. Thus there exists a positive a(<a), 
independent of &, such that (25)-(25 bis) has on (4) a C?-solution u;(z, y) 
satisfying 
(28) S(MC+M)rsd == 1,2,- -). 
If k = 2, then, according to (25)-(25 bis), the difference v, = uy — Ux-1 
is a solution of the initial value problem 
(29) Uke = + G, v,,(0, y) 0, 
where 
G = (H,—FH,) + (2, y, Hu.) — 9 (2, y, }. 
Hence |@| = (MC+M)|v,. |. A comparison of (29) and (14) shows 
that, in view of the analogue of (17), 


|v. |S (MC+ f | | dx. 
0 


Since uw=0 and v,=u,—uU,=, the inequality (28) implies that 
|v, |< (MC + M)z. A simple induction then gives | | S (MC + M)*e*/k! 
on (4) for k—1,2,---. Consequently, wo, - converge uniformly on 
(4) to a continuous function, say u = u(z, y), which satisfies 


| 
or 
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(30) |u| (MC+4+M)z. 


It is clear from (25) that the existence proof for the semi-linear case 
will be complete if it is verified that the sequences of partial derivatives 
Uia,* * ANd Ury,* converge uniformly on (4). In view of the 
uniform convergence of Uo, ui,° - *, it is therefore sufficient to show that the 
sequences of partial derivatives are uniformly bounded and equicontinuous. 

In order to prove their uniform boundedness, note that 


by (25), (27) and (28). Consequently, 
(32) S + MC + M, 


if wir(B), wxe(8) denote the maximum of | ugz |, | Uxy |, respectively, on that 
part of (4) on which OS277=£8(Sa). An upper estimate of uzy can 
be obtained from an analogue of (22), where z=u,, U = H-‘uy, and 


V = Hg(z,y, H-uzx+1). The exponential factor in (22) is majorized by | 


e(MC+M)a, which does not exceed an M, by (26) and (27). The non-integrated 
term H,U of (22) is majorized by (MC+M)|u.|S (MC+M)?z in 
view of (28). The term H,U, under the integral sign has an absolute value 
which is not greater than (MC + M)(Mypxi.2+ MC+M), which can be 
written as (MC + M)?+ (MC + Similarly, 


| |< (MO -+M)? 4 (MC 
Finally, | V, | MC+M-+ Consequently, 


The relation (32), with & replaced by & —1, and (33) imply that 


S (MC + + (MC + My? f 
0 
Since po,2(z) =0, a simple induction gives 


k 
(34) SE (MC + << —1 4 exp(MC + 
j=1 


The definitions of yz, and wx. and the inequalities (31) and (34) show that 
the sequences Wor, * ANA Uoy, are uniformly bounded on (4). 
There remains the problem of proving the equ:continuity of these sequences. 


| 


(39) | u2(z,y)| S K{—1+ exp(MC + M*)a} + (MC + M)%a+M. 
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In view of the uniform convergence of the sequence uo, U,,° - *, there exists, 
for small positive 8, a positive monotone function w(8), which tends to 0 as 
§—>-+0 and exceeds the moduli of continuity of H, Hz, Hy, F, 9, ga, Jy, “Mo; 
u,,: °: and of those combinations of the latter functions which will occur 
below. (By the modulus of continuity of a vector or matrix is meant the 
maximum of the moduli of continuity of its components or elements.) Hence 
(25) shows that 

(35) Wy (8, ©) S x) + Aw(8), 


where A is a constant and wz,(8, 8), wxe(8, 8) are the moduli of continuity 
of Uxy on that portion of (4) on which OS f(Sa). 
Straightforward estimates, analogous to those leading to (33), give 


(36) Wy (8, = Aw (8) A f (Wx-1,1 Wr-1,2) at 


with some constant A (which is a bound for certain combinations of H, F, g 
and their partial derivatives). It follows from the last two formula lines that 


Wyo (8,r) S Aw(8) +A f Wy-1,2(8, t) dt 


(if A is an appropriate constant, independent of and 8). Hence wo. =0 
implies that 


k 
(37) Wyo (8,7) S Aw(8) & S Aw(8)e4*. 
J=0 
The definitions of wy:1, Wee and the inequalities (35), (37) prove the equi- 


continuity of wor, Uiz,* * * ANd Upy, on (4). 
This completes the proof of the semi-linear case of (VI). 


Remark 1. The number a determining the region (4) on whick the 
solution u(z,y) was proved to exist is subject only to the inequalities 
0<aSa and (26). 


Remark 2. The inequality (34) shows that the partial derivative u, of 
the solution u=u(z,y) of (25)-(25 bis), the existence of which was just 
proved, satisfies the inequality 


(38) | uy(z, y)| S—1-+ exp(MC + M)? 
on (4). Hence, by (25) and (30), 
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12. Proof of (VI). The existence proof just completed shows that if 
Zo(x,y) =0, and if z_,(z,y) is a function of class C* satisfying | 2x. | Sc 
on (4), where a=az4, 0 < ax, Sa, then the initial value problem 


(40) = f (2, (2, Y) ) + 9(2, Y; 2.(0, y) =0 


has a C*-solution z,(z, y) with the same properties on (4), with somea=a, [7 


and 0 < a, =a,4, for sk —1,2,---. In order to make the inequalities of 4 
the last section more readily available, transform (40) by the change of 4 
variables (23). Thus (40) becomes : 


(41) Uke = (Hie — Fy A xy) ux Hyg (2, Hy-*ux), 
(41 bis) ux (0, = 0, 


where = Fy = F(a, y, and Hy, = H(z, y, %1(z,y)); cf. 
the transformation from (1) to (25). Remark 1 at the end of the last section | 7 
shows that a =a, is subject only to the restrictions 0 <a, S ax, and (26), 
where C = C;,_, is a bound of the absolute value of the partial derivatives of 
the elements of the matrices H;, F;,, and M is a fixed upper bound of certain 
combinations of f, g, H, F and their partial derivatives (in which 2, y, z are 
considered as independent variables on (21)-(22) ). 
In view of the Remark made at the beginning of Section 11, 


(42) C, =< M + MB,, 


where B, is any upper bound for | wxe |, | wey | on (4), with a—=a,. It will [7 
be shown by induction that there exist positive numbers a, B (independent {7 


of k) with the properties that 


(48x) a> 0, 
and 
(44,) | ue |S Band |u,| SB 


for k =0,1,--- on (4). 

Let the bound M be fixed so large as to satisfy all of the inequalities 
involving M in Section 11, and put B=2M. Let a(a,) be a positive 
number satisfying the inequality 


(45) (MC* + M)aS d, where C* = M + MB, d=c/M 


(cf. (27)), as well as the inequalities 


(46) —1-+ exp(MC* + M)%a SB, 
K{—1exp(MC* + M)*a} + (MC*+M)%+MSB. 


(47) 
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The inequalities (43,), (44x) are trivially satisfied when k —0. Suppose 
that they hold for some fixed k= 0. In view of (42) and the fact that By, 
can be taken to be B, it is seen that C, = C*. It follows from (45) and the 
sentence following (41 bis) above that a,,, can be chosen so as to satisfy 
(43,.1). Fimally, (44,1) is a consequence of (38), (39) in Remark 2 at 
the end of Section 11, and of (46) and (47). This completes the induction. 

Thus the functions y), 2:(@,y),° are defined (and of class 
on (4), where a(>0) is independent of &. In addition, | z| Sc for 
k=0,1,-- and the sequences Zz, 212," * and Zoy, Z1y,° are uniformly 
bounded on (4). 

It will be proved that 2, z:,° - - converges uniformly on (4). To this 
end, let 2-1. Then satisfies 


= + (Arf) + Arg, £.(0,y) =0, 
where 
Arf =fe—fra, = and fx—f (2, 
= G(X, Ys (2, Y))- 
Let = where Hy, = H (2, y, z-1(@,y)). Then vx satisfies the partial 
differential equation 


= + (Are — Fe + Hef Say + Ang} 5 


cf. the transformation from (1) to (25). Since | Axf | S Const. | o%. | and 
| A.g | S Const. | vx |, it follows from an analogue of (17) that 


| | Saconst. (| v%| + | |), 


where const. (independent of &) is a bound for combinations of H;, and the 
partial derivatives of H;, Fy, g. If r=aconst. < 1 then 


| on | Sr| |/(1—r). 
Hence, by induction, 
| | = 


where A is a bound of | v, |. Consequently, if a is so small that r/(1—r) <1, 
then v; + v,-+-- + is absolutely and uniformly convergent on (4). Hence 
the same is true of £,+¢.+-:--. In view of the definition of &, this 
proves that the sequence 2, 21, - - has a uniform limit, say z(z,y), on (4). 
It is clear that the proof of the existence statement in (VI): will be 
complete if it is shown that the sequences Zor, 212;° * * and Zoy, Z1y,° * * are 
uniformly convergent on (4). Since these sequences are uniformly bounded 
and 2%, 21, °° is uniformly convergent, it is sufficient to prove that Zoz, 212, ° 


and Zy, Z1y,° are equicontinuous or, what is the same thing, that 
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to the corresponding proof in Section 11 (if a > 0 is sufficiently small) and 
will therefore be omitted. 


ments which are applicable when successive approximations converge. 
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‘+ are equicontinuous. But the proof of this fact is analogous 


The proof of the uniqueness statement in (*) follows the standard argu- 
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ON PICARD VARIETIES.* 


By AnpRE WEIL. 


In an important recent paper [7], J. Igusa has defined two abelian 
varieties attached to a non-singular algebraic subvariety V of a complex 
projective space, and proved some basic results concerning these varieties and 
their relationship to each other. In the language of the Italian school, these 
varieties are those attached respectively to the periods of the simple integrals 
of the first kind on V, and to the continuous systems on V. It is my purpose 
here to present a somewhat different approach to the same problem, leading 
to a proof of Igusa’s theorems under more general conditions, and to further 
results in the same direction. I shall avail myself freely of some of Igusa’s 
ideas, but shall not otherwise make any use of his paper. 


§I. Igusa’s duality theorems. 


1. A vector space A of dimension q over the field C of complex numbers 
is at the same time a vector-space, which we shall denote by Ao, of dimension 
2q over the field R of real numbers; the scalar multiplication by 1 in A is an 
automorphism J of Ao, satisfying J? ——/J, where J is the identical auto- 
morphism of A». Conversely, if Ao is a vector-space of dimension 2q over R, 
and J is a linear mapping of A, into itself, satisfying J? ——J, we can 
define on A, a vector-space structure over C by putting (a + iB)r = ar + BJx 
for any ace R, Be R; with this additional structure, A, will be denoted by A. 
Linear forms on Ay will be called real-linear; linear forms on A will be called 
complex-linear. The complex-linear forms on A are those complex-valued 
real-linear forms L(x) on Ao which satisfy L(Jr) (2); if M(x) is any 
real-valued real-linear form on Ao, then there is one and only one complex- 
linear form on A with the real part M(x), viz. L(x) = M(x) —iM (Jz). 

A and A, being as above, let A’, be the dual space of A,; denote by 
<z’,2z> the canonical bilinear form on KX Ao. Put J’ = 
as we have J’? = — I’, where I’ is the identical automorphism of A’o, J’ can 
be used to make of A’, a complex vector-space A’. Put 


B(a’, x) = 3[ <a’, > — = 3[ <2’, + 


* Received December 21, 1951. 
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for each a’e A’, B(a’,x) is a complex-linear form on A, and every such 
form can be so written in one and only one way; similarly, for each ae A, 
B(a’,a) is a complex-linear form on A’, and every such form can be s0 
written in one and only one way. We shall say that the sesquilinear form 
B(z’,z) defines A’ as the antidual space of A. 


2. By a complex torus ®, of complex dimension qg, we shall understand 
a torus of real dimension 2q, with a translation-invariant complex-analytic 
structure. The universal covering group of @ is then a vector-space of 
dimension 2q over R with a translation-invariant complex-analytic structure, 
or, what is the same thing, a vector-space A of dimension g over C. In other 
words, a complex torus @ is the quotient of a vector-space A of dimension q 
over C by a discrete subgroup A of rank 2q of A. If @, = A,/A,, ©, = A,/A, 
are two such complex toruses, a complex-analytic homomorphism of @, into ®, 
will be given by a complex-linear mapping Z of A, into A, such that 
L(A;)C As. If ©,, ©, have the same dimension, and if there exists an 
invertible complex-linear mapping LZ of A, into A, such that L(A,) CA,, 
then we say that @,, ©, are isogenous; as L must then map A, isomorphically 
onto a subgroup of finite index of A., there will then be an integer n ~0 
such that nZ-* maps A, into A,; it follows that isogeneity is an equivalence 
relation between complex toruses (to this relation, an unfortunate tradition 
had attached the word “isomorphism,” which of course is here restored to 
its proper meaning). 


3. Let @ be a complex torus, of complex dimension q; let A be the 
universal covering group of @, considered as above as a vector-space of 
dimension gq over C. Let A, be the underlying real vector-space of A, of 
dimension 2q over R, and let J be the automorphism of A, defined by the 
scalar multiplication by i on A. Let A be the kernel of the canonical homo- 
morphism of A onto @, so that @ == A/A. Let A’ be the antidual space to A, 
as defined in no. 1, so that its underlying real vector-space A’, is the dual of 
Ao, and that A’ is determined over A’, by the automorphism J’ = *J-? = — *J, 
Let A’ be the subgroup of A’, associated with the subgroup A of Ao, i.e. con- 
sisting of all the elements 1’ of A’, such that <7’, r> =0 mod 1 for all reA. 
Then A’ is a discrete subgroup of rank 2q¢ of A’; and @’ = A’/A’ is a complex 
torus, which will be called dual to ®. It is clear that @ is then dual to 0’ 

Let ©, = A;/A,, ©, = A2/Az be two complex toruses, and ©’,, ©’, their 
duals. Consider a complex-analytic homomorphism of @, into @,, given as 
above by a complex-linear mapping LZ of A, into Az, such that L(A,) CA2. 
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But, if A,, Az are defined by the underlying real vector-spaces and the auto- 
morphisms J;, J2 of these corresponding to the scalar multiplication by 1, a 
complex-linear mapping of A, into Az is the same as a real-linear mapping 
L, satisfying == J.Lo; as this implies *L,(— = (— *J;)*Lo, it follows 
that ‘LZ, is a complex-linear mapping of A’, into A’,; and one verifies at once 
that ‘Z)(A’2) C A’;. Therefore ‘Z, defines a complex-analytic homomorphism 
of 0’, into @’;. 


4. With the same notations as above, let © = A/A be a complex torus 
of complex dimension g. Let IT be the group of all representations of the 
additive group A into the multiplicative group C* of complex numbers ~ 0; 
let I) be the subgroup of the elements » of T such that | »(r)| 1 for all 
reA, i.e. the character-group of A. As A is a free abelian group of rank 2q, 
I, is a torus of real dimension 2q, and T is isomorphic to (C*)*4. Elements 
of T will be called multiplicator-sets. By a multiplicative function belonging 
to ©, with the multiplicator-set », we shall understand a complex-valued 
function ¢ on A, not everywhere 0 or oo, such that (a + r) = ¢(2)u(r) for 
allze A, re A. A multiplicative function which is an entire (i.e., every- 
where holomorphic) function of the complex coordinates on A, and is nowhere 
0, must be of the form? e[Z(x) +c], where ¢ is a constant and L(z) a 
complex-linear form on A; the multiplicator-set e[ L(1r)] of any such function 
will be called trivial ; we shall denote by y the group of all trivial multiplicator- 
sets, 

If wel, log | u(r)| is a representation of the additive group A into the 
additive group R; this can be extended in one and only one way to a real- 
valued real-linear form M(z) on Ao; let L(x) = M(x) —iM (Jz) be the 
complex-linear form on A with the real part M(x). Then v(r) =e is a 
trivial multiplicator-set, satisfying | v(r)| =| (r)| for all reA, and it is 
the only such set. Hence every coset of y in T has one and only one element 
in Ty, i.e. we have f= y X Ty; and I'/y may be canonically identified with Ty. 

Let A’, A’), A’ be as in no. 3. Each element of Ty can be written as 
e(<a’,r>), with a’ e A’; this defines therefore a homomorphism of A’ onto Ty, 
the kernel of which is A’, hence an isomorphism between I, and A’/A’. Thus 
we have canonical isomorphisms between T'/y, To, and the underlying real 
torus of @’ = A’/A’; we can use these to transport to T'/y and I, the complex 
torus structure of ©’, and to identify these three toruses with one another. 


* Here and in the rest of this paper we put e(t) = e*"*. 
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5. On I, one can define a complex-analytic structure in an obvious 
manner, viz. by the condition that, for each re A, »(r), as a function of wel, 
should be a holomorphic function on T. We now prove that the canonical 
homomorphism of I onto T'/y is complex-analytic, when the complex structure 
on I'/y is defined as in no. 4, and that this complex structure on I'/y is the 
only one for which this is so. In fact, let B’ be the vector-space of dimension 
2q over C, derived from A’, by extending the field of scalars of A’) from R 
to C; every element of B’ can be written as 2 = 2 + iy’, with 2’ ¢ A’, y’ € A’); 
if we write p(T) = e(<2z’, r> + i<y’, r>), the mapping 2’ > p, is a complex- 
analytic homomorphism of B’ onto T. Now the element v of y which satisfies 
|v(r) | =| ye(r)! for all reA is v(r) =e(<y’, Jr> + icy’, hence the 
element of I) which belongs to the same coset of y as we’ is e(<2’, r> — <y’, Jry) 
=e(<z’+J’y’,r>). Now denote that coset by f(z’); f is a homomorphism 
of B’ onto T/y. Call w the canonical homomorphism of A’ onto @’ = A’/d’; 
and, for 2’ =a’ + ty’, put g(2’) = 2’ + Jy’; and I/y being identified as 
in no. 4, what we have just shown amounts to f—wog. As we have 
giz’) =—y + Jy’), g is a complex-analytic homomorphism; 
so is w; the same, therefore, is true of f. Conversely, if J’, is an automorphism 
of A’, defining on A’, a complex structure such that f, hence also g, are com- 
plex-analytic mappings, then we must have g(iz’) =J’,g(z’), hence J’; = J’. 


6. From the theory of abelian varieties and of theta-functions ([8], [9]; 
ef. [11]), we borrow the following facts. In order that there should be q alge- 
braically independent meromorphic functions on the complex torus © = 4/A, 
it is necessary and sufficient that there should exist a real-valued alternating 
bilinear form H(z,y) on Ao X Ao, such that H(r,s) =0mod1 whenever 
reA,seA, and that the bilinear form F(z, y) = E(Jz,y) is symmetric and 
positive-definite (i.e. satisfies P(r,x) >0 for all x0). Such a form £ 
will be called a Riemann form for ®; if we write it as H(z, y) = <Fz,y), 
where F is a linear mapping of A, into A’y, the condition that it should be 
alternating is expressed by ‘H —— E; this being assumed, we have F(z, y) 
= <E Jz, y> = — <Fy, and the condition that F should be symmetric is 
expressed by HJ —*(EJ) =J’E, hence it is equivalent to the condition that 
E should be a complex-linear mapping of A into A’. The condition E(r, s) =0 
mod 1 for re A, se A, is equivalent to H(A) CA’. Hence F defines a complex- 
analytic homomorphism of ® into its dual ©’. Finally, if F' is positive-definite, 
we must have Fx ~ 0 for x ~ 0, hence F is invertible. Therefore the existence 
of a Riemann form implies that © and ©’ are isogenous; if moreover H maps 
A onto A’, they will be isomorphic, but they need not be so otherwise. 

A Riemann form F being given, one can define (by the explicit con- 
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struction of so-called theta-series) theta-functions belonging to © and £, i.e. 
entire functions # of the complex coordinates on A, satisfying periodicity 
conditions which, suitably normalized, may be assumed to be 


Ha + r) = W(a)e[— 4E(r, + (r, Je) — ZE%r, r) + Jr)] 


for all ce A,re A, where E°(z,y) is a symmetric bilinear form on Ao XK Ao 
such that H°(r,s) =F (r,s) mod2 for all reA,se A. Then, for any ae A, 
the function 


H(e + 2) — B(a, J2)] 


is a multiplicative meromorphic function of the complex coordinates on A, 
with the multiplicator-set e[# (a, r)] e(<EHa,r>). As maps A, onto 
this, in conjunction with the results of no. 4, shows that there exist mero- 
morphic multiplicative functions with arbitrarily given multiplicator-sets. 

Now consider a maximal set of linearly independent theta-functions 0;(x) 
belonging to ® and the Riemann form NE, N being an integer >0. These 
must be in finite number; and, if they are taken as homogeneous coordinates 
of a point P(x) in a suitable projective space, we have P(x +r) = P(z) 
for re A, so that the mapping «—> P(z) induces a complex-analytic mapping 
® of ® into that projective space. By a theorem of Lefschetz [8], as soon 
as NV is large enough, ® is a one-to-one mapping of @.onto an algebraic 
variety ®(@®), and its Jacobian matrix has everywhere the rank q, so that 
is without multiple points; can then be used to identify © with ®(@). 
For that reason, we shall say that a complex torus ® is an abelian variety 
whenever there exists a Riemann form for ®. 

If ® is an abelian variety, so is every complex torus isogenous to ®, 
hence in particular the dual torus @’. In fact, let ©, = A,/A, be isogenous 
to ®; then there is an invertible complex-linear mapping L of A, onto A, such 
that Z(A,) CA. Let E(z,y) be a Riemann form for @; then the bilinear 
form E(Lz,, Ly,) is alternating, and is =0 mod 1 for 2, € Ay, y; € A;; also, as 
LJ, = JL, we ha: 


where F is defined as before; this is symmetric, and > 0 whenever La, = Ly, 
#0, hence, since L is invertible, whenever 2, = y, 0. 


7. Now let V be a Kahler manifold, i. e. a connected compact complex- 
analytic manifold with a Kahler metric; I shall use the notations of a pre- 
vious note of mine ([10]?; ef. [3], Part II). 


?In that note, one should read 2 = 5 Zw, Aa, instead of 2 = Zw, AG, on p. 110, 
line 7 from bottom. 
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If @ is the fundamental group of V, and G’ the commutator-group of G, 
H =G/G@ is the one-dimensional homology group of V with integral coefli- 
cients; it is the direct product of its torsion group 7’, i.e. of the finite group 
of its elements of finite order, and of a free abelian group, whose rank, by 
Hodge’s theorems, is an even number 2g. If we consider H as a module 
over the ring of integers, and extend * its ring of operators to R, we obtain 
a vector-space A, of dimension 2q over R, which is the one-dimensional 
homology group of V with real coefficients; we shall denote by A the canonical 
homomorphism of H into Ay; the kernel of A is T, and the image A = A(H) 
of H by A is a discrete subgroup of rank 2q of Ao. 

Let V be the covering manifold of V belonging to the subgroup G@’ of @; 
every element o of H determines an automorphism of J, transforming each 
point M of V into a point oM lying over the same point M of V as M. It¢ 
is any closed differential form of degree 1 on V, and P, M are two points on J, 


M 
the integral J, 6 (taken along any differentiable path from P to M on V) 


defines, when P is fixed, a function f(m ) such that df = 6; we have simplified 
notations here by writing @ also for the inverse image of 6 on V. For any 
H, po=f(oM) — is a constant, which we can also write as 


po = f 6, the integral being taken along any closed differentiable path of 


class ao on V. Then o— po is a representation of H into the additive group 
R; this must be 0 on 7, and it can be extended, in one and only one way, 
to a linear form on Aj; this form will be denoted by p(6,zx), so that we 


have po = f 6 = p[8,A(c) |. 

Now let B be the vector-space of real harmonic differential forms of 
degree 1 on V; then p(0,z), as a function of (6,z) e B X Ag, is a bilinear 
form, which, by Hodge’s fundamental theorem, determines a duality between 
B and Aj; hence we may use it to identify B with the dual space A’, of A), 
i.e. with the one-dimensional cohomology group of V with real coefficients; 
and we write, from now on, <6,2z> instead of p(6,7) when @ is harmonic, 
i.e. when 

M 
If @ is harmonic, and if P, M are two points on V, the integral } 9 isa 
real number depending linearly upon 6, which, when P is fixed, can be written 
as <6, F(M)», with F(M) e Ay. Then F is a mapping of V into Ao, satis- 


fying <0, F(oM) — F(M)> = 6 = <0,r(c)>, i.e. F(oM) = F(M) + 


° Cf. N. Bourbaki, Algébre, Chap. ITI, § 2, no. 1. 
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hence F(oM) =f(M)modA. Therefore F determines a mapping F of V 
into the torus A,/A; F and F, or any mappings derived from these by the 
addition of constants, will be called the canonical mappings of V into Ay, 
and of V into A,/A, respectively. 

So far we have made no use of the complex structure of V. Now we 
introduce the operator C’ derived from this structure (cf. [10]); this trans- 
forms real differential forms into real differential forms of the same degree, 
harmonic forms into harmonic forms; hence it induces an automorphism on 
the space A’, of real harmonic forms of degree 1, whose transpose will be 
denoted by J. As we have C(C0@) —— 4 for any form of degree 1, we have 
J?=-—JTI, Furthermore, if f is any holomorphic function in the neighbor- 
hood of a point of V, then we have C(df) = 1- df, C (df) ——i-df; con- 
versely, any closed form € of degree 1, satisfying Cf = 7g, is holomorphic, i. e. 
it is locally the differential of a holomorphic function. In particular, if 6 
is a real harmonic form, the form £ = 6 — iC6@ is closed and satisfies Cf = 1, 
hence it is everywhere holomorphic, i. e. it is a simple differential of the first 
kind; since, conversely, the real part of such a form is harmonic, this implies 
that the space A’, of real harmonic forms of degree 1 depends only upon the 
complex structure of V, and not upon the choice of a Kahler metric (provided 
one exists). 

Now we use the automorphism J of A> in order to convert Aj» into a 
vector-space A of dimension q over €C, so that © = A/A is then a complex 
torus. As any complex-linear form in A can be written as 


with some 6¢A’,, we have, for such a form, L[F(M)] = f _¢ with 


= 6— 106, which shows that )] is then a holomorphic function 
on V. Therefore F and F are complex-analytic mappings of V into A, and 
of V into ©, respectively. 


8. Let © be the differential form of degree 2 on V canonically associated 
with the given Kahler metric (cf. [10]). If all the periods of O are integers 
(i.e., if O is homologous to an integral cocycle), we shall say that V satisfies 
the Hodge condition, or that it is a Hodge manifold. A recent theorem of 
Hodge [6] states that, when that is so, the complex torus © associated with 
V is an abelian variety. In our notation, Hodge’s proof for this is as 
follows. Let * be the usual operator, transforming forms of degree d into 
forms of degree 2n—d if n is the complex dimension of V (cf. [10]). 
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If @ is any differential form of degree 1, one verifies easily that (C0@)Q™ 
= — (n—1)!*96, multiplication being of course the exterior multiplication 
of differential forms. Put now: 


this is an alternating bilinear form on A’y X A’y. Call A’ the subgroup of 
A’, associated with the subgroup A of Aj; it consists of those harmonic forms, 
all of whose periods are integers. As the periods of © are integers, one of 
de Rham’s theorems shows that H’(6,7) =0Omod1 for 6eA’,ne A’. If J’ 
is defined as usual by J’ = — *J, we have J’6 = — C68 for 6¢ A’), hence 


As this is symmetric and positive-definite, we see that HE’ is a Riemann form 
for ©’, so that ©’, hence also ©, are abelian varieties. We shall call ©’ the 
Picard variety, and @ the dual Picard variety, of V. 


9. Henceforward, let V be a Hodge manifold. Let all notations have 
the same meaning as above; in particular, we still denote by A the canonical 
homomorphism of H into Ao, and by F, F the canonical mappings of 4 
into A, and of V into @. Let « be any representation of H into the multipli- 
cative group C*; by a multiplicative function on V, with the multiplicator-set 
e, we shall understand a complex-valued function ¢ on V, not everywhere 0 
or o, such that ¢(oM) =—¢(M)<(c) for all MeV, ce H. In particular, 
if y is a multiplicative function belonging to ©, with the multiplicator-set p, 
FP (M1) ], provided it is not everywhere 0 or 0, is a multiplicative function 
on V with the multiplicator-set «= 4°A; any multiplicator-set « of that 
form will be called special, and any multiplicative function on V with such 
a multiplicator-set will be called special. A multiplicator-set ¢ is special if 
and only if it is equal to 1 on the torsion-group T. The mapping ppd 
is an isomorphism of the group T of multiplicator-sets belonging to © onto 
the group I” of special multiplicator-sets for V ; we shall denote by Io, y’ the 
images, by this isomorphism, of the subgroups IT, y of T’ as defined in no. 4; 
elements of y’ will be called the trivial multiplicator-sets for V. 

If y is any holomorphic multiplicative function without zeros, belonging 
to @, and yw is its multiplicator-set, then pey,woAey’, and is a 
holomorphic multiplicative function without zeros on V, with the multipli- 
cator-set 4°A. Conversely, let ¢ be a holomorphic multiplicative function 
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without zeros on V; then ¢ = +,d(log $) is a holomorphic differential on V, 
hence of the form £ = 0@—1C6, with 02 A’,; then we have 


M 
with 


where c is a constant; as Z is a complex-linear form on A, this shows that 
the multiplicator-set of ¢ is trivial. 

If y is any meromorphic multiplicative function belonging to ®, with 
the multiplicator-set », one can choose a constant ae A so that v[F (M1) +a] 
is not everywhere 0 or o, and then this is a meromorphic multiplicative func- 
tion on V with the multiplicator-set »°2; in conjunction with the results of 
no. 6, this shows that there exist meromorphic multiplicative functions on v 
with an arbitrarily given special multiplicator-set. 


10. One can define the divisor on V of any meromorphic multiplicative 
function on V, or more generally of any meromorphic function ¢ on V such 
that, for every H, $(oM )/¢(M) is a function without zeros 
on V; the definition is briefly as follows (cf. K. Kodaira, [3], Part IT). 
If z:,- * -,2n are local complex coordinates in a acighialbiens of a point P 
of V, and Pisa point lying over P on V, 21,° * *,%n can be used as local 
coordinates on V at P, and ¢ can be expressed as a product ¢ oe jz)” 


of a unit-factor H(z) (i.e. a holomorphic function, #0 at P) and of powers 
of irreducible holomorphic functions ¢;(z) (irreducible, that is, in the ring 
of holomorphic functions at P). Replacing P by another point oP of V lying 
over P will merely affect H(z), but not the $;(z) or the m;. The divisor of ¢ 
on V will then be defined locally, in a neighborhood of P, as = m;W;, where 


W; is the irreducible algebroid variety, of complex dimension n — 1, defined 

by ¢;(z) 0, with the orientation determined by the condition 0" > 0. 

Then the divisor (¢) of ¢ on V will be defined globally, by means of any 

suitable finite open covering of V; it will be of the form > apZp, where the 
p 


Mp are integers, and the Zp are irreducible compact analytic (i.e., everywhere 
algebroid) subvarieties of V, of complex dimension n — 1, with the orientation 
defined above. More generally, any such expression will be called a divisor 


(more precisely, an analytic divisor) on V. 
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11. Now, let again ¢ be a meromorphic multiplicative function on Vv, 
and put (= =,d (log $); it follows from the multiplicative property of ¢ 
that this is a meromorphic differential form on V (more accurately, it is the 
inverse image on V of such a form). By analytic continuation, one sees that 


M 
¢(M) = e( where c is a constant; the integral is taken along 
B 
any differentiable path, from the fixed point P on V to M, which does not meet 
(¢); hence, for oe H, we have = ¢(M)e( If is factored 


as ¢ = L(z)J[ $;(z)™ in terms of local coordinates in the neighborhood of 

a point of V, then — > m izaq (log ¢;) is holomorphic in that neighborhood; 

from this, one deduces, by first considering the case of a singular 2-cell in 


such a neighborhood and of its boundary, that, if S is any 2-dimensional 
singular chain in V, whose boundary C is a differentiable singular chain and 


does not meet (¢), the intersection-number of S and (¢) is equal to J €; in 


the language of the theory of currents (cf. [3]), this shows that the cycle (¢) 
of dimension 27 — 2 on V is the differential of the current £. This implies, 
firstly, that (¢) is homologous to 0 with real coefficients, hence also (since 
it is an integral cycle*) with rational coefficients. In particular, a holo- 
morphic multiplicative function ¢ on V cannot have zeros: for otherwise the 
integral of 2"-* on (¢) would be > 0, and, as this is a closed form, (¢) 
could not be homologous to 0. Also, if re 7, the linking coefficient of + 


and (¢) is equal to f €mod 1 (cf. Igusa [7]) ; for, if ¢ is any differentiable 


singular cycle of class + which does not meet (¢), that linking coefficient is 
by definition the intersection-number of (¢) and of any 2-dimensional singular 
chain with real coefficients, with the boundary ¢, reduced modi. As it is 
known, b:’ Poincaré’s duality theorem, that the linking coefficient defines the 
torsion groups of V, of dimensions 1 and 2n — 2, as a dual pair, it follows that 


(¢) is homologous to 0 with integral coefficients if and only if f ¢=0mod1 
for all re T, i.e. if and only if the multiplicator-set of ¢ is special. 


12. Let now Z be any analytic divisor on V. We can cover V with 
open sets U;, so small that, in each U,, Z can be written as >} m;W;, where 
j 


* As to this and other “obvious ” homological properties of the subvarieties of V 
and in particular of the divisors on V, they can best be justified by the definitions and 
results in N. Hamilton’s forthcoming thesis [4]. 
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W; is the variety of zeros of an irreducible holomorphic function ¢$;(z) in Up, 

the z’s being local complex coordinates in U;. Define the differential form 

t, in Uy by = (log $;) ; then & is holomorphic in U;,M Ux; 
j Tt 


hence, by the main theorem of [10], if Z is homologous to 0 with real coefii- 

cients (and only in that case), there will be a meromorphic differential form 

fon V, such that, in each U;,  — & is a closed holomorphic form. Analytic 

continuation and the monodromy principle then show that there exists a 

meromorphic multiplicative function ¢ on V, such that, in each Ui, 

¢= E(z)II $;(z)™, where H(z) is a unit-factor in Up, and that Ulog >); 
J 


then we have (?) =Z. By the results of no. 11, Z is homologous to 0 with 
integral coefficients if and only if the multiplicator-set of ¢ is special. 

Now suppose that ¢,, ¢ are two meromorphic multiplicative functions 
such that (¢) = (¢1) =Z; then ¢;/¢ is a holomorphic multiplicative func- 
tion without zeros, hence its multiplicator-set is trivial. Therefore, if 9 is 
the group of the analytic divisors which are homologous to 0 with real coeffi- 
cients, we have attached to each Z ¢ 9» a coset c(Z) of the group y’ of trivial 
multiplicator-sets in the group of all multiplicator-sets, consisting of the multi- 
plicator-sets of all meromorphic multiplicative functions ¢ such that (¢) = Z. 
This coset will consist of special multiplicator-sets, i.e. it will be in I’/y’, 
if and only if Z is in the subgroup $, of 9, consisting of the divisors which 
are homologous to 0 with integral coefficients. We have c(Z) =—y’ if and 
only if Z is the divisor of a function ¢ with the multiplicator-set 1, i.e. of a 
meromorphic functiqgn on V; then we say that Z is linearly equivalent to 0; 
the group of such divisors will be denoted by 9. 

But I’/y’ can be canonically identified with T/y, hence also with Ty and 
@’. Therefore the mapping Z —>c(Z), restricted to $a, defines a canonical 
homomorphism of 9, onto the Picard variety ©’ of V, with the kernel 97; 
we may also say that we have defined a canonical isomorphism between $o/9, 
and the character-group Ty of A: this is Igusa’s first duality theorem. Simi- 
larly, the mapping Z—>c(Z) determines a canonical isomorphism between 
§,/%, and a subgroup of finite index of the character-group of H; this sub- 
group will be the whole character-group of H whenever every character of H 
of finite order is the multiplicator-set of some meromorphic multiplicative 
function on v, or, what amounts to the same in view of the above results, 
whenever every homology class of dimension 2n — 2 and of finite order on V 
(with integral coefficients) contains an analytic divisor. This is Igusa’s 
second duality theorem. By a theorem of Lefschetz ([8]), V will have that 
property whenever it is a non-singular algebraic subvariety of a projective 
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space ; indeed, it seems likely that, for such variety V, every covering manifold 
of V with a finite number of sheets is again an algebraic variety. 


§ II. Construction of a system of representatives for the 
group of divisor-classes. 


13. For the proof of the main result of this §, we shall need various 
lemmas on theta-functions. As explained in no. 10, if # is a theta-functiou 
(other than 0) belonging to an abelian variety @, one can define the divisor 
(#) of % on @; this is a positive divisor, i.e. all its components have positive 
coefficients. If a point wu of ® lies on a component of (#), we shall say that 
is 0 at u. 

Periodicity conditions for theta-functions will always be understood to 
be in the normalized form given in no. 6. As this still depends upon the 
choice of a symmetric form £°, when @ and FE are given, we shall further 


normalize this by choosing a set of generators r,,- - -,7sq¢ for A, and taking 
E° (rj, = E(1;, for 1S 7 Sk S 2q; then depends linearly upon £. 
In applying this to a product ® X @, of two abelian varieties © = A/A, 
©, = A;/®@,, it should be understood that, after having chosen the sets of 
generators for A, A,, we take, as the generators for A X A, those for A and 
those for A,, in that order. 

From this agreement it follows that, if # and F£, are Riemann forms 
for ©, and #, #, are theta-functions, belonging to © and F, and to © and F,, 
respectively, then #%, is a theta-function belonging to E+ F£,; and so is 
0(2 — E*E,a)0,(a-+ a) for every ae A, as one easily verifies. It is clear 
that one can choose a so that this is not 0 at a given point wu of ©, provided 
#, J, are not everywhere 0. In other words, if a Riemann form £ is the sum 
of two Riemann forms, and if w is any point of ©, there is a theta-function, 
belonging to ® and £, which is not 0 at wu. 


14. If # is a Riemann form for ©, the set of theta-functions belonging 
to ® and £ is a vector-space of finite dimension over C. Let (9,) o<,<y be 8 
basis for the space of theta-functions belonging to © and mE, where m is an 
integer > 0; by what has been said above, as soon as m => 2, there is no 
point of @ where all the #, are 0; furthermore, by a theorem of Lefschetz \ 
which we have mentioned in no. 6, as soon as m has been taken large enough, [7 
the mutual ratios of the #, cannot be the same at two points of A unless 
these points have the same image in ®; let m be so chosen, once for all. Let 
now Z be an infinite subset of @; consider all the homogeneous polynomials 
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6(Uo,- *,Umw) in M+1 indeterminates, such that is 0 
on Z; they generate a homogenous ideal in the ring of all polynomials in 
U.,: °°; Um, whose set of zeros, in the projective space of dimension M with 
the homogeneous coordinates -, Us), is infinite and therefore has at 
© least one component of dimension > 0. In the vector-space of all homogeneous 
polynomials of degree r in -,Uu, consider the subspace of those 

for which ®(%,- - -,%w) is 0 on Z; let 8(7) be its codimension, i.e. the 


ld 


us 

ou |) difference between the dimensions of the space and of the subspace. By 
or Hilbert’s theorem on the characteristic function of a homogeneous ideal, 5(1) 
ve increases indefinitely with r. 

at Now take for ® the dual Picard variety of a Hodge manifold V, and 


for Z the image Z = F'(V) of V by the canonical mapping F of V into ©; 
Z is connected, hence it is an infinite set unless it is reduced to a point, in 
which case we must have g 0; this trivial case will be excluded hence- 
forward. The product 0” of two theta-functions cannot be 0 on Z unless 
or is 0 on Z; for, if dW is 0 on Z, [FD] is 0 on and, 


E. 4 as this is the product of two holomorphic functions on V, one factor must 
A, ) be 0 on an open set, hence everywhere. The integer m and the set (0,) 
of having been chosen as above, we use Z, as above, to define a homogeneous 


polynomial ideal; and we choose r so that 8(r) =q+1. 


15. Let EF” be the sum of two Riemann forms for the product 
0’ © of @ and of the dual variety ©’. In our usual notation, we have 
q A/A, @’ A’/A’, hence ©” = A”/A” with A” = A X A’, AY =A XN; 
- as usual, write Ao, A’o, and A”) = Ay X A”, for the underlying real spaces of 
A, A’,A”. As is a bilinear form on A”, it can be written, more 
explicitly, as 2’; y, y’), with (x, 2’) € Ay X A’o, (y, y’) € Ao X A’o. Then, 
| for each integer N = 0, the bilinear form 


a’ ; y’) a’ ; y) +NE(z, y) 


is a Riemann form for ©”; let Ay be the vector-space of all theta-functions 
belonging to @”.and E”y. Take any u’ e ©’; we shall now prove that the co- 
— dimension of the subspace of Amr, consisting of the functions in it which 
are 0 on ZX wv, is =q+1. 

: In fact, as 2” is the sum of two Riemann forms, the result in no. 13 


= shows that we can choose a function # in Ao which is not 0 at (z,w’), 


2 being an arbitrarily chosen point in Z. Now, ® being a homogeneous poly- 
nomial of degree r in Uo,- - -, Uy, put 


(x, 2’) = Wo (x, 7’) -, Ou(z)]; 
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the mapping @— #s is a linear mapping of the space of such polynomials 
into Am,; and 0s is 0 on Z X wu’ if and only if &(%,- - -, dw) is 0 on Z, 
As the codimension of the inverse image of a linear subspace by a linear 
mapping is at most equal to that of the subspace, it follows that the subspace 
of Am,, consisting of the functions in it which are 0 on Z X wv’, has at least 
the codimension 8(r). 


16. Now we shall prove that there is a function in Am, which is not 0 
on any of the sets Z X wu’, where wu’ is any point of @’. In fact, let (0p) .<,<p 
be a basis for Am,; writing any function 3” in Am, as 0”; = > tp’, we can 

p 


identify Am, with the affine space C*** of dimension R + 1 over C; from this 
we can derive, in the usual manner, a projective space P” of dimension R, 
with the homogeneous coordinates (f),- - -,¢r). The mutual ratios of the 0”, 
are meromorphic functions on ©”, hence algebraic functions on ©” = © x 0’ 
when ®, ®’ are identified with algebraic varieties by Lefschetz’s theorem (cf. 
no. 6); therefore the condition that the function 0’; should be 0 at a point 
(u,u’) of @” determines an algebraic set of points ((u,u’), (t,° + -,¢e)), 
i.e. a bunch of varieties, on the product-variety ©” &* P®, Hence, for any 
zeZ, the condition that #’; should be 0 at (z,u’) determines an algebraic 
set B, in the product ®’ & P®. Let B be the intersection of all the sets B., 
for all ze Z; this is again an algebraic set; let B’ be its projection on P”. 
If t = (t,- - -,¢r) is not in B’, then, to every u’e@’, there is a ze Z such 
that (w’,¢) is not in Bz, i.e. such that 0”; is not 0 at (z, u’) ; hence #’; has the 
desired property. What we have to show is therefore that B’ ~ P*; and for 
this it is enough to show that no component of B can have a dimension = Ff. 
Assume therefore that some component W of B has a dimension = R; then, 
if w’ is in the projection of W on ©’, the intersection BN(w’  P®) has a 
component of dimension = #—gq. But this intersection is nothing else than 
the set of points (u’,t) of u’ X P® such that 7; is 0 on Z XK w’; as such 
functions #’; form a subspace of A», of codimension = g + 1, it follows that 
Bo X P®) is a linear subspace of wu’ X of dimension R — q —1, 
and this contradicts the above assumption. 


17. After these preliminaries, we are now ready to attack the mai: 
problem of this §, which is to construct an algebraic family of divisors on J, 
parametrized by ©’, containing one and only one representative of each class 
in 


In the first place, consider on A”) K A”, the bilinear form 


E”, (2, y) <y’, t> — <2’, y>- 
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The dual of A”> = Ao X A’, being A’y X Ao, this form can be written as 
y’>, where = (z,2’), y” = (y,y’), and where EH”, is the linear 
mapping = ) of Ay X A’y onto X Ao, J and I’ = denoting 
again the identical automorphisms of Ao, A’o. The scalar multiplication by ¢ in 
A” =A X A’ induces on A”) = Ay X A’, the automorphism J” = e pt 
Then we have #”,(J’a”, y”) = <y’, Jz> + <a’, Jy>; as this is symmetric, it 
follows that, as soon as the integers NV, N’ are large enough, the bilinear form 


is a Riemann form for ©” = ® X @’, if H, E’ are, as before, Riemann forms 
for ©, ©’ respectively. 

By no. 13, as soon as V = 2, there is a theta-function #, belonging to @ 
and which is not 0 on Z—F(V). Also, H(z,y) +H’ (2’,y’) is a 
Riemann form for ®”; hence, if is a Riemann form for ©”, 
is the sum of two Riemann forms for ©”; then the main result of no. 16, 
applied to this instead of H”, shows that there is a theta-function 0”, 
belonging to ©” and to EH’ ns1+mr,n's1, Which is not 0 on any of the sets Z X w’. 
If we write again NV, N’ instead of VN + 1-+ mr, N’ + 1, we have thus shown 
that, for a suitable choice of NV, N’, there will be a theta-function #, belonging 
to © and NL, which is not 0 on F(V), and a theta-function #7’, belonging to 
©” and £”’y,y, which is not 0 on any set F(V) X w’. 


In this, it is understood that the periodicity conditions for these functions 
have been normalized as explained in no. 13; this implies that, if H°, EH” are 
the symmetric forms attached, as there, to H, £’, the symmetric form attached 


to is: 
<y', + <2’, y> + + NEY 
18. #, # being chosen as explained in no. 17, we now put 
2’) = 0" (az, 2’). 
This is a meromorphic function with the periodicity properties 
+1, = + 5<a’, Jr>), 
n(z, +1) =9(2,2’)e[ Ly (2, 2’)], 
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for re A, 2’ eA’, red, red’, 2’) being a certain complex-linear func- 
tion on A X A’, which depends upon 7”. Hence, if we put, for any a’ A’, 


Wa (t) — 3 <a’, Jad), 
we have 


Ya =a (r)e(<a’, 
Wa'sr' = (x) e[ Le (x) |, 


where Lg,,(2) is a complex-linear function on A, depending upon @’,7’; 
Wa'(x) is a meromorphic function on A, which, by the properties which we 
have assumed for # and #, is not everywhere 0 or o on P (V) ; and it isa 
multiplicative function, with the multiplicator-set e(<a’,r>) of absolute 
value 1. This shows that e[Lq,(z)] has the multiplicator-set 1, hence it is 
a constant (as could also readily have been verified by its explicit calculation). 
Therefore we have 


(4) = 1”) 


where c(a’,1r’) depends only upon a’ and 7’. 


19. It follows from the relations in no. 18 that yo[/(M)] is a mero- 
morphic multiplicative function, not everywhere 0 or o, on V, with the 
multiplicator-set pe °A, where po (r) —e(<a’,r>), and A is as in no. 7. 
As Yq is multiplied by a constant when a’ is replaced by a’ + 7”, its divisor (ya') 
on V depends only upon the image u’ —w(a’) of a’ by the canonical homo- 
morphism w of A’ onto ©’ = A’/A’; hence we may write it as (Wa) = D(uw’). 

D(u’) is also the divisor of the multiplicative function 


(M1) [F (M1), 


on V. Now o[F(M)] is a holomorphic function on V, which, when M is 
replaced by oM, is multiplied by an exponential factor; hence (cf. no. 10) 
one can define its divisor W, on V. Similarly one can define the divisor W 
of #’[F(M), z’| on V X @’. By purely local considerations, using the expres- 
sion of this function as a product of irreducible holomorphic functions in the 
neighborhood of a point, one shows that the divisor of #”’[#(M ),a’] on V, 
for a fixed a’, is the intersection of W with V X w’, where wu’ = w(a’), each 
component of that intersection being counted with its multiplicity; moré 
correctly it is the divisor W(u’) on V such that W(u’)X wu’ is the inter- 
section of W and V X uw’. There is, in a case such as this, no difficulty in 
defining the intersection-multiplicities, by function-theoretic or topological 
means. 
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Therefore we have D(u’) = W,— W(u’) ; and what we have done shows 
that this is a divisor in the group ,, which has the image wu’ in @’ by the 
canonical homomorphism of 9, onto @’. As @’ is an algebraic variety, we 
may express the relation W(u’)X u’=W-(V Xu’), where the - denotes 
the intersection, by saying that the W(w’) are an algebraic family of positive 
divisors, parametrized by the variety ©’. The canonical homomorphism of 
§, onto @’, with the kernel %;, can then be defined by saying that it maps 
each divisor X e Y, onto the (uniquely determined) point wu’ of ©’ such that 
W(u’) is linearly equivalent to W, —X. This implies of course that W(0) 
is linearly equivalent to Wo, so that, in this last statement, W, may be 
replaced by W(0). 


§ III. The main theorem. 


20. By an analytic subset of a complex-analytic manifold, we under- 
stand a closed subset of it which, in some neighborhood of everyone of its 
points, is the set of common zeros of a finite number of holomorphic func- 
tions; an analytic subset which is irreducible (i.e. which is not the union 
of two other such sets) is called a subvariety. By a divisor X, we understand, 
as above, any formal sum of subvarieties of maximal dimension, with integral 
coefficients ; if the latter are positive, X is said to be positive, and we write 
X>0; we write X>Y for Y—Y>0. By the carrier | X | of X, we under- 
stand the union of the components of YX. 

In all this §, we shall denote by V a connected compact complex-analytic 
manifold of complex dimension n. If S is a complex-analytic manifold, and 
X a divisor on V X S, the relation X(s)kK s—=X-(V Xs) defines a divisor 
X(s) on V for every se 8 such that V X s is not contained in | X |; as | X | 
is closed, the set S’ of these points is an open subset of S, which may be 
considered as a complex-analytic manifold; we shall say that the set of all 
divisors X(s), for se 8’, is an analytic family of divisors on V, parametrized 
by S’, or having S’ as its parameter manifold. 

Notations being as above, one may always assume that XY has no com- 
ponent of the form V XT, where T is a subvariety of S of maximal 
dimension; in fact, adding such a component to X does not modify X(s) 
when s is not on 7, and makes X(s) undefined if s is on T. That being 
assumed, we shall show that the set S — SS’ of points s of S for which X(s) 
is not defined is an analytic subset of S, of (complex) dimension = p—2 
if p is the dimension of S. It is clearly enough to prove this for X >0. 
Each point M X s, of V X S has a neighborhood where X can be written as 
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the divisor (®) of some holomorphic function ®; let 2,---,2, be local 
coordinates on V in a neighborhood of M; then, if a point s, sufficiently near 
to so, is such that V X s C | X |, we must have ®(z,s) —0 identically in z 
near z= 0; therefore the points of S— 4S’ near sy) are common zeros of all 
coefficients of ® when ® is expanded into a power-series in 2,,° * -, 2, with 
coefficients in the ring of holomorphic functions of s at s =); conversely, 
if a point s, sufficiently near to so, is a common zero of all these coefficients, 
then it is easily seen, by analytic continuation along V Xs, that V Xs is 
contained in | X |. Applying a theorem of H. Cartan,® one sees that S — 8’ 
can be defined, in a sufficiently small neighborhood of so, by equating to 0 
a finite number of the coefficients of ®; therefore it is an analytic set. If 
now 7’ is any component of S— 8’, V X T is contained in | X |; therefore, 
if T were of dimension p—1, V & T would be a component of X, which is 
against our assumption. 

In particular, if S is connected, S’ also is connected. Then the homo- 
logical theory of subvarieties of a complex-analytic manifold ([4]) shows 
that any two divisors of the form X(s) are homologous to each other on V; 
in particular, if X(s) is homologous to 0 for some s, the same is true for 
all se 8’. 

The main purpose of this § is to show that, if V is a Hodge manifold, 
the canonical mapping c of the group Yq of the divisors on V, homologous 
to 0 on V, into the Picard variety @ of V (§1, no. 12) induces an analytic 
mapping into @’ of every analytic family of divisors belonging to Gq on V. 
In other words, if 8, X, 8’ and X(s) are as above, and if X(s) is homologous 
to 0 for all se 8’, the mapping s—>c[X(s)] is a complex-analytic mapping 
of S’ into @’. Assuming for a moment that this is so, we shall show that 
this mapping can be extended to a complez-analytic mapping of S into ©. 
In fact, write as before @’ = A’/A’, where A’ is a complex vector-space and 
A’ a discrete subgroup of A’; if 2’ is a variable point of A’, we may consider 
dx’ as a vector-valued differential form on A’ (with values in A’); as this 
form is invariant by translations in A’ and in particular by A’, it induces 
on ©’ a vector-valued form which, in terms of the complex structure of ©’, 
is a holomorphic form; its inverse image w on S’ by the mapping s—> c[X(s) | 
is therefore a holomorphic form on 8’. As S —8’ is an analytic subset of S 
and has no component of dimension p—1, it follows, by Hartogs’ theorem, 
that » can be extended to a holomorphic form on S. As every 1-dimensional 
cycle on S can be deformed into one on 8S’, the periods of » on S are the 


5“ Théoréme a” of [1], p. 191. 
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same as those on S’; as the latter must belong to A’, the same is therefore 


true on S; as in $1, one concludes from this that the mapping § > f “w of 
é 


the universal covering of S into A’ (for a fixed @) induces a holomorphic 
mapping of 8 into ©’, which, on S’, coincides (up to a translation) with the 
given one s—>c[X(s)]. This proves our assertion. 

Even so, our result will remain incomplete in one important respect: 
we shall not prove it for families of divisors which are parametrized by alge- 
broid varieties. By an algebroid variety, we understand one on which each 
point has a neighborhood isomorphic to a locally irreducible analytic subset 
of a complex-analytic manifold. It seems likely that the proof which is to be 
given here of our main theorem could be applied to this more general problem 
with no more than slight modifications, or at any rate that the more general 
result could be shown to follow from ours, if only the foundations of algebroid 
geometry were not even now as shaky as those of algebraic geometry once 
used to be.® 


21. Let X(s) and Y(t) be two analytic families of divisors on V, 
respectively parametrized by the manifolds S and T. We shall now prove 
that the set of points (s,t) of ST such that X(s) > Y(t) ts an analytic 
subset of SX T. If we put Y—X XT, X is a divisor on V X(S XT), 
and we have X(s,t) = X(s); operating similarly on Y, we see that it is 
enough to show that, if X(s), Y(s) are two families, parametrized by the 
same manifold 8, the set of points seS such that X(s)>Y(s) is an 
analytic subset of S. If we write X = X’ —X”, Y = Y’ — Y”, where X’, X”, 
Y’, Y” are positive divisors, X(s) >Y(s) is equivalent to X’(s) + Y’(s) 
~X”(s) + Y’(s); therefore it will be enough to prove our assertion for 
positive X and Y. As the question is purely local so far as S is concerned, 
we may assume that S§ is a neighborhood of 0 in the space of p complex 
variables. 

Let M be any point on V; take local coordinates (w,2:,: --,%n+1) on 
V in a neighborhood of M, such that the subvariety (of complex dimension 1) 
of that neighborhood defined by 2, is not contained in 
| X(0)| nor in | ¥(0)|. Then, by Weierstrass’s lemma, X can be written in 
a neighborhood of MX 0 on V XS as the divisor (©) of a function © of 
the form 


*It is to be hoped that someone will soon undertake the taxing but necessary task 
of consolidating them or rather building them up anew. As some at least of the main 
difficulties have been removed by the recent work of H. Cartan, W. L. Chow, N. 
Hamilton, K. Oka and others, the time seems ripe for such an undertaking. 
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}(w, 2,8) = w* + 8), 


where the ¢; are holomorphic and 0 at the origin; similarly, Y can be written 
as (W) in a neighborhood of M X 0, with W of the form 


z,s) =w? + wIy;(z, 8), 
j=l 


where the y; are holomorphic and 0 at the origin. Considering ® and W as 
polynomials over the ring of holomorphic functions of z, s at the origin, 
we can divide ® by W; let R be the remainder, which is of the form 


b-1 
R(w, 2,8) => w"yn(z, 8), where the x, are holomorphic at the origin. Put 
h=0 


|z| —=supi<i<ns | % |; take p > 0 and an open neighborhood 8’ of 0 on § 
so that the range of the local coordinates (w,z) contains the closure of the 
polycylinder P defined by |w| <p, |z| <p, that 6, Y are holomorphic in 
PX 8’, and that X, Y coincide respectively with (®) and with (¥) in 
PX 8’. Take e>0 and <p and a neighborhood 8” of 0 in S’ so that, for 
|z| <« and se 8”, ® and ¥, considered as polynomials in w, have all their 
roots inside the disk |w|<p. Then, if £=(&,--+,.1) is such that 
|£| <.«, and if se 8”, the roots of ®(w, £,s) =0, counted with their multi- 
plicities, make up the intersection of X(s) with the subvariety of P (of com- 
plex dimension 1) defined by z = €; and the roots of ¥(w, £,s) = 0 make up 
the intersection of Y with that subvariety; therefore, if X(s) >Y(s) for 
some se 8”, f,s) must be a multiple of f,s), i.e. R(w, must 
be 0, whenever | £ | <<; for such an s, each coefficient y,(z,s) of R must 
therefore be identically 0 as a function of z; if the yn (z,s) are expanded into 
power-series in 2;,° * *, 2n-1 With coefficients which are holomorphic functions 
of s in 8’, every se S” such that X(s) > Y(s) must be a common zero of all 
these coefficients. Conversely, if s is such a common zero, then R = 0, and 
so ® is a multiple of ¥ in the ring of polynomials over holomorphic functions 
of z in |z| <p and a fortiori in the ring of holomorphic functions in P. 
Therefore, when that is so, no component of X(s)—Y(s) which has a 
coefficient < 0 in that divisor can have any point in P. 


To every point M on V, we have thus assigned a neighborhood P = P(J/) 
of M with the above stated properties; V can then be covered with a finite 
number of such neighborhoods P,—=P(M,). To each M,, the above con- 
struction also assigns a neighborhood S”, of 0 on 8S; we may replace the 8”, 
by their intersection 8”. Then our construction defines infinitely many 
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functions fa(s), holomorphic in 8”, viz. the coefficients of the expansions into 
power-series in z of the functions x,(z,s) attached to the various points M,, 
with the following properties: if se S” is such that X(s) > Y(s), then all 
the fa(s) are 0; conversely, if se S” and all the fa(s) are 0, then no com- 
ponent of X(s) —Y(s) with a coefficient <0 in that divisor can have a 
point in any P,; as the P, are a covering of V, this implies that X(s) > Y(s). 
By Cartan’s theorem,® this completes our proof. 

If X(s), Y(t) are again two analytic families of divisors on V, then 
the set of points (s,t) of SX T such that X(s) —=Y(t) ts an analytic 
subset of S * T; in fact, it is the intersection of the two analytic subsets 
determined by X(s) > Y(t) and by Y(t) >X(s). 


22. If X is any divisor on V, we shall denote by Z(X) the set of all 
meromorphic functions @ on V which are either identically 0 or such that 
(¢) > —X; this is a vector-space over the field of constants. We shall now 
prove that, for every divisor X on V, the vector-space L(X) is of finite 
dimension. 

If X — X’ — X”, with positive X’ and X”, we have L(X) CL(X’); so 
it will be enough to prove our theorem for a positive divisor X. Then every 
point M on V has a neighborhood U = U(M) in which X can be written as 
the divisor (®y) of a function @y, holomorphic in U; and the set @y- L(X) 
of all functions y — yd, with ¢e L(X), consists of functions which are 
holomorphic in U. Consider the ideal generated by @yL(X) in the ring of 
holomorphic functions at M; by Cartan’s theorem,® this ideal is generated by 
a finite number of elements yi” of @yL(X), and there is an open neighbor- 
hood U’=U’(M) of M and a constant k—k(M) with the following 
properties: the closure U’ of U’ is contained in U; and every pe ®yL(X) 
such that | ¥|=1 in U can be expressed as y = ZA, where the A; are 


holomorphic and such that || on U’. Take a covering of V by a 
finite number of neighborhoods U’,—=U’(M,); to each there belongs a 
function 6, — a constant k, —k(M,), and a finite set of functions 
eb,L(X); put k=—sup,k,, and call the functions 
; these are functions in D(X). Put C,—U’,. Then, for every 
¢eL(2) and every v, there are functions A,; holomorphic on C,, such 


that ¢ = > A,j¢; on C,; furthermore, if | ®,¢|=1, on C,, the A,; may be 
j=l 


taken such that | A,;| Sk on C;. 
Now put 


|| || = sup, supe, | | 
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for each ¢e L(X) ; then every ¢e L(X) can be written in C, as ¢ = > Ayjd,, 
j 


with |A,;| || ¢|| on C,. We shall now prove that, if the vector-space 

L(X) is considered as a normed vector-space with the norm | ¢ ||, it is 

locally compact, i.e. that the “ unit-sphere” || ¢ || =1 is compact. In fact, 

take any sequence ¢a of functions in Z(X) such that || ¢e || =1; in C,, 

can be written as da = with | Ay | Sk on Cy. By the well- 
J 


known elementary theorem on sequences of bounded holomorphic functions, 
we may, after replacing the sequence ¢a by a suitable subsequence, assume 
that, for each v and each j, the sequence A,; converges to a limit ,; 
uniformly on every closed su»set of U’, Then one sees immediately that 
there is a function ge L(X) such that > in VU’, for each 7; 
furthermore, as we have 


j a->o f 


uniformly on every closed subset of U’,, we see that the sequence ¢a tends 
to ¢ in the topology defined by the norm ||¢ ||, and that | 1. This 
shows that the normed vector-space L(X) is locally compact; by a well- 
known elementary theorem of Banach, this implies that it has a finite 
dimension. 


23. From now on, we assume that V is a Hodge manifold; and we 
proceed to prove the theorem stated in no. 20. Let X(s) be an analytic 
family of divisors, parametrized by a manifold S; we have to prove that, if 
the divisors X(s) are homologous to 0, s—>c[X(s)] is a complex-analytic 
mapping of S§ into ©’. We may assume that S§ is connected; and we choose 
a point s, on 8. Call X’, —X” the positive and negative parts of X, i.e. 
the sums of terms, with positive and negative coefficients respectively, in the 
expression of X in terms of its irreducible components. Then X(s) is the sum 
of the divisors X’(s) — X’(s)), — [X”(s) (so) ] and X(s,), which are 
all homologous to 0, and it is enough to prove our assertion for the families 
X’(s) — X’(s.), X”(s) —X”" (so). In other words, it will be enough to show 
that if X(s) is any family of positive divisors parametrized by the connected 
manifold S, s—>c[X(s) — X(s)] is an analytic mapping of S into 6’. Now, 
in § II, we have constructed an analytic family W(wu’) of positive divisors 
on V, parametrized by ©’, such that u’ —c[W(0) —W/(w’)]. This implies 
that there is one and only one point w’ on @’, given by wu’ = c[X (s) — X(s.) ], 
for which W(0)—W(w’) is linearly equivalent to X(s) —X(so), i.e. 
W(u’) + X(s) to W(0) + X(8). Let do,° - +, dm be a basis for the vector- 


4 


= 7. Avj = lim > d; = lim (Pyha) 


* 


ON PICARD VARIETIES. 887 


space L[W(0) + X(so)]; then, if s and w’ are as we have said, there is one 
and only one point € in the projective m-dimensional space P” such that, if 
(fo,: °°, &m) is a set of homogeneous coordinates for é, the divisor of the 


function ¢ = >» Eid; 18 
(>) = W(w’) + X(s) —[W(0) + ]. 
For every ¢ = ~ in L[W(0) + X(s0)], put Z(€) = () + + X(0), 


where denotes the point with the homogeneous coordinates &m) 
in P™; one sees at once that Z(é) is an analytic family of divisors para- 
metrized by P™. By the final result of no. 21, the set of all points (s, u’, é) 
in SX @ X P™ such that Z(é) = W(u’) + X(s) is an analytic subset T 
of SX ®’ X P™. But we have just shown that, for every se 9, there is one 
and only one point (w’,é) in ©’ X P™ such that (s,u’,é) is in T; as T is 
closed and ®’ and P” are compact, this implies in the first place that I is 
the graph of a continuous mapping f of S§ into ®’ X P™; it is then easily 
seen that f induces a holomorphic mapping on every subvariety of complex 
dimension 1 of any open subset of 8; from this, using elementary results on 
functions of several complex variables, one deduces easily that f is holo- 
morphic on § itself. This completes the proof. 

The same method can be applied to the determination of all positive 
divisors in a given homology class. Consider a homology class which contains 
at least one positive divisor Xo; let 40, - -,¢m be a basis for the vector-space 
L{[W(0) + Xo]; for every ¢ = ~ &i¢; in that space, put Z(€) = (¢) + W(0) 


+ Xo, € being the point in with the homogeneous coordinates &m). 
Then we see, as above, that for every positive divisor XY homologous to Y> there 
is one and only one point (u’,é) of @’ X P™ such that Z(é) = W(w’) + X; 
therefore this formula determines a one-to-one correspondence between such 
divisors X and the points (u’, €) of ®’ X P™ such that Z(é) > W(u’). As we 
have shown, the latter relation determines an analytic subset of ©’ xX P”, 
which, since ©’ and P™ are compact, is the union of a finite number of sub- 
varieties of ®’ X P™; moreover, as ©’ is an algebraic variety, these are alge- 
braic subvarieties of @’ X P™ by Chow’s theorem ([2]). This shows that 
the positive divisors in a given homology class on V make up a finite number 
of algebraic families, i.e. of families parametrized by algebraic varieties; of 
course the latter may have singular points and so need not be complex- 
analytic manifolds, but are algebroid varieties in the sense defined at the end 
of no. 20. One may also observe that for a given wu’ in ©’ the points é of P™ 
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such that Z(€) > W(u’) are those in a linear subvariety of P™, corresponding 
to the subspace L[W(0) + X,— W(u’) ] of the vector-space L[W(0) + Xo]; 
in particular, each one of the above families of positive divisors may be con- 
sidered as a fibre-variety over a subvariety of ©’, the fibres being projective 


spaces. 


§IV. The higher Jacobian varieties. 


24. I shall take this opportunity for making explicit some results 
implicitly contained in Hodge’s book ([5]; cf. also [6]), as this can be done 
very simply in the language which has been introduced above in §I and 
throws some additional light on the results of that §. 

As before, let V be a Kahler manifold of complex dimension n; take p 
such that 0S p= n—1; call now Ay and A’) the homology groups of V 
over the real number-field R for the dimensions 2p +1 and 2n—2p—1 
respectively. These are vector-spaces of finite dimension over R; call A and & 
A’ the subgroups of A, and of A’, consisting of those homology classes which 
contain cycles with integral coefficients (i.e. the images in A, and in A’, 


of the homology groups of V with integral coefficients for the same dimen- 
sions) ; A is a discrete subgroup of A, of maximal rank, i. e. of rank equal to 
the dimension of Ao, so that A,/A is a torus of that same dimension; and 
the same is true of A’, and A’. 


By the Poincaré duality theorem, A, and A’, are put into duality with 
each other by the intersection-number (or “ Kronecker index ”), which induces 
a bilinear form <2’, z> on A’) K Ao; moreover, by the same theorem, A and A’ 
are associated to each other in that duality, i.e. A’ consists of all the elements 
1” of A’, such that <7’, r> =0 mod 1 for all re A. We may therefore identify 
A’, with the dual space to Ao, i.e. with the cohomology group of V of dimen- 
sion 2p-+ 1 with real coefficients, and similarly A) may be identified with 
the cohomology group of V of dimension 2n — 2p —1 with real coefficients. 
In particular, Ay and A’, may be identified with the de Rham groups of degrees 


2n —2p—1 and 2p-+1 respectively; by the de Rham group of degree d, 
we understand the group of closed differential forms of degree d on V modulo 
the exterior differentials of forms of degree d—1. Then A, A’ are the 


classes of forms of degrees 2n —2p—1 and 2p+1 with integral periods; 


and if elements x, x’ of Ao, A’) are the cohomology classes of two closed 
forms w, w’ of respective degrees 2n—2p—1 and 2p+1, we have 


<2’, 2> = wo. 


: 
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ding 


Vo]; 


con- 


sy Hodge’s existence theorems, each cohomology class contains one and 
only one harmonic form; so A, may also be identified with the space of 
harmonic forms of degree 2n —2p—1. As in no. 7, consider the operator 
(' derived from the complex structure of V; if » is a form of degree d, we 
have C(Cw) = (—1)%, so that C induces an operator such that C? = —I 
on forms of any odd degree. As C commutes with the operator A = d8 +- 8d, 
it transforms harmonic forms into harmonic forms; call J the operator 
induced by —C on the space Ay of harmonic forms of degree 2n — 2p —1; 
this is an endomorphism of A, satisfying J? = —T; therefore A, must be of 
even dimension, and J can be used to define a complex structure on Ay; with 
that structure, A) becomes a vector-space over the field of complex numbers, 
which will be denoted by A. In a similar manner, A’, becomes a vector- 


tive 


4 P space A’ over complex numbers by means of the operator J’ induced by —C 

on harmonic forms of degree 2p +1. Let w, w’ be two harmonic forms of 
. respective degrees 2n —2p—1, 2p-4-1; as C is an automorphism of the 
- ring of differential forms, we have C(w’w) = Cw’-Cw; as every form ¢ of 
"= degree 2n can be written as fdz,dz,- - -dzndZ» in terms of local coordinates, 
we have CE = for such a form, and in particular C(w’w) =w’w. This gives 


Jo=vw'w, whence <J’w’, Jo> = <w’, o>, or, if we replace w by Jo, 
= Jo); this shows that J’ is the transpose of for the 
nd é duality determined by the bilinear form <z’,xz>. According to our definitions 
r in §I, no. 1, this makes A’ the “antidual” space of A; and, if we put 
@=A/A, A’/A’, these are two complex toruses, dual to each other. 
E 25. We shall now give a definition of J, as an endomorphism of the 
« de Rham group of degree 2n —- 2p —1, which depends only upon the complex 
a a structure of V and not upon the choice of a Kahler metric; the existence of 
h q a Kahler metric on V, however, is essential to our purposes. Take any d such 
. that 0 = d= 2n; in each cohomology class of degree d, there are forms o 
" 4 such that dw = d(Cw) = 0; in fact, the harmonic form of that class has that 
i, - property. We now prove that, for do 0 and d(Cw) =0, the homology 
j class of Cw depends only upon that of w. In fact, assume that w is homologous 
" F to 0; let £ be any harmonic form of degree 2n —-d, and put ¢’ = C€; then 
is harmonic; we have fo—C(f’w) since fw is of degree 2n, and 
d C({w) = CL’: Co = (Cw), and so £(Cw). As is homologous to 0, 


we have f = 0; this gives (Cw) =0; as this is true for all har- 
4 


monic forms £, i.e. for representatives of all cohomology classes of degree 


| 
| 
| 
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2n — d, and as Cw is closed, it implies that Cw is homologous to 0.7. If now 
x is a cohomology class of degree d, and w is a representative of that class 
such that dw = 0 and d(Cw) = 0, we shall denote by Cz the class of the form 
Cw; this is an endomorphism of the de Rham group of dimension d which 
satisfies C? = (—1)*Z and depends only upon the complex structure of V; 
for d = 2n — 2p —1, the operator J defined above is J =—C. 


The complex torus ® defined above by means of the cohomology group 
A, of degree 2n — 2p — 1, of the complex structure determined by J, and of 
the subgroup A of classes of Ay with integral periods, will henceforth be 
denoted by ®,; with this notation, the torus denoted above by ©’ now appears 
as @,».1. Instead of A, A, we now write A®), A®), so that ©, = A®/A®), 

Thus, if V is any connected compact complex-analytic manifold of 
complex dimension n on which there exists at least one Kahler metric, we 
have defined a sequence @, @:,- - -,@n-, of complex toruses invariantly 
attached to it, in such a way that ©, and ©, are dual to each other for 
0=p=n—1. The torus @ attached to V in §I, no. 7, is no other than 0, 
in this notation, and its dual ©’ is @,_,. 


26. It will now be shown that, if V is a Hodge manifold, not only % 
and @,_, (as we have seen in §1) but all the ©, are abelian varieties; these 


will be called the Jacobian varieties of V. As before, denote by © the funda- 
mental form of degree 2 of the Kahler metric, which by assumption has 
integral periods; we have CQ =. If z is the cohomology class of a form «, 
that of Qu will be denoted by Lz. If w is a representative of the class 2 
such that do and d(Cw) =0, we have d(Qv) —0 and d[C(Qu)] 
= d[Q(Cw)] = 0, and therefore, according to our definitions, L(Cr) = C(Lz2). 
For forms of odd degree, this gives L(Jx) =J(Lz) ; so L is a complex-linear 
mapping of A®) into A®™” for all p. As Qw has integral periods whenever o 
has iategral periods, L maps A® into A®™; so Z induces a complex-analytic 
homomorphism of ®, into ®,,, which will again be denoted by Z. But by 


*Using de Rham’s operator H (cf. [3], § 19), this can be proved more briefly: 
if dw = 0, Hw = 0 is a necessary and sufficient condition for w to be homologous to 0; 
as H commutes with C, Hw = 0 implies H(Cw) = 0. This argument applies also to the 
projection operators P,, which map each form w of degree a + 6 into the sum of the 
terms of type (a,b) in the expression of w in terms of local complex coordinates. As 
dw = d(Cw) = 0 implies d(P,,,w) =0, and as H commutes with P,,, one can define 
a projection operator P,,, invariantly related to the complex structure on V, on the 
cohomology group of V with real coefficients for the dimension a+ 6. The dimension 
of the image of this group under P,, is Hodge’s invariant p+,.> ([6], Theorem I, p. 109). 
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Hodge’s theorems, if w is harmonic, so is Qu, and the mapping w —> Qo of the 


e space of harmonic forms of degree d into the space of harmonic forms of 
rm degree d + 2 has the kernel 0 if d= n—1 and maps the former space onto 
ch the latter if d= n—1. So LZ maps ®, onto @,., for 2p = n, and it maps ®, 
V; into @,-, with a finite kernel if 2p = n. 


For d= n—1, call B, B,, B. the spaces of harmonic forms of degrees 
d, d+ 2, 2n—d respectively. As we have just said, Z maps B isomorphically 
onto its image L(B) in B,. On the other hand, call £ the kernel of the 
mapping of B, into Bz, i.e. of the mapping o> 0" is the space 
of “effective ’ harmonic forms of degree d + 2 in Hodge’s terminology, and 
Hodge has proved that B, is the direct sum of L(B) and of H. Let A, Aj, A, 
be the groups of forms with integral periods in B, B,, B, respectively; as we 


of 
‘i have said, Z maps A into A,, and so L"*4 maps A, into A,; taking sets of 
ly generators of A, Ai, A, as bases for B, B,, B, respectively, we see that the 


mappings LZ and L”*~4 will then be given by matrices with integral coefficients, 
and so the linear subspaces L(B) and F of B, can both be defined by 
linear equations with integral coefficients. This implies that the group 
A’, = L(A) + (#NA,) is a subgroup of B, of maximal rank and a sub- 
group of A, of finite index, and that HMA, is a subgroup of # of maximal 
rank. 


Now, assuming that d is odd, we give to B, B,, B, the complex structure 
determined by J =—U; as L and L"*~ are complex-linear mappings, L(B) 
and # are then complex-linear subspaces of B,. If we put d—=2p—1, we 
have 2p = n, and, with the notation explained above, B= A-?), B, = A>»), 
A= A, = A(?), and therefore @,»—=B/A, Put 
©’, -»1 = B,/A’,; the identical mapping of B, onto itself maps A’, into A,, 
and so it induces a complex homomorphism of ©’n+», onto @,-»-.; therefore 
these two toruses are isogenous ($1, no. 2); but the former is the direct 
product of the complex torus L(B)/L(A), which is isomorphic to B/A = ©)», 
and of the complex torus @”,»5,—H/(EZNA,). So @,»41 is isogenous to 
the product of ®,, and of ©”,», whenever 2p =n; and if we prove that 
@”,-»-1 is an abelian variety for 2p = n —1, it will follow by induction on p 
that the same is true of ®,-»-, for the same values of p, and also of @, for 
these values of p since @, is dual to @,»+4; as every integer gq such that 
0=q=n—1 can be written either as g =p or as g=n—p—1 with 
2p S n—1, our proof will then be complete. Now consider the bilinear form 


F(a, w’) = (— 1)?" ww’ 
V 
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for we E, we E; as w, w’ are of odd degree, we have ww’ = —vo’s, and F is 
alternating. If, ’ are in EMA, i.e. if they have integral periods, F'(o, w’) 


is an integer. Finally, again by Hodge’s theorems, we have, for every we FE: 
(Cw) = (— — 2p — 1) ! #0, 


and therefore 
F(Jw, o’) = (n—2p—1) 
V 


this is symmetric and positive-definite; so / is a Riemann form for ©”, 
and this torus is an abelian variety. 


27. By an analytic cycle of (ccmplex) dimension p on V, we under- 
stand a finite sum, with integral coefficients, of subvarieties of V of complex 
dimension p. Let 9, be the group of those cycles of dimension p on V 
which are homologous to 0 on V (with integral coefficients). Under the 
assumption that each analytic cycle on V defines a “‘ current,” i. e. essentially 
that the integral of a differential form of degree 2p on the manifold of 
simple points of a subvariety of V of complex dimension p is always con- 
vergent, one can define a canonical mapping of the group 9, into the 
complex torus @,. This assumption is “ undoubtedly ” true, but no proof of 
it seems to have been published; in order to simplify the definition of the 
canonical mapping of 9, into @,, I shall assume even more, viz. that 
every cycle in §,® can be expressed as the boundary of a singular chain of 
such a nature that differential forms of degree 2p + 1 can be integrated on it. 

That being assumed, let X be any cycle in 9,; put X —bQ, where 
b is the boundary operator and Q is a chain with integral coefficients. Let 
x’ be a cohomology class of degree 2 -+-1 with real coefficients; take a 
representative w for 2’ such that do—0 and d(Cw) =0; we shall prove 


that J » depends only upon z’. In fact, assume that w is homologous to 0. 
“Q 


As is then orthogonal to all harmonic forms, there is a form £ such that 
w = Af = dif + this implies d(8dg) = 0; as 8d(df) —0, dg is there- 
fore harmonic; as it is homologous to 0, it is 0. This shows that df = 0 and 
w = dsf. As A commutes with C, we have Cw = A(C£); as d(Cw) = 0, we 
can reason in the same manner on Co, Cf as we have done on ow, £, and so 
we get d(Cf) = 0 and Cw = d8C¢ (which proves again that Cw is homologous 
to 0). By another fundamental identity of the Kahler metric, we have 
Ad — dA = — C8C™ (the nature of the operator A need not concern us here) 
and so dC§ = — dAdC and dC8§ = dA(dC¢) =0. By Stokes’s theorem, 
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we have f o= j 8£. But if A is any form of degree 2p, A and CA induce 
Q X 


the same form on every analytic subvariety of V of complex dimension p; 
in particular, we have J = d(C8£) =0. This shows that 
x X Q 
f, w depends only upon 2’; as it is a linear function of 2’, it can be written 
Q 


as <2’,z>, where =2(Q) is an element of the homology group A, of V 
with real coefficients for the dimension 2p +1. If X is given, Q is well 
determined modulo cycles of dimension 2p +1 with integral coefficients ; 
if Z is such a cycle, its class z in Ay belongs to the subgroup of A, which 
we have called A, or more precisely A®; if we replace Q by Q4-Z, z(Q) 
is replaced by c(Q+Z) =—2(Q) +2. Therefore, when X is given, z(Q) 
is well determined modulo A; if we denote by cp(X) the image of z(Q) in 
the factor-group Ao/A, X—>cp(X) is therefore a homomorphism of 9,” 
into @, whose definition depends only upon the complex structure of V 
provided there exists at least one Kahler metric on V. This is the canonical 
mapping that we wished to construct. 

f For p= 0, the group 9, is the group generated by the cycles M — P 
if P is a fixed point on V and M is arbitrary; in order to determine Cp, it is 
therefore enough to know the mapping M —c,)(M —P) of V into ®); it is 
easy to see that this is no other than the canonical mapping F which was 
defined in § I, no. 7. On the other hand, it follows from a theorem of Kodaira 
(Theorem 3, p. 110, in [3]) that the mapping cy. of &,-) = G, into O,. 
is the same as the canonical mapping c defined above in § I, no. 12. 

It is of course tempting to conjecture that any analytic family of cycles 
of dimension p on V, belonging to the group §,, is mapped analytically 
into ®, by cp; this seems very likely, but I have not yet succeeded in proving 
it. One would also like cp to map ,® onto @,, as this would pave the way 
to an algebraic interpretation of the Jacobian varieties @, when V is an 
algebraic variety; in fact, @, could then be described as the factor-group 
of 9, modulo a concept of equivalence which one might hope to define in 
algebraic terms. But Prof. Hodge has pointed out to me that cp cannot map 
§, onto @, unless all harmonic forms of degree 2p + 1 are sums of forms 
of type (p + 1, p) and of forms of type (p, p+ 1); as in general this is not 
the case, some altogether new idea is required if the higher Jacobian varieties 
are to acquire the place which seems to belong to them in algebraic geometry. 
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ON PICARD VARIETIES.* 


By Wel-Liane CHow. 


1. Introduction. In a recent paper’ J. Igusa has developed a theory 
of the Picard variety attached to a non-singular algebraic variety V. Let 
4.(V) be the group of all divisors in V which are continuously equivalent 
to zero, and let 8,(V) be the group of all divisors in V which are linearly 
equivalent to zero; let A be the Abelian variety determined by the periods 
of the Abelion integrals of the first kind on V, and let P be the dual Abelian 
variety of A in the sense of Weil (see section 3). The variety P is called 
the Picard variety attached to V, and Igusa’s main result is that the group 
§.(V) can be mapped homomorphically onto the Picard variety P such that 
the kernel of this homomorphism is precisely the group 9,(V). A. Weil? 
has taken up the same problem (for the possibly more general case of a Hodge 
variety) by a quite different method and has obtained among others also 
this result of Igusa, which he calls the first duality theorem of Igusa. There 
is however one important point concerning this theorem which is not settled 
in Igusa’s paper; this is the question whether the mapping of 9,(V) onto P 
is an analytic mapping in the sense (to be defined more precisely later in 
section 2) that it is analytic for every analytic system of divisors in §,(V). 
The importance of this question has been recognized by Weil, who considers 
the solution of this question, which he has obtained by a very elegant method, 
as the Main Theorem of his theory.* In this paper we shall give a new, 
simple proof of Igusa’s duality theorem, which will at the same time take care 
of this additional question of analyticity almost without any further effort. 
Our method, like that of Igusa, is based on the existence of a “ sufficiently 
general ” curve in V, but we shall make systematic use of the concept of 


* Received February 4, 1952. 
1J. Igusa, “On the Picard varieties attached to algebraic varieties,’ American 
Journal of Mathematics, vol. 74 (1952), pp. 1-22. 

2 A. Weil, “ On Picard varieties,” American Journal of Mathematics, vol. 74 (1952), 
pp. 865-894. 

8A. Weil, loc. cit., § III. Weil’s proof of this theorem holds only for the case when 
the parameter variety is an analytic manifold (i.e. a variety without multiple points) ; 
however, it can be extended to the general case of an arbitrary analytic parameter 
variety by using some of the concepts and results developed in our (unpublished) paper 
cited in footnote 10. 
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duality between Abelian varieties introduced by Weil.* Our theory holds only 
for an algebraic variety and is hence possibly less general than that of Weil; 
as a compensation, we are able to formulate and prove the analyticity of the 
mapping in a somewhat stronger sense than that given by Weil’s theory. 
In the last section we shall deal with the more algebraic aspects of the problem; 
on the basis of some results on the Jacobian varieties proved by us elsewhere,® 
we investigate the fields of definition of some of the varieties and trans- 
formations introduced in the previous section. These results enable us to 
construct in a very simple way a system of divisors which represents the group 
§.(V)/&.(V) ina “ generally ” one-to-one manner. This is however a weaker 
result than that obtained by Weil,’ who has constructed a system of divisors 
which represents 8,.(V)/%:(V) in an exactly one-to-one manner. Finally, 
we should like to mention that the method used in this last section has far 
greater potentialities than the immediate objective there indicates; in fact, 
this method is part of an idea which can be developed into a theory of Picard 
varieties for algebraic varieties over an arbitrary ground field, as will be shown 
in a forthcoming paper of ours on this subject. 


We add here a few remarks concerning terminology. In this paper, 
the expression “analytic” shall always mean complex-analytic; and, unless 
explicitly stated to the contrary, the dimension is always the complex dimen- 


sion, which is twice the topological dimension. By a cycle is always meant 
an algebraic cycle, except when explicitly stated to be a topological cycle, in 
which case the dimension is of course understood to be topological. When 
we are dealing with mappings of group varieties into one another, the 
expressions homomorphism, isomorphism, automorphism, etc. shall always 
mean analytic or algebraic homomorphism, isomorphism, automorphism, etc., 
according as we are dealing with analytic or algebraic varieties. The possi- 
bility of any confusion on this score is excluded by the theorem * that any 
(closed) analytic subvariety of an algebraic variety or analytic correspondence 
of an algebraic variety into another is an algebraic subvariety or an algebraic 


correspondence respectively. 


4A. Weil, loc. cit., § I. 

5 We shall prove that the mapping is holomorphic in the sense defined in section 2, 
while Weil’s method (extended as indicated in footnote 3) yields only the somewhat 
weaker result that the mapping is analytic. 

* W. L. Chow, “ The Jacobian variety of an algebraic curve,” to appear in print soon. 

7A. Weil, loc. cit., § IT. 

5’ W. L. Chow, “On compact complex analytic varieties,’ American Journal of 
Mathematics, vol. 71 (1949), pp. 893-914, Theorem V and Theorem VII. 
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2. Analytic mapping of cycles. By means of the method of associated 
forms ® the aggregate of all positive cycles of a given dimension d and a given 
degree m (i. e. the degree in the ambient projective space) in an algebraic variety 
V can be represented in a one-to-one and algebraic manner by the points of an 
(in general reducible) algebraic variety, which we shall denote by M(V; d, m). 
In fact, the (homogeneous) coordinates of a point in M(V;d,m) can be taken 
to be the coefficients of the associated form of the positive cycle corresponding 
to it. We shall call this representation the canonical mappings of the positive 
eycles into M(V;d,m). The canonical mapping has the property that if an 
analytic system of positive cycles | Z| of dimension d and degree m in V is 
parametrized by an analytic variety W, i.e. if there is a closed analytic corre- 
spondence *° between W and V such that to each point in W corresponds 
(with a suitable definition of multiplicity) a positive cycle of dimension d 
and degree m, then this parametrization induces an everywhere single-valued 
analytic transformation of W into M(V;d,m). In case this last transforma- 
tion is a holomorphic transformation of W into V, then | Z| is said to be 
regularly parametrized by W. It is easily seen that if W is a manifold (i.e. 
a variety without multiple points), then the parametrization is always regular. 
If|Z,| and |Z. | are two analytic systems of positive cycles of the same dimen- 
sion d and of degrees m, and mz respectively, both parametrized by the same 


analytic variety W, then the difference system | Z, —Z-', consisting of all 


° W. L. Chow and B. L. van der Waerden, “ Zur algebraischen Geometrie. IX. Ueber 
zugeordnete Formen und algebraische Systeme von algebraischen Mannigfaltigkeiten.” 
Mathematische Annalen, Band 113 (1937), pp. 692-704; see also B. L. van der Waerden, 
Einfuehrung in die algebraische Geometrie, $$ 36-7, pp. 153-162. More precisely. it is 
proved there that there is an algebraic correspondence (which is in general reducible 

between M(V:d.m) and V such that to each point of M(V:d,m) there corresponds 
under this correspondence a positive cycle of dimension d and degree m in V, the multi- 
components of the cycle being determined by the associated form corre- 
sponding to the point in M(V:d,m), and that in this way all positive cycles of dimen- 
sion d and degree m in V can be obtained. This is what is meant by the statement that 
the positive cycles of dimension d and degree m in V are represented by the points of 


plicities of the 


M(V:d,m) in a one-to-one and algebraic manner. 

*° We shall use in this section some of the concepts developed in our paper, ~ On 
complex analytic varieties,” to appear soon in this Journal. We refer to that paper 
for the definition of a complex analytic variety in abstracto and the definition of a 
holomorphic function on such a variety. We mention here that a closed analytic 
correspondence of an analytic variety W into an analytic variety V is defined by a 
closed analytic subvariety in the product variety W x V, and that such a correspondence 
is called an everywhere single-valued analytic transformation, if to each point nm W 


77) 


corresponds exactly one point in V. A single-valued analytic transformation of W into 
V is said to be a holomorphic transformation, if every holomorphic function on FV is 
carried by the inverse transformation into a holomorphic function on W. 


| 
© 


898 WEI-LIANG CHOW. 


cycles Z, — Z, as the common parameter runs through the variety W, is said 
to be an analytic system of cycles of dimension d and degree m = m, — m,, 
and W is its parameter variety. The parametrization of | Z,—Z.| by W is 
said to be regular, if both | Z,| and | Z,| are regularly parametrized by W. 

Suppose we have a mapping f(Z), which assign to each element of an 
aggregate {Z} of cycles of a given dimension d in V a point in an analytic 
variety U. We shall say that this mapping f(Z) is analytic, if for any 
analytic system of cycles in {Z} parametrized by an analytic variety W, the 
mapping f(Z) induces an (everywhere single-valued) analytic transformation 
of W into U. The mapping f(Z) is said to be holomorphic (or regularly 
analytic) if this induced transformation is holomorphic whenever W is a 
regular parametrization of the analytic system. Assume that U is an Abelian 
variety and that the mapping f(Z) is a homomorphism of a subgroup {Z} 
of the group of all cycles of dimension d in V into U; then the mapping f(Z) 
is essentially determined by the mapping of the positive cycles in {Z}. It is 
then easily seen that the mapping f(Z) is holomorphic, if for the positive 
cycles of degree m in {Z} (for any m) the mapping f(Z) is the product of 
the canonical mapping of Z into M(V;d,m) and a holomorphic trans- 
formation of a subvariety of M(V;d,m) into U. 

Let Y be an algebraic subvariety of dimension r—d in V (r being the 
dimension of V) which is the intersection of V with a linear subspace L of 
the proper dimension in the ambient space, and let {Z} be the aggregate of 
all positive cycles of dimension d and degree m in V which has a proper 
intersection with Y. Let f(Z) be the mapping of {Z} in M(Y;0,m) which 
is the product of the mapping Z > Z- Y and the canonical mapping of Z- Y 
into M(Y; 0, m); then f(Z) is a holomorphic mapping. In fact, the mapping 
Z—Z-Y induces a mapping f of an open subset** in M(V;d,m) into 


11 This subset is not only open in the sense of the ordinary topology, but also in the 
sense of the topology where the closed subsets are the (reducible or irreducible) alge- 
braic subvarieties. To show this, we recall the fact that if F(w,u™,. ..,u) is the 
associated form of a positive cycle Z of dimension d and degree m and if v = (vs, 
v,,. ++, 0,),+=0,1,- --,d, are the hyperplane coordinates of any d + 1 hyper- 
planes in the ambient projective space, then we have F(v,v™,...,0) =0 if and 
oniy if these d+ 1 hyperplanes have a common intersection point with Z. See, e.g., 
B. L. van der Waerden, loc. cit., p. 157. Now, if we let v®,. - -,v be the hyperplane 
coordinates of any d hyperplane whose intersection is the linear subspace L, then 


F(u®,vo™,- --,0) will vanish identically in the variables u if and only if the 
cycle Z does not intersect ZL and hence also Y properly. The condition that F(u®, 
v™,- + -+,v@) vanishes identically in the variables u can obviously be expressed as 


a system of homogeneous algebraic equations in the coefficients of the form F(u, 
u®,. ..,u@), which are the coordinates of the point in M(V;d,m) representing the 
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M(Y;0, m) ; and since f(Z) is evidently the product of the canonical mapping 
of Z ‘into M(V;d,m) and f’, it is sufficient to show that this mapping f’ 
is a holomorphic transformation. Now, the coordinates of the point in 
M(V;d,m) representing a cycle Z are the coefficients of the associated form 
of Z, and the associated form of Z-Y can be obtained by substituting for 
certain sets of variables in the associated form of Z the coefficients of the 
linear equations defining the linear subspace LZ. Furthermore, by a well 
known property of the associated form mentioned in footnote 11, the so 
obtained associated form of Z-Y cannot vanish identically so long as Z 
intersects Y properly. As the coefficients of the associated form of Z- Y are 
the coordinates of the point in M(Y;0,m) representing Z-Y, it follows 
that the mapping f’ is a holomorphic transformation. 


8. Dual pairing of complex tori. Following Weil we shall introduce 
the concept of duality between complex tori of a given dimension; a dual pair 
of complex tori is characterized by the properties that the one is the character 
group of the fundamental group of the other and that the automorphism of 
the covering group of the one corresponding to the multiplication by Y—1 
induces the same automorphism of the covering group of the other. We can 
describe this concept in non-invariant terms as follows. Let S be the complex 
vector space of dimension p, and let a coordinate system be chosen as that 
a vector in S is represented by a point (z) = (2:,- - -,2%p) in the p-dimen- 
sional complex number space. Let $8 be a (2p, p)-matrix whose rows represent 
2p real-linearly independent vectors, and let [9%] be the subgroup of 9 
generated by these 2p vectors. Then the quotient group U —S/[] is a 
complex torus of dimension p. Let 8’ be another complex vector space of 
dimension p, and let a coordinate system be chosen so that a vector in 9’ 
is also represented by a point (2’) = (71,---+,2 ) in the p-dimensional 
complex number space. We shall consider S’ to be invariantly associated 
with S in such a way that if S undergoes a coordinate transformation 
(z) (z)&, then 8’ undergoes the coordinate transformation (2’) 
Let $8’ be the (2p, p)-matrix such that (#’f’)*(®PB) —1; then the quotient 
group U’ = 8’/[$’] is a complex torus of dimension p which is invariantly 
associated with U and which can be considered as the character group of [}°] 
by assigning to each point in U’, represented by a point (z’) mod. [{%’], the 
character 


(1) 2(2’)*(z) + 2(2’)*(2) (mod. 1) 


cycle Z; it follows then that the set of all points in M(V;d,m) which represents cycles 
having improper intersections with Y is an (in general reducible) algebraic subvariety 
in M(V;d,m). 
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for all points (z) in [8]. It is clear that this relation between U and U’ 
is mutual; they are called the dual of each other, and we shall say that they 
are dually paired by the form (1). 

The duality between U and U’ can be extended to the (closed, connected) 
analytic subgroups and the corresponding factor groups, which are also all 
complex tori. Let U, be an analytic subgroup of dimension p— q in U;; then 
the component of the trace of U, in S which contains the zero vector is also 
an analytic subgroup and hence must be a linear subspace S, of dimension 
p—gq, so that we have Up = [$8] and hence U, is a complex torus. 
Without any loss of generality, we can assume the coordinate system of S so 
chosen that S, is the subspace defined by 2; =- - -=—2,—0; let S, be the 
subspace defined by Similarly, let 8’, be the subspace 
of S’ defined by 2’; =- - -=—2, =0, and let S’, be the subspace defined by 
The fact that is a compact manifold 
implies that the group SoN[$] contains 2p — 2q real-linearly independent 
vectors ; hence, by a well known property of Abelian groups, it must possess a 
base which can be extended to a base of [$8]. By a change of base of [8] 
if necessary (which corresponds to the multiplication of % by a unimodular 
integral matrix on the left), we can therefore assume that the last 2p — 2q 
rows of % constitute a base of S,M[%]. The matrix $ will then have the 


* 
f 
orm 


matrix 98’ will have the form iy 


) , so that we have S,M [¥%] = [Bo], and the corresponding 
. The relation (¥’R’)‘RR) 
implies then the relations + =1 and Bo PR’ Bo =1; 
this shows that the rows of each of the matrices $1, %’o, 98’, are also real- 
linearly independent and hence the groups U,; 8,/[$1], U’o = 8’o/[Po], 
U’, = 8’,/[$’1] are all complex tori (of dimensions q, g — p, q respectively). 
Furthermore, these relations show that both Uy, U’, and U,, U’, can be made 
into dual pairs, if we define the character relations in each pair by the same 
form (1) as restricted to the pairs of subspaces Sp, 8’) and S,, 8’, respectively. 
The fact that the rows of $8’) are real-linearly independent shows that 
8S’, = and hence U’, = 8’,/S’,; N [9’] can be considered as an 
analytic subgroup of U’. It is also clear that U, is isomorphic to the factor 
group U/U, and U’, is isomorphic to the factor group U’/U’,, so that we can 
set U, = U/U, and U’, =U’/U’, and thus obtain the dual pairs Uo, U’/U’; 
and U/U», U’;. Finally, we observe that U’;, considered as a subgroup of 
the character group U’ of [8], is precisely the annihilator of [%.], and hence 
can be considered as the character group of [$%]/[%.] under the canonical 
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homomorphism of [¥%] onto [%]/[$o]; and that if we identify [$]/[Po] 
with [81] by projecting S$ onto the subspace S,, then for each element in U’, 
represented by a point (2’) mod. [8’,], this induced character is defined by 
the form (1) for all (z) in [$%,]. Thus the dual pairing of U/U, and U’, 
is an analytic extension of the well known group-theoretic pairing of [$]/[#Po] 
and U’;, and we shall express this fact by saying that the dual pairing of 
U/U, and U’, is subordinate to the given dual pairing of U and U’. Similarly, 
the dual pairing of U, and U’/U’, if of course also subordinate to the dual 
pairing of U and U’. 

A complex torus U is said to be an Abelian variety, if U is an algebraic 
variety, i.e., more precisely, if there is a one-to-one bi-holomorphic trans- 
formation of U onto an algebraic variety in some projective space. It follows 
from this definition and the theorem ® quoted in section 1 that any analytic 
subgroup U, in an Abelian variety U is also an Abelian variety. Furthermore, 
it is known from the theory of Riemann matrices that the dual of an Abelian 
variety is also an Abelian variety; it follows then from this and the above 
paragraph that also the factor group U/U, is an Abelian variety.** 


4, The Jacobian varieties. We shall give in this section a brief resumé 
of some properties of the Jacobian varieties which will be useful to us later. 
Let C be a non-singular algebraic curve of genus p. Let (a) = 2p) 
be a base of its first Betti group @(C), and let I be the intersection matrix 
of this base. Let (f®) = (f1,-- +, f®p) be a system of p independent 
Abelian integrals of the first kind on C, and let Q be the (2p, p)-matrix whose 


i-th row is the vector (f f The complex torus J = S/[Q] 
ai at 


is called the Jacobian variety of C, and the dual complex torus J’ = 8’/[’] 
is called the dual Jacobian variety of C; it is known that J is an Abelian 
variety and that J’ is isomorphic to J and hence is also an Abelian variety. 
In fact, if we set It = ‘O7,10, then we will have from the known properties 


12Tt can be shown by the method of associated forms that the factor group U/U, 


of an Abelian variety U over an Abelian subvariety (or a finite subgroup) U, is also an 
Abelian variety. More precisely, we have the following theorem: Let T be a homo- 
morphism of an Abelian variety U into an Abelian variety U’, and let K be a field over 
which U, U’ and T are all defined; then the kernel U, of 7 is a rational cycle over K 
and the factor group U/U, is an Abelian variety which can be represented by an alge- 
braic variety defined over K; furthermore, the homomorphism T induces then an iso- 
morphism of the so represented Abelian variety U/U, into U’, which is also defined 
over K. The proof of this theorem will be given in our forthcoming paper mentioned 


in section 1. 
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of the Riemann matrix 0 the relation J,712 = 0’N; this shows that the linear 
transformation (z) = (2’)9 of S’ onto § induces an isomorphism of J’ onto 
J, which we shall denote by NV. 

Let x be any fixed point in C; then for any point z in C the mapping 


f(a) — fe) (moa. 


is a holomorphic transformation of C into J, which can be extended to any 
0-cycle Z = = na; in C by the stipulation f(Z) = 3 f(z). This mapping 
f(Z) is holomorphic. To show this we can without any loss of generality 
restrict ourselves to the case where Z is a positive 0-cycle of a given degree 
m in C. Then the corresponding variety M(C;0,m) is simply the m-th 
symmetric product of the curve ( and hence is a non-singular algebraic 
variety.*> The mapping f(Z) induces an everywhere single-valued analytic 
transformation of M(C;0,m) into J, which on account of the non-singular 
nature of M(C;0,m) must be a holomorphic transformation. As f(Z) is 
evidently the product of the canonical mapping of Z into M(C;0,m) and 
this last holomorphic transformation, our assertion is therefore proved. 
Let {¥ be the Abelian integral of the third kind on C which has the 
0-cycle  — 2, as its residue divisor and whose periods are all pure imaginary. 
We can then define a character of @(C) by assigning to each element @ in 


@(C) the real number aos. W(mod.1). If we identify B(C) with 
a 


2p 
[Q] by means of the isomorphic mapping >} ma;—> (m)Q, then this character 
i=1 


is represented by a point g(x) in J’. In fact, we have the formula 


12) — (mod. [0"]), 


and this mapping wis of C into J’ can be extended to any 0-cycle Z = & nj; 
in C by the stipulation g(Z)—Xnig(2). It is clear that g(Z) —0 
(mod. [’]) if and only if Z is a principal divisor, so that g(Z) induces aii 
isomorphic mapping of 9.(C)/9:(C) into J’. Furthermore, this mapping 
g(Z) is also holo:.orphic. In fact, let f,---, fdep be the harmonic 
integrals on C corresponding to the topological 1-cycles @,,- - -, Gp» respec- 
tively, and let Mt be a (p, 2p)-matrix such that 


8See B. L. van der Waerden, “Divisorklassen in algebraischen Funktionen- 
koerpern,” Commentarii Mathematici Helvetici, vol. 20 (1947), pp. 68-109, § 13. 
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Then we have 


ws 


this shows that g(x) = N-*f(x), which proves our assertion. Thus in the 
isomorphism N of J’ onto J, the mapping g(x) is carried over into the 
mapping f(z); this shows that these two mappings are essentially the same, 
being given here two different interpretations as mappings into a pair of dual 
Abelian varieties. 


5. The Picard varieties. Let V be a non-singular algebraic variety 
of dimension r embedded in a projective space, and let C be a non-singular 
algebraic curve in V such that any topological 1-cycle in V is homologous to 
a topological 1-cycle in C. Such a curve C certainly exists; we can take, 
for example, the intersection of V with a sufficiently general linear subspace 
of the complementary dimension in the ambient space of V.** If 2q is the 
rank of the first Betti group @(V) of V, then there exist (according to a 
theorem of Hodge) exactly q independent Abelian integrals of the first kind 
+, in V. Let (y) = (y1,° be a base of B(V), and let 


Q, be the (2g, q)-matrix whose i-th row is the vector cf f ®,). 


Since the rows of ©, are real-linearly independent, the quotient group 8,/[Q,] 
is a complex torus of dimension g, which we shall call the Albanese variety 
A attached to V. The dual complex torus P of A is then called the Picard 
variety attached to V. Let 2» be any fixed point in V, which we shall assume 
for the sake of convenience to be also a point in C and take as the reference 


**That such an intersection has the indicated property is usually given a very 
sketchy proof in the literature.. For a more detailed treatment, see W. L. Chow, “On 
the fundamental group of an algebraic variety,” American Journal of Mathematics, 
vol. 74 (1952), pp. 726-736, Theorem 1. 
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point in the definition of the mappings f(z) and g(x) in the previous section; 
then, for any point z in V the mapping 


F(a) (mod. [2,]) 


is a holomorphic transformation of V into A, which can be extended to any 
0-cycle Z =X na; in V by the stipulation F(Z) =X nF (x). It is easily 
seen that F(Z) is an analytic mapping of the 0-cycles in V into A; however, 
in contrast to the case of a curve, we do not know whether this mapping is 
also holomorphic. 

The inclusion mapping of C into V induces a homomorphism L of @(C) 
into 8(V), which can be expressed by the relation («) = (y)& on V, where 
% is an integral (2q9,2p)-matrix. The assumption that every topological 
1-cycle in V is homologous to a topological 1-cycle in C implies that this 
homomorphism JL is onto, i.e. there exixsts an integral (2p,’2q)-matrix Y 
such that 22’—1. Since the integrals (@,,---, f@, are also Abelian 
integrals of the first kind on the curve C, there exists a (p, g)-matrix T such 
that the relation (f@) = (f#)& holds on the curve C. Integrating both 
sides over the base («), we obtain the equation *2Q,—O and hence the 
equation 2, = ‘OX; we have then the equation [OT] — [0,] and hence 
the mapping (z) > (z) induces a homomorphism 7 of J onto A. The 
kernel J) of T is an analytic subgroup of dimension p—qg in J; further- 
more, if we denote by S, the linear subspace of dimension p — gq in S defined 
by the equation (z) = 0, then we have evidently Jp = S,)/SoN[Q] and hence 
J, is an Abelian variety. The homomorphism 7 induces an isomorphism 
of the factor group J/J) onto A, which we shall also denote by 7’; since 
J/Jo is an Abelian variety, it follows that A and consequently also P are 
Abelian varieties. Let the subgroup J’, in J’ be the annihilator of 8, [9]; 
we have shown before that J’; is the dual of J/J, and that the dual pairing 
of J/J, and J’; is subordinate to the dual pairing of J and J’. The isomor- 


phism 7 of J/J» onto A then induces an isomorphism T’ of P onto J’,, such i 


that the dual pairing of A and P is carried by these isomorphisms into the 
dual pairing of and J’;. 
Let D be a divisor in V which is homologous to zero. According to the 


Weil’s generalization of a theorem of Lefschetz,1> there exists an Abelian | 


integral fW of the third kind on V with D as its residue divisor. Adding a 
linear combination of the Abelian integrals of the first kind if necessary, 


15 A. Weil, “Sur la théorie des formes différentielles attachées & une variété : 
analytique complexe,” Commentarii Mathematici Helvetici, vol. 20 (1947), pp. 110-116. a 
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we can assume that the periods of fW are all pure imaginary; then the integral 
W is uniquely determined by the divisor D up to an additive constant. We 
can then define a character of B(V) by assigning to each element y in B(V) 


1 
the real number (mod.1). If we identify with [0,] 
— 

2q 
by means of the isomorphic mapping } ma4,— (m)Q,, then this character 

i=1 
is represented by a point G(D) in P. Thus we have a homomorphism G(D) 
of the group 4,(V) of all divisors in V which are homologous to zero, into 


the Abelian variety P. By considering the multiplicative function exp ( f v) 


on V, it can be easily seen that the kernel of this homomorphism is precisely 
the group 9:(V), so that G(D) induces an isomorphism of 91.(V)/9:(V) 
into P. We shall show that this mapping G(D) is holomorphic. We observe 
first that if the intersection 0-cycle C: D is defined, then the integral f¥ can 
also be considered as an integral of the third kind on the curve C with C-D 
as its residue ; and as such it defines a character of @(C) which is the same as 
that induced by the corresponding character of @(V) under the homomorphism 
L of B(C) onto B(V). We have then the equation G(D) =T’*g(C-D); 
we observe here that the mapping 7’*g(C-D) is defined for any divisor D 
(not necessarily homologous to zero) such that C-D is defined. Now, let 
D(w) = D,(w) — D.(w) be an analytic system of divisors in V, (regularly) 
parametrized by an analytic variety W, where D,(w) and D,(w) are positive 
divisors such that D,(w) ~ D.(w) for all w. If wo is any point in W, we can 
choose the curve C such that the intersection 0-cycle C- D(w,) is defined ; 
then the intersection 0-cycle C-D(w) is defined for all points w in a 
sufficiently small neighborhood of wo. Furthermore, we can assume that C 
is the intersection of V with a suitably chosen linear subspace in the ambient 


space. Then we have the equation 
G(D(w)) = T’*g(C D(w)) = T'g(C Di(w)) — (C D2(w)) 


for all points w in a neighborhood of wo. The mapping T’*9(C-D,(w)) is 
obviously the product of the canonical mapping of D,(w) into M(V; r—1, m) 
(m being the degree of D,(w)), the holomorphic transformation of 
M(V;r—1,m) into M(C;0,m) induced by the mapping D—>C-D (see 
the last paragraph of section 1), the holomorphic transformation of 
M(C;0,m) into J’ induced by g(Z), and the isomorphism T’* of J’, onto 
P; it follows then that 7’-*g(C- D,(w)) is an analytic (holomorphic) trans- 
formation of a neighborhood of w, into P, and similarly also T’-*g(C - D,(w) ) 
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is an analytic (holomorphic) transformation. Thus we have shown that 
G(D(w)) is an analytic (holomorphic) transformation of a neighborhood of 
w, into P; and since wy is any point in W, it follows that G(D(w)) is an 
analytic (holomorphic) transformation of W into P. This proves our 
assertion. 

In order to complete the proof of Igusa’s duality theorem, it only 
remains to show that 9,(V) —§.(V) and that the mapping G(D) of 
%,(V) into P is onto. Since ¥,(V) is a subgroup of 9,(V), both assertions 
will follow if we show that G(D) maps the group §.(V) onto P; and this 
can be done by the construction of the so-called Poincaré family of divisors, 
However, we shall construct in the next section an analytic system of divisors 
which represents the group $,.(V)/%.(V) in a more precise manner. 


6. Representative system of divisors. We begin by observing (what 
we have implicitly assumed up to now) that the field & of all complex 
numbers is the universal domain, in the sense of Weil,’* of tiie algebraic 
geometry we are concerned with here. We shall assume that the Abelian 
variety A is represented by an arbitrarily chosen, but fixed non-singular 
algebraic variety in some projective space; it follows then that the mapping 
F(x) of V into A is a rational transformation, defined (in the sense of Weil) 


for all points of V. Let K be a field (i.e¢., in the terminology of Weil, a 
subfield of & such that & has infinite degree of transcendency over K) over 
which the algebraic varieties V and A, as well as the rational transformation 
F(x) and the group composition in A, are all defined; furthermore, we shall 
assume that the point 2x», the reference point in the definition of F(z), is 
rational over K. We can, in fact, take K to be a finitely generated extension 
of the rational field. Consider an (r—1)-dimensional linear system | C | 
of curves on V, which is cut out on V by a system of linear subspaces in the 
ambient space; by choosing the system of linear subspaces in a suitable 
manner we can assume that the system | C| has the following properties: 
(1) the system | C'| is defined over K, i.e. the associated variety W of | C| 
in M(V;1,m), m being the degree of | C|, is defined over K; for any 
point w in W, we shall denote by C(w) the curve of the system corresponding 
to it; (2) the point z, is a base point of | C |, and a generic point of V over 
K is contained in exactly one curve of the system |C|; (3) for any generic 
point u of W over K, the curve C(u) is a non-singular curve, whose genus 


16 A. Weil, Foundations of Algebraic Geometry, American Mathematical Society 
Colloguium Publication no. 29 (1946). We shall use in this section the algebraic- 
geometric concepts and terminology developed in this book. 


| 


| 

| 

| 

( 

( 

\ 


907 


ON PICARD VARIETIES. 


will be denoted by p. According to the theorem cited in footnote 14, the 
curve C(w) will have the property (stated at the beginning of section 5) 
that every topological 1-cycle in V is homologous to a topological 1-cycle in 
((u). We can therefore apply the results of sections 4 and 5 to the curve 
C(u); let J(w) be the Jacobian variety of C(w) and let T, be the homo- 
morphism of J(u) onto A defined in section 5. Since C(u) is defined over 
K(u), it follows from a result proved elsewhere *’ that we can consider J(u) 
as represented by a non-singular algebraic variety, such that both the variety 
J(u) as well as the group composition in J(u) are defined over K(u). 
Moreover, since the point 2» is a rational divisor of degree 1 in C(w) over 
K(u), the “canonical mapping” f, of C(w) into J(u), defined with 2 as 
the reference point, is also a rational transformation defined over K(w). 
Then the homomorphism T, is a rational transformation of J(u) onto A; 
we maintain that it is also defined over K(u). In fact, the rational trans- 
formation /’(x) of V into A induces a rational transformation of C(u) into 
A, which is evidently defined over K(u). Since A is an Abelian variety, 
this rational transformation has a uniquely determined linear extension,** 
which is a rational transformation of J(u) into A, also defined over K (wu) ; 
and it can be easily seen, in view of our choice of the reference point x, for 
both F(x) and f,, that this rational transformation is precisely the homo- 
morphism 

The fact that 7, is defined over K(w) is the basis for the construction 
of what is usually called the Poincaré family of divisors,!® which is “ generi- 
cally ” parametrized by A. Though this family does contain a representative 
for each element in §,(V)/%i(V), it has the disadvantage that this repre- 
sentative is in general not uniquely determined, even for a “ generic ” element 
in §,.(V)/%.(V), there being a finite number of them in the family; this 
is due to the fact that A can be represented as a factor group J(u) /Jo(u) 
of J(u), but not necessarily as a subgroup of J(u). In order to get a 
“generally ” one-to-one representative system of divisors for 9.(V)/&.(V), 
we shall show that the isomorphism 7”, of P into J’(w), as defined in 
section 5, is also defined over K(w), provided we represent both P and J’(u) 


by suitably chosen algebraic varieties. In fact, since J(w) and J’(w) are 


** See the paper cited in footnote 6. 
*8 See A. Weil, Variétés abéliennes et courbes algébricues, p. 77, Théoréme 21. 

7° We have in mind here the method of construction due to F. Enriques, assuming 
the existence of q independent Abelian integrals of the first kind in V. See O. Zariski, 
Algebraic Surfaces, Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 3, no. 5 
(1935), p. 123 and the references cited there. 
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isomorphic, we can represent both of them by the same algebraic variety 
and thus identify J’(uw) with J(u) by means of the isomorphism WN defined 
in section 4; we can then consider J’;(w) as an Abelian subvariety of J(u) 
and we have evidently g,—/f,. The construction of the algebraic variety 
representing P will be given in course of the proof below; we shall see that 
the so represented variety P is defined over K.”° 

Let X be a cycle of dimension g in J(u), rational over K(w) ; then for 
a generic point v of A over K(u), the intersection X-7,-*(v) is a rational 
0-cycle over K(u,v). If for any 0-cycle Z in an Abelian variety we denote 
(with Weil **) by 6(Z) the element in the Abelian variety which is the sum 
of all points in Z, each point being added or subtracted as often as its (positive 
or negative) multiplicity indicates, then the point 6(X-7,*(v)) in J(u) 
is rational over K(u,v); hence, the mapping v>6(X-T,7(v)) is a 
rational transformation of A into J(u), defined over K(u). The mapping 
Hy: G(X -T,7(v)) —S(X- is then a homomorphism of 4 
into J(u), defined over K(u), and hence the image H,(A) is an Abelian 
subvariety in J(w), also defined over K(u). It is clear that if s is the degree 
of the 0-cycle X-T,-*(v), then we have the equation T,H,(v) = S(sv); 
this shows that H,(A) has the dimension g, and that the kernel A, of H, 
is a finite subgroup of A and hence is a positive 0-cycle, rational over K(u). 
Since the Abelian variety A is defined over K, the positive 0-cycle Ao, being 
a finite subgroup in A, must be algebraic over K; and as K(w) is a regular 
extension of K, it follows that A, is rational over K(u)QK —K. According 
to the theorem cited in footnote 12, the factor group A/A, is then an Abelian 
variety which can be represented by a non-singular algebraic variety, defined 
over K, and the homomorphism H, of A into J(u) induces an isomorphism 
T’, of A/Ay into J(u), which is also defined over K(u). We shall now show 
that 7’,(A/Ao) =J’;(u), so that A/A, is isomorphic to P and hence can be 
taken as a representative algebraic variety of P. In order to prove this, we 
only need to show that for a generic point y of A/Ay over K(u), there exists a 
divisor D(y) in G.(V) such that f,(D(y) -C(u)) =T’u(y). We recall that 
M(C;0,p) is a non-singular (irreducible) algebraic variety of dimension f, 
defined over K; in fact, it is the symmetric p-th product of the curve C(u). 


*° The first part of the proof below, namely the construction of the Abelian variety 


H,(A), is essentially the same as Castelnuovo’s proof for Poincaré’s “ complete reduci- q 


bility theorem.” See G. Castelnuovo, “Sugli integrali semplici appartenenti ad una 
superficie irregolare,” Rend. della R. Accad. dei Lincei, ser. V, vol. XIV (1905) ; com- 
pare also A. Weil, loc. cit., p. 94, Théoréme 26. 

1A. Weil, loc. cit., p. 28. 
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The mapping f, of the cycles in C(w) into J(u) induces a birational trans- 
formation h, of M(C;0,p) onto J(u), defined over K(u); hence, since 
T’,(y) is a generic point of 7’,(A/Ao) over K(u), the inverse image 
hy*(T’u(y)) is a rational point of M(C;0,p) over K(u,y) and represents 
a positive 0-cycle Z(u, y) of degree p in C(u), which is rational over K (u, y). 
Over the field K(y), the mapping w—>Z(u,y) defines an algebraic corre- 
spondence of W into V, and it is easily seen that the projection of this 
correspondence in V is a positive divisor Z(y) in V, rational over K(y), 
whose intersection with C(w) is precisely Z(u, y), apart from a possible fixed 
component Z). Let Z(0) be a specialization of Z(y) over the specialization 
y—0 over K, such that C(u) -2(0) = pa, + Z); if K’ is an extension of K 
over which the divisor Z(0) is rational, then D(y) =Z(y) —Z(0) is a 
divisor in such that 


fu(D(y) = fu(Z(y) — fu(Z (0) C(u)) 
= fu(Z(u, y)) — fu( pro) 
= fu(hu*(T’u(y))) — fu(pto) = T’u(y)- 


This proves our assertion. 


l 
’ If we now identify P with A/Ao, then the divisor D(y) will generate 
g an analytic system of divisors in 9,(V), “ generically ” parametrized by P 


in the sense that P is the parameter variety of this system for all generic points 
of P over K’; furthermore, if D(yo) is any specialization of D(y) over any 
F specialization y—> yo over K’, then we have G(D(yo)) = yo. However, this 
system gives a one-to-one representation of the group 9.(V)/91(V) only 
“jin general,” since it is possible that for some special point y, in P there 


exist more than one specializations of D(y) over the specialization y > yy 


over K’, 


Finally, going over once more the arguments in this section, it will be 


readily seen that we have in fact proved the following result: If H is a 


homomorphism of any Abelian variety B into J(w) and if B is defined over 
K and H is defined over K(u), then H(B) is contained in J’,(u). Thus 
we can characterize the Picard variety P as the “largest Abelian subvariety ” 


in J(w) which is defined over K. As mentioned in section 1, this result is 


part of a purely algebraic theory of Picard varieties for algebraic varieties 


over an arbitrary ground field, which will be developed in a forthcoming paper. 


THE JoHNsS HopkKINs UNIVERSITY. 


ty 
ed 
ty 
at 
or 
al 
te 
mn 
a | 
1g 
Af 
in 
pp 
iT 
d 
] 
| 
e 
| 
| 


ON k-FOLD IRREDUCIBILITY OF MAPPINGS.* 


By G. T. WHYBURN. 


1. Introduction. In an earlier paper [1] it was shown by the author 
that a mapping f(A) —B on a compact set A is (strongly) irreducible if 
and only if the points z in A satisfying x = f“f(z) are dense in A. In this 
paper a similar characterization of the property of being irreducibly k-fold 
will be established. As in the earlier theorem, the proof can be made to 
hinge on the upper semi-continuity of a strategically defined diameter function. 

A mapping f(A) —B is said to be irreducibly k-fold, k a positive 
integer, on a closed set X in A provided that for each ye B, X- f(y) 
contains at least k points but if X’ is any closed proper subset of X, then 
X’-f*(y) contains less than & points for at least one ye B. For k=1 
this is identical with ordinary irreducibility in the strong sense as referred 
to above. In what follows we shall assume that all spaces used are separable 
and metric. For any set Z, and positive number r, V,(Z) will denote the 
r-neighborhood of Z, i.e., the set of all points of the space at a distance <r 
from the set Z. 


2. The function e,(x). For any set A in a metric space and any 
positive integer k, let us define e,(A) —g.1.b. [max 8(A;)] for all decom- 


k 
positions A = > A; of A into & non-empty subsets A;. It will be noted at 
i 


once that a set A is of power =k if and only if e,(A) 0. Also we 
remark that if & were allowed to assume the values » (arbitrary finite number) 
and §S) we would have e,(A) =O for all totally bounded sets A and, in a 
separable space, ex,(4) =O for all sets A. 

A mapping f(X) —Y is said to generate an upper semi-continuous 
decomposition of X provided the decomposition of X into the sets [f-'(y) ], 
ye Y is upper semi-continuous [2], i.e., the union of all sets of this collec- 


tion contained in any open set in X is an open set in Y. 


THEOREM. If the mapping f(X)—Y generates an upper semi-con- 
tinuous decomposition of X, the function e;,(r) =ex[f f(r) ], xe X, is upper 
semi-continuous. 


* Received April 21, 1952. 
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Proof. Let N be any real number and let U be the set of all xe X for 
which e,(z) < N. We have to show that N is open. To that end let ze U. 
If 3d = N — ex (x) there exists a decomposition 


k 


A=f f(r) = 2A, 


1 


k 
with 8(4;) N—2d for i—1,---,k. This gives Vg(A) > Va(Ai) 
1 


with 8[Ve(A;) < 8(Ai) + 2d < N, for i—1,---,k. Now by hypothesis 
the union V of all sets f*(y), ye Y, contained in Va(A) is open. Further, 
any such set admits the decomposition 


with 8[f*(y) -Va(Ai)] << N, += 1,2,---,k, so that e.(v) << for all 
ve V. Accordingly U is open because re VCU. 


8. Characterization of k-fold irreducibility. A mapping f(X) —Y 
is at least k-fold provided f-*(y) contains at least k points for each ye Y. 


THEOREM. If X is compact, an at least k-fold mapping f(X) —Y is 
irreducibly k-fold on X tf and only if the set of all re X such that ff (zr) 
consists of exactly k-points is dense in X. 


Proof. If the latter condition is satisfied, then for any closed proper 
subset X’ of X, X — X’ would contain a point z for which f“f(z) consists 
of just & points and thus so that f*(z) has at most k—1 points in YX’. 
Hence f is irreducibly k-fold on X. 


On the other hand suppose f is irreducibly k-fold on X. Let « be any 
positive number and let U be any open set in X of diameter <<. Then since 
f fails to be at least k-fold on X — U, there exists a ye Y such that X —U 
contains at most k —1 points of f-(y) and thus such that f"(y) is contained 
in U plus the union of k—1 additional points of X. Thus f“(y) admits 
a decomposition into k sets each of diameter < so that e,(z) < for each 
zef*(y). Thus any open set U contains a point for which e,(z) <«. By 
the upper semi-continuity of e,(x) established in §2 and the compactness 
of XY, it follows that the set of zeros of e;,(z) is dense in X; and it has already 
been noted that the zeros of e,(z) are precisely the points z for which ff (zx) 
consists of exactly & points. 
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4, Existence theorem. In general, for a mapping the property of being 
at least k-fold on a set is not inducible for k >1. Hence the standard pro- 
cedure, based on the Brouwer Reduction Theorem, for showing the existence 
of a set on which a property is present irreducibly is not available for k >1 
although it yields the expected result in case k==1. However for finite-to-one 
mappings this procedure does apply as will now be shown. 


Lema. For finite-to-one mappings the property of being at least k-fold 


on a set is inducible. 


For let f(X) = Y be a finite-to-one mapping and let AyD A,DA;D--: : 
be a monotone decreasing sequence of non-empty compact sets in X on each 
of which f is at least k-fold and let A be their intersection. If for some ye Y, 
A-f*(y) contained <k points, then since f*(y) contains only a finite 
number of points and any point of f-*(y) not in A would fail to be in A, for 
some n, then for n sufficiently large A,-f*(y) would contain less than | 
points. As this contradicts our supposition, the lemma is proven. 

The Brouwer Reduction Theorem now yields at once the following 


THeorEM. If X ts compact and f(X) =Y 1s any at least k-fold finite- 
to-one mapping, there exists a closed subset A of X on which f is an trreducibly 


k-fold mapping onto Y. 


For mappings which are not finite to one the existence question requires 
further study and it is proposed to deal with this in a later paper. 


UNIVERSTY OF VIRGINIA. 
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REPRESENTATIONS OF PRIMES BY QUADRATIC FORMS.* 


| 
yne 


By N. C. ANKENY.* 


id Hecke proved that there exist infinitely many rational primes g such that 
(1) a? + 

ch and 6? =o0(q), as g—>o (cf. [3]). In this paper we shall prove on the 

A assumption of the Extended Riemann Hypothesis (E.R. H.) that there exist 

te infinitely many rational primes q such that 


+0? 


(2) 
and b = O(log q). 


Hecke’s method was the following: let # be any integer in the Gaussian 


- : Field F (F = R(t), where FR consists of the rational numbers). Now define 
y 4 the character x(a, n) = (a/a)*", where n is any rational integer. Define 
L(s,n) =Dx(a, n)/Na’, Re(s) > 1, 
(a) 


where («) runs over all integral ideals in F. These new functions L(s, n) 
define a new type of L-series which have many properties quite similar to 
the Dirichlet L-series. Hecke proved that the Z-series had an Euler product 
and a functional equation. 

Let (P/P) = e*%, where P runs over all prime numbers in F. Then, 
with the ordering of the prime ideals by the norms, Nrr(Pi) S rr( Piss) 


Op,, 


(3) 


are equidistributed (mod 27). From this fact (1) immediately follows. 
In the following we shall go further and prove a refinement of Hecke’s 

results on the assumption of the E.R. H. We shall make use of the work of 

A. Selberg on the zeros of Dirichlet L-series (cf. [6], [7]). 

: We shall state here the two main theorems with regard to the equi- 

: distribution of (3). 


Let | a| be defined as the absolute value of @, where u== «(mod 2z), 


* Received December 11, 1951; revised April 31, 1952. 
1 Prepared under the auspices of the Office of Naval Research. 
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Define f, —f,(0,T,A) =1if | A—6| S(log T)***T+; f, =0 
otherwise, where « > 0 and T > T,(e). 
Let N(P) be the norm from F to R of the ideal P. 


THEOREM I. If P runs over all prime ideals in F, then, for any d, 

> T, A) (log N(P) 

= 1/rT*(log T)*** + 0(T4(log T)***), as T—0. 
Define f. = f2(0, = 1 if | Sc, (log T/T*) ; fz 0 otherwise, where 


¢, is a sufficiently large absolute constant. (This will be determined in 
Section 3.) 


THEOREM II. If P runs over all prime ideals in F, then 


> fe(Or, T) (log N(P) )eX®/T > T4 log T, T 
P 


The result (2) is derived in Section 3 from Theorem II. 


Theorem I and II can be generalized to any quadratic extension of the 
rationals and this will be done in Section 4. The result (2) can also be 
generalized (see Theorem III). 

I would like to thank A. Selberg for suggestions on the presentation of 
this manuscript as well as actual sharpening of certain of the results. 

Sections 1 and 2 contain prelimnary lemmas. Section 3 deals with the 
proofs of Theorems I and II. Section 4 gives an outline of the generalization 
of these results to other quadratic extensions of the rationals. 


1. Define g(z, 81,8.) = g(z) as follows: 


(a) g(x+2r) =g(2), (b) g(—z) = g(z), 
(c) g(r) =1,1+41/8,(8,—z) 


for &S5756,+8, respectively, where 
1/100 > 8. = 8; > 0. Then 


(4) 9 (2) — dy + dy c0s(ne), 

where 

(5) = 8, + Tm = (8,n*)-* (cos n(8; + 82) — cos na,). 
We note that 

(6) 


| an | S5 min(1/(8,n?), 82). 


= 
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LemMaA 1. Jf p runs over all rational primes =1 (mod 4), T 1s a large 
positive integer, then 


Dp 
as where A(p) = log p. 


We shall not prove Lemma 1 as it is a standard theorem on primes in an 
arithmetic progression. Let us note here that, if p is an odd rational prime, 
p=1 (mod 4) holds if and only if p is the norm of a prime ideal in F. 


2. In the following let (a) run over all integral ideals in the Gaussian 
field F. Define x(a, = (a/a)?", where n is any rational integer. Then 
x(%, n) = x(ia, n) = x(— 1a, n) = x(— a, n), so that x(a, depends only 
upon the ideal and upon n. Further, = x(a, )x(8,n). If 
L(s, n) =% x(a, 2) (Nrr(«))-*, Re(s) > 1, then L(s, n) satisfies the following 
conditions : 

(A) L(s,n) = T1(1—x(qn) Re(s)>1, 


where g runs over all prime ideals in F. 
(B) If R(s) = n)T(s + 2n), 


then R(s) is meromorphic in the entire S-plane (actually, regular in the 
entire S-plane if n40), and R(s) = WR(1—s), where |W|—1. (See 
Hecke [2], [3] and [4] for proofs. Also see Landau [5] for a proof.) 

We assume L(s,n) 540, for Res >4 and all n; we shall call this 
assumption the Extended Riemann Hypothesis. 

Let p run over all rational primes which are the norms of prime ideals 
in F (i.e., p=a?-+ b? for some positive rational integers a and 6). Let 
exp(tp) = ((a + bt) (a— 


LemMa 2. If T is a large positive number and a a positive rational 
integer, then 
> (cos A(p)e?/? = log(n + 3)). 
The proof of this lemma will not be given. The proof for Dirichlet 
[-series was given by Ankeny (cf. [1]), and the difference between these 
two types of L-series has no real relevance to the proof. The results of A. 
Selberg on the zeros on the zeros of Dirichlet L-series can be extended to this 
new type of ZL-series, and Selberg’s results were the essential tools for the 
author’s result in [1]. 
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3. We are now in a position to prove Theorems I and II. First, 


(7) (9p, 81, 82) = An COS 
n=0 


where g(z, 8;, 52) was defined in Section 1, and 6, in Section 2. Multiplying 
both sides of (7) by A(p)e*/? and summing over p, we obtain 


(8) I(Gp; 81, 82)A(p)e?/? = ay A(p)e?/? an S(cos nbp) A(p)e-*/7 


n= 


= dy > A(p)e*/T + O( S | an | Tt log(n + 3)), 


n= 


by Lemma 2. Now 


(9) an | log(n + 3) 
= |aq|log(n+3)+  |an| log(n+ 3), 
n> (6162)-1/7 


and by (6) 
=58 ilog(n+3)+5/8, log(n+3)/n? 
n> (6:52)? 
S 208.38, log 1/8,82. 
Hence, substituting (9) into (8), 
(10) 81, 82) A(p) 
Dp 
= + 282) > A(p)-*/7 + O( log 8,82). 

The latter formula will yield the proof of both Theorems I, II and of (2) 


by certain selection of 
If 


(11) = (log 5. = (log T)***/T? 
where ¢« is some arbitrarily small number, then 
9 (9p; 8:1, 82) A(p)e?/? = +- $8:T + 0(8.T) + O(T3(log T)***/**) 
= 1/nrT}(log T)*** + O(T#(log T)*9/**) + 0(T3(iog T)**). 
Let be 1 if |6| = 8, and 0 if 2r-—-8,. Then 
9 (2, 1, 82 —8:) S f(z, 82) S 9 (2, 1, 82) 


and, using the values (11) of 64, &:, 
f1 (9, (log T)***/(T4) )A(p)e?/? T4/(x) (log T)** + 0(T3(log T)***). 


= 
= 
Dp 3 
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Similarly, we could extend the result of f,(0, (log T)***/(T4), A) defined 
in the introduction. This results by merely changing the definition of 
f.(9,8:, 82) by a translation on 6 of length A. We shall leave this modifica- 
tion to the reader. 

We have now completed the proof of Theorem I. To prove Theorem II 
and (2), we proceed as follows: Let f.(0,T) be 1 if |0| < ¢,T-4logT, and 
f2 be 0 otherwise, where c, is a constant that will be chosen later. Then, 
in (10), letting 8; = 8 —c¢.T-4log T and using Lemma 1 


9 (Op; log T, c.T-4 log T) A(p)e*/? = log T + log T), 
p 


If c, = 3c, then 


> Tilog T, if cz is chosen sufficiently large. 


fe(a,T) g(a, coT log T, c.T log T), 


so that 
(12) fe(Op, T)A(p)e?/? = g(O%, coT4 log T, c.T-4 log T) > T* log T. 
Dp Pp 


: From (12) we can deduce (2) provided we can show that 


T) < $7? log T 


p>cs 


To this end, define 
H(U) (9, T)A(p). 


for c, sufficiently large. 


(13) 


We note that f.(7,U) for U=T. Hence, 


if §, —c,T- log T in (10), then 
S 9 (4%, c:T-* log T, log T) A(p) 
= log T A(p)e’Y + O(U4 log T) 
= (3¢,/2r) T+ log T) < c,UT+ log T. 


Hence, by partial summation, 


(15) T)A(p)ee/? — SH — ent), 
T 


which, by (14), is 


T e oT 


C4 


= ¢;(¢, +1)e“T4 log T 


| 

| 

( 
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< 4T*log T if c, is sufficiently large. Hence, by (12), 
(16) > T log T— > log 7. 


Hence there exists a prime q such that gq < c,T and 
(17) | | < T+ log T. 
As 

exp + 10, = ((a+ bt) (a— bt)-*), exp 10g = cos + Og. 
Hence, by (17), for T sufficiently large, 

= sin 0,/2 log T S log q, 

and so b=O/(logq). ‘This implies that there are infinitely many primes 
satisfying (2); in fact, from (12) we can obtain a lower bound for their 
density. 

4. One can proceed to generalize Theorems I and II to all quadratic 
imaginary extensions of the rationals. If the class number h of F is greater 
than one, we must define our characters for ideals that are not necessarily 
principal. In F the group of classes is a finite Abelian group. Therefore, 
the group has a finite number of generators, and so every ideal in F can 
uniquely be put in the form = («)A,%A,*- - - A,**, where OS1< 
0=1i,<h,, with -h,y, and A,,- -,A,, are certain ideals in F. 


Also A,“ = with F. 
Let = this definition of is unique up to an h,-th root of 


unity. Define 


(B;*/Bj*) 


where ¢ is half the number of roots of unity in F. Although 8;*/8;* is not 
uniquely determined, whatever choice of B;* we make, determines yx; As 
hih2: hy we have at most h different characters. 

To establish our theorems we must also introduce the characters ro, 71, °° 
tn-1 Which form the character group of the ideal classes in F. 

If we define exp(14p;) = x;(P, 1), then we can proceed as before to show 
that the 6,; are strongly equidistributed in the sense of Theorem I. Further- 
more, using the 7’s, we can show that the 6,; are strongly equidistributed, 
where p runs over all prime ideals in a given class in F. We will state the 
interpretation of (2) in this case. 

Let H(z, y) = «ax? + Bry + ay? be a positive definite binary quadratic 
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form associated with an ideal class in F. (See Landau [6] for the relation- 
ship between binary quadratic forms and ideal classes in quadratic fields.) 


TuHeorREM III. There are infinitely many primes q such that 


b = O(log q). 


q= H(a,b), 


If F is a quadratic real extension of R, then we define our characters 
as follows: If ae F, a0, let x(a, n) exp(mi n(log a) (log «)-*(log e)-*), 
where a is the conjugate of a, and « is the fundamental unit in F. 

The generalization for defining a character for an element to defining 
a character for an ideal is as follows: Let A = (a)A,A,‘- - - A,‘, 
Aj’ = (B;). Define = Bj* = where both B;* and 
are real. Then | 


x1, (Aj, n) = exp mt n(log Bj*/log 8; (log «)~* + 21;/h;), 


where J; runs through a set of residues (mod hj/(2, h;). 

The condition in Theorem III that f(z,y) need be associated with an 
ideal class in a quadratic imaginary extension of the rationals can now be 
reduced to an association with an ideal class in any quadratic extension of 
the rationals. 
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ON THE L’-SPACE OF A LIE GROUP.* 


By G. D. Mostow.* 


1. Introduction. The purpose of this paper is to prove that the 
L[?-space of a Lie group G@ has a base of functions which are analytic 
throughout G. For a compact group this follows readily from the Peter- 
Weyl Theorem together with the theorem that a closed subgroup of an 
analytic group is analytic. In order to establish the theorem for a general 
Lie group G, it is proved that any Lie group is analytically the direct product 
of a compact subgroup K and a euclidean subspace F; that, moveover, left 
Haar measure on G is the product measure of Haar measure on K by ordinary 
euclidean measure on F (relative to suitable coordinates). The main result 
follows from this. It is also proved that any Lie group can be embedded 
analytically with non-vanishing Jacobian in euclidean space. 


2. Definitions and Preliminaries. We employ the terms “ analytic sub- 
manifold,” “analytic isomorphism of an analytic manifold,” “analytic sub- 
group ” in the sense defined in [1] (cf. pp. 74, 85, 100, 107). 


Defimtion. Let ¢ be an analytic mapping of A onto B. Let Ao, By be 
analytic submanifolds of A, B respectively. A,» and By are called ¢-related 
if and only if A, is a connected component of ¢7(B,). 


Definition. Let G be an analytic group, let A,,- - -, An be analytic sub- 
manifolds of G, and let 6 denote the mapping * 
of A, X Az Xzu:++-X An into G. We say 

a) A, if 6 is onto; 

b) G=A,+As,:+:--++An,(UN) if 6 is one-to-one onto; 

c) G=A,*A,°*--+-++An(TP) if 6 is a homeomorphism onto; 


d) G=A,-A,-+---++An(AN) if 6 is an analytic isomorphism onto. 


LemMA 1. Let G, G* be analytic groups, and assume 


1. G*—A,*- A,* Se A,*(UN); 
2. 


* Received November 13, 1950; revised April 16, 1952. 
1 Prepared under contract NR 045-004 with the Office of Naval Research. 
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3. Each A; and A;* are ¢-related, where ¢ is a locally 1-1 homomor- 


phism from G onto G* (or vice versa). 


Then G* = ++ An*(AN). 


Proof. This lemma will be proved only for the case that ¢ is a homo- 
morphism of G onto G*. In the reverse case, the proof is essentially the 
same. We show that there is an open set about any element 7*eG* on 


which the mapping 


is an analytic isomorphism. Let + A* (1 —1, 

-+,n) and let exe be ¢-related to z*. Then - + Dn, where 
be A; and is d-related to —=1,---,n). Let Vi be an open neigh- 
borhood of };* in A;* on which ¢ is one-to-one and let U = V, + V.°-:::> Vn 
Let denote the mapping (d,,@2,° of 
Vi X Ve & Vn onto XK o(Vn). Since ¢ is an analytic iso- 
morphism on U, ® is an analytic isomorphism. Let ¢* denote the mapping of 
the open set ¢(U) onto U which is the inverse of ¢. Inasmuch as 6* =66¢* 
(¢* maps first), where 6 is the mapping dn —> (G1, *,@n) of G 
onto A, X Az X- ++ X An, and inasmuch as each of ¢$*, 6, ® are analytic 
isomorphisms, 6* is an analytic isomorphism on the open set ¢(U). Since 
z* was an arbitrary point of G*, 6* is an analytic isomorphism and 
G* A,*- A,*--- ++ A,*(AN). 


Lemma 2. Let G be an analytic group, and let A, B be analytic sub- 
groups. If G=A-B(UN), then G=A-> B(AN). 


Proof. Let G, YW, B denote the Lie algebras of G, A, B respectively, 
and let X,,---,X, and Y,,---,Y¥» be bases for &% and B respectively. 
Then X,, X2,- -,Xa, ¥1,- +,¥» form a base for &. Let 


U = {2|z—exps'X,: - -expst X,,|s*| -, a}, 


V = i—1,- - -,b}. 


Then for ¢ suitably small, U, V, and UV are open neighborhoods of the 
identity in A, B, and G respectively and the mapping ¢: (u,v) >u- v is an 
analytic isomorphism of U X V onto U- V (cf. [5], p. 193). Select € so 
that these conditions hold. 

Let L, and R, for xeG denote respectively left and right group trans- 
lation by 2. Let Z,* for ae A and R,* for be B denote the transformations 
y) (ax, y) and (x,y) (2, yb) of A XB onto itself. Since A, B, 
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and are analytic groups, and are analytic isomorphisms, 
Let (z, y) be any element of A X B and let @ denote the mapping (a, b) ab 
of A X B onto G. On the open set (cU, Vy) we have 6 = L,R,L,*12,*™, 
so that @ is an analytic isomorphism. Thus 6 is a regular analytic mapping 
at all points of A X B and hence is an analytic isomorphism. 

As a consequence of Lemma 2, it is readily seen that the mapping 
ab — aa + bob of G onto G is an analytic isomorphism. 


3. Decomposition of Haar measure. 


Definition. A measure on an analytic n-dimensional manifold is an 
alternating analytic n-form (cf. [1], p. 146). 


Defintion. A left Haar measure on an analytic group is a non-zero 
left invariant measure (cf. [1], p. 167). 


Suppose that G=A-~-B(AN). In the sequel we let a and B denote the 
mappings a: b-—>a of G onto A and a: b-—>b of G onto B respectively. 
Suppose that w4 and wg are measures on A and B respectively. 


Definition. wa X we = d8was O d8we (cf. [1] p. 151 for meaning of 
notation). This is called “the product measure.” 


As is known (cf. [1], p. 166), 


f hw, (ff hwa)wep 
AXB B A 


for any function h on AXB. If G=A,+Az+:-:*An(AN) and 
Wi,° *, are measures on A;,::-,An, we define w, X Ws 


analogously. 

Let L(g) and R(g) denote left and right group translation by g respec- 
tively. If G—A-+B(AN) where A and B are subgroups, let L* (a bo) 
denote the analytic isomorphism ab > a a+ bob. Let L’(a) denote restriction 
of L(a) to A if ae A, and let L’(b) denote the restriction of L(b) to B 
if be B. 

LemMA 3. Suppose that A and B are subgroups of the analytic group 
G such that G=A-+B(AN). Let $ and y denote left Haar measures on 
A and B respectively. Then X W)ap = (a-1b*) gi SBeve); 
where e is the identity element of G. 


Proof. By definition, (¢ X W) av = 8%anda 0 Since and y are 
left Haar measures, = ade and = we. Since 


L’ a = aL*(a-b-*), 8L’(a-*) = 8L* (a-*b*) 8a. 


& 
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Consequently 
Seana = (a-*) abe = SL* 
Similarly = 8L*(a-*b*) It follows that 
(> X W)av = SL* 0 SL* ard Bee 
= §L* an SBeWe). 
Let @ denote the Lie algebra of G, and let 2%, @ denote the Lie sub- 
algebras of A and B respectively. 


Lemma 4. Let w denote the left Haar measure determined by 
SBeWe, Wan = SL ap SBeWe) 


Let T(b) denote the linear transformation induced on the factor space ©/B 
by the differential at e of the inner automorphism L(b-')R(b), where be B. 
Then w =f +d Xy, where f ts the function on G with 


f(a-b) = det T(b) =| T(d)|. 
Proof. It follows directly from Lemma 3 that 


Way = 8L(b-*a*) apdL* (ab) X W) ad 
= | 8L(b-*a*) (ab) | X 
= | dL* (ab) dL (b*a*)av| X 
== | dL (b-*a) L* (ab). | (6 X 


To evaluate the determinant of the linear transformation dL (b-*a) dL* (ab) 
on &, we select as a base for & the union of a base for 2 and a base for B. 
On A, L* (ab) = L(b*)R(b), and on B, L(b-a*) L* (ab) 
is the identity transformation. Consequently 
Tm(b) J 
0 I 
where 7',(b) is the matrix form of T(b) relative to suitable choice of base 
in and J is an identity matrix. It follows that f(a,b) =| T(b)|. 


| Tm(b) |, 


f(a, | dL (b-1a7*) L* (ab) | | 


Cornottary 4-1. If B is normal, then f(a,b) —1. 
Proof. If XeW and Y eB, then 
dL (exp — Y)dR(exp Y)X —X[I + adY + (adX)?/2!+---]=X+Z, 


Where Ze. Since any element of B is a finite product of exponentials, 
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dL (b-*)dR(b)(X) =X-+2Z, where Z is some element of for all dDeB, 
It follows that 7'(b) is the identity transformation for all be B, and gp 


If B is compact or semi-simple, then f(a, b) =1. 


Proof. | T(b)| is a real one-dimensional representation of the compact 
(or semi-simple) connected group B. It follows that | 7(b)| —1 for ail de B. 


Corotuary 4° 3. If the analytic subgroup determined by the Ine algebra 
B in some analytic group with Lie algebra G is compact, then | T(b)| =1 
for all be B. 


Proof. Let G’ be an analytic group with Lie algebra G, let B’ be the 
analytic subgroup determined by %, and assume B’ is compact. Let a denote 
the local isomorphism between G and G’. Then 7(6) —=T(x(b)) when 
be B. Consequently, | 7(b)| 1 for all b in some neighborhood U of the 
identity in B. Since T is a homomorphism of B, | - bn) | = 1 when 
b,---b,eU. Since B is connected, U"—B. Hence | T(b)| —1 for all 
be B. 

Corottary Jf ad Y is nilpotent for all Y then f(a, b) =1. 

Proof. If Y e B, then T(exp Y) is the exponential of a nilpotent trans- 
formation and therefore has determinant one. It follows that | 7(b)| =1 
for all be B. 

Lemma 5. Suppose that G and G* are analytic groups and that x is a 
locally one-to-one homomorphism of G onto G*. Assume that G = M - N(AN), 
G* = M* - N*(AN), and that M, M* and N, N* are x-related. Suppose that 
Wy, Wy, Wo, Was, Wye, We are measures on M, N, G, M*, N*, G* respectively 
such that 


= duwy, = dvwy, = Wa, 


where p, v and p*, v* denote the projections of G onto M, N and of G* onto 
M*, N* respectively. Then = X tf and only if weg = wy X vy. 


The proof follows directly from the fact that dz is a regular onto mapping 
at each point and hence that Sz is an isomorphism of the ring of differential 
forms. Suppose G is an analytic group with measure w and A,,: - -, Ap are 
submanifolds with measures w,,- Wp. 


Definition. Az: (W,W1,° +, Wn) means 


and w—w, K we: XK Wn. 


f(a,b) =| 7(b)| —=1. 
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If A,,A2,- are analytic subgroups, then G = A, - An(m) 
means G = A,A,---A,(AN) and left Haar measure on G is the product 
of left Haar measures on A,, An. 

If G and G* are analytic groups, if w* is a left Haar measure on G*, 
and if + is a locally one-to-one homomorphism of G onto G*, then drw* is a 
left Haar measure on G. For L-1(g*)r == where g* = 7(g), implies 


gs = (9*) w* oe es), 


where e, e* are the identity elements in G, @* respectively. Thus drw* is 
the left Haar measure determined by $2,w*,s. It follows that if w is any 
Haar measure on G, then w and drw* differ only by a constant factor. 


THEOREM 1. Let G be ananalytic group. Then G =E - K(we, wz, Wx), 
where K is a compact subgroup, E is analytically isomorphic to a euclidean 
space, Wg and wx are left Haar measures, and wz is euclidean measure on E 
relative to suitable coordinates. 


Proof. We shall make use of topological decompositions due to Malcev 
[2] and Iwassawa [3]. 


Let G denote the simply connected group of G, let + denote the natural 
homomorphism of @ onto G, and let L- R be a Levi decomposition of G@ 
into the semi-direct product of a semi-simple subgroup L and the radical R. 
Let L = x(L), let L* = Ad(L), where Ad denotes the adjoint representation. 
Throughout our discussion, analytic subgroups of Z* and ZL that are denoted 
by X* and X are Ad-related ; analytic subgroups of @ and G that are denoted: 
by ¥ and X are z-related. 

By a theorem of Iwassawa [2] which is related to the representation 
of a matrix as the product of a triangular by an orthogonal matrix, 
L* = §* - C*;TP) where S* is a simply connected, solvable analytic sub- 
group and C* is a compact analytic subgroup (cf. also [4]). From this one 
obtains readily that L = - C(TP), C—A - K,(TP) where K, is a compact 
subgroup and A is a vector subgroup central in C, L=8-+C(TP), and the 
center of Z is contained in C. (This last result follows from the fact that 
L/C is a covering space of the simply connected space S* = L*/C* and is 
therefore univalent.) Thus S(CR) (TP), where 
CR contains the center of G. It follows directly that G=S-(CR)(TP). 

Now, by a theorem of Malcev, CR = U, Uy, 
where 1) U; is a subgroup isomorphic to the reals; 2) Ui: --U,- K; is a 
subgroup (t= 1,- - that is normal in Ui,---Un- Ks (t=2,---,n), 
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3) Ks, K. are compact subgroups of the solvable group AR which commute 
with each other and with kK, (K ; is in the closure of the commutator subgroup 
of AR); 4) K,+K,(TP). Thus 
OR = (U,0.- - -U,K;) (K.K,) (TP) 

(U,0,- - -UnKs) - (K2K,) (AN) (Lemma 

= (U,0.-- - (K2K,) (m) (Corollary 4 

(Corollary 4 - 

= (Corollary 4- 


since the formation of the direct product of measure spaces is associative. 
But K, - K.K, = K,K.K,(m) by Corollary 4+ 3. Hence 
CR Un - (K,K.K,) (m) 
and CR = U,, U2,- - -,Un + (K;K2K,) (m) 


)- R(m), by Corollary 
)(m). Consequently, 


by Lemmas 1 and 5. But G=L-R(m 
4-1 and Corollary 4-3, hence G 
G=—=wS-(CR)(m) by Lemmas 1 and 5. 
As is well known for simply connected solvable groups, S = V,° V, 
‘Vm, where each V; is isomorphic to the reals and Vi,,- - - Vm is normal 
in Vi- -Vn Hence, by repeated use of Corollary 4 1, 
we obtain 


G = - ‘Fu > -U, (m). 
Let 
E=V,V2-- Un, K = K;K2K,, and let we K Wms, 


where w; is left Haar measure in the i-th factor. Let 8; denote the Lie 
subalgebra of the i-th factor (t—1,---,m-+n), let R™™" denote the 
Cartesian product 9, X --- X Rmsn, and let @ denote the analytic isomorphism 


(a1, ° Oman) —> CXp * EXP * CXP An, ae Ri, 
(t=01,---,m-+n), 
of R"*" onto H and let a; denote the projection of #”*" onto R;. Then 
80(ws X W2 K Wmin) = X K (msn), 


where u—=Sexp(wi) (t=1,---,m-+n). But, as is well known, 8 exp(w;) 
js ordinary euclidean measure on the one (dimensional) linear space R; (cf. 


ON THE L2-SPACE OF A LIE GROUP. 927 


[1], p. 155). Thus is euclidean measure on 
Hence G= FE - K(we;wr,wx) where we, wx are left Haar measures, and 
wz becomes ordinary euclidean measure when the coordinate system 6° is 
introduced on the analytic manifold £. 


4, The theorems on embedding and on a base of analytic functions. 


THEOREM 2. A Ite group can be embedded analytically (with non- 
vanishing Jacobian) in Euclidean space. 


Proof. ‘The Peter-Weyl Theorem tells us that a compact Lie group 
admits a (continuous) faithful finite dimensional representation. Since a 
continuous isomorphism of a Lie group is an analytic isomorphism ([1], 
p. 128), and since an analytic subgroup of the group of n X n matrices is an 
analytic submanifold of the euclidean space of all m Xn matrices ([1], 
p. 101), a continuous faithful finite dimensional representation of a Lie 
group provides an analytic embedding with non-vanishing Jacobian in 
euclidean space. Consequently any analytic group G can be analytically 
embedded in euclidean space. For if G=H# + K(AN) where K is compact 
and £ is euclidean, and if 6 is a faithful n-dimensional representation of K, 
then the mapping ®:(e, k)—>(e, 6(&)) of G into the euclidean space H 
is an analytic isomorphism of G. Finally if G@’ is a Lie group, and if G 
denotes the component of the identity of G, and if {G,|a—1,2,- - -} denote 
the other connected components of G’, then G’ can be embedded analytically 
in Euclidean space as follows: Let 6 be any analytic embedding of G, in the 
euclidean space Select for each G; an element (i —1,2,---). Define 
(tng) = (0(g),”) for all ge G, and for all n. Then is an analytic 
embedding of G into the euclidean space Hy X R, where R denotes the real 
numbers. 


THEOREM 3. The L? space of a Lie group G has a base of functions 
which are analytic on G. 


Proof. We may obviously assume that G is connected. ThuuG=EH-K 
(We, Wz, Wx), where K is a compact subgroup, # is mapped by an analytic 
isomorphism @ onto a euclidean space R, and 86(Wz) is ordinary euclidean 
measure on Rk. Let ¢ denote a faithful representation of the compact group 
K by matrices of degree n, let F denote the euclidean space of all n XK n 
matrices (ij), the fi; being regarded as coordinate functions (1, 7 = 1, 2,--- ,n). 
Let denote the function fi and let be an ortho- 
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normal base with respect to Haar measure on K of the ring of functions 
generated by {f'j|%,7—=1,---,n}. Inasmuch as ¢ is an analytic iso- 
morphism into F (i.e. with non-vanishing Jacobian), f’:, f’s,: - - are analytic 
on K and form, in fact, a base for the L? space of K (with respect to Haar 
measure). Let be a base of analytic functions for 
the L* space of the euclidean spacx R. Let a, B denote the projections of ¢ 
onto K respectively, and let fj = gi Then {fi =1, 
2,° * *} is a base of analytic functions for the L?-space of G. 
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LOCALLY COMPACT RINGS. III.* 


By Irvina KAPLANSKY. 


1. Introduction. In a series of papers ([3], [4], [5]) the author has 
carried out various investigations on locally compact rings. In the present 
paper we shall add three further theorems, as follows. 


(a) Two earlier results ([4], theorems 13 and 14) are generalized by 
showing that a non-discrete locally compact primitive ring of characteristic 
0 is a finite-dimensional algebra. 

(b) A conjecture ([4], p. 459) is verified by showing that a non-discrete 
locally compact simple? ring with minimal ideals is a finite-dimensional 
algebra. 


(c) A structure theory is given for locally compact right bounded semi- 
simple rings. 


2. Primitive rings of characteristic 0. The theorem to be proved in 
this section is the following: 


THEOREM 1. Let A be a non-discrete locally compact primitive ring of 
characteristic 0. Then A is a fintte-dimensional algebra over its center. 


We need three lemmas. The first two are implicit in [4], Lemma 10 and 
Theorem 11, and are given without further proof. 


Lemma 1. Let A be a locally compact non-discrete totally disconnected 
ring. Then for some prime p, the set of all x with p»x 0 forms a non-zero 


closed ideal in A. 


Lemma 2. Let A be a locally compact ring which 1s not a Q-ring. 
Then there exists a non-zero idempotent e in A such that eAe is a Q-ring. 


The next lemma is a recapitulation of Jacobson’s theory ([1], p. 236) 


of the eigenring; we drop the assumption of a unit element and insert 


topological trimmings. 


* Received January 12, 1952. 
1 By a simple ring we shall always mean one that has no proper two-sided ideals, 
and not merely no proper closed two-sided ideals. 
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Lemma 3. Let A be a topological ring and M a closed regular maximal 
right ideal in A. Let B be the set of allx in A with 7MCM. Then Bisa 
closed subring of A, M is a two-sided ideal in B, B/M 1s a topological division 
ring, and A/M is a topological linear space over B/M. 


Proof. Let e be a left unit mod M. The ring A acts by right multi- 
plication on A/M to produce an irreducible ring of endomorphisms, say with 
commuting division ring D. Take @ in D and suppose @ sends the coset 
e+ WM into b+ M. Then since commutes with the right multiplication 
by z, we find that @ sends ex + M into br + M. Since ex—-ae WM, we have 
ex+M=2z+M. Thus @ sends WM into + M, and coincides with 
left multiplication by b. Necessarily 6M CM, that is, be B. In this way 
we obtain a homomorphism of B onto D. The kernel K consists of all y in 
B with yACM. Evidently K is a right ideal containing M. If K AM, 
then K = A, A?CM, which is impossible since e? is not in M. Thus K =M 
and B/M =D. The remaining statements of the lemma are routine, and are 
left to the reader. 


Proof of Theorem 1. Case I. A is a Q-ring and primary (in the sense 
that for some prime p, p"s 0 for every x). Take a regular maximal right 
ideal M such that A is faithfully represented on A/M. Since A is a Q-ring, 
M is closed. So we are able to apply Lemma 3. The vital thing is to know 
that the locally compact division ring B/M is non-discrete; this follows from 
the assumption that A, and hence B/M, is primary. By [4], Lemma 9, A/M 
is finite-dimensional over B/M. From this it follows that A is a simple 
algebra finite-dimensional over its center. 


Case II. A is primary but not a Q-ring. We apply Lemma 2 and 
obtain a non-zero idempotent e such that eAe is a Q-ring. Moreover eAe is 
again primitive, and again primary. By Case I, eAe is a finite-dimensional 
algebra. From this it follows that A at least has minimal ideals (indeed if 
f is a primitive idempotent in eAe, it is also a primitive idempotent in A). 
This allows us to quote [4], Theorem 14 to complete the proof of Case II. 


Case III. A is arbitrary. By [4], Theorem 2 we can assume that A 
is totally disconnected. We cite Lemma 1, and find a non-zero closed primary 
ideal J in A. Also J is again primitive and again locally compact. On 
applying Case I or II, which ever is appropriate, we deduce that J is a 
finite-dimensional algebra. In particular it has a unit element, whence it is 
a direct sumamnd of A. This is incompatible with the primitivity of 4A, 
unless [= A. This concludes the proof of Theorem 1. 
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3. Simple rings with minimal ideals. With Theorem 1 we have con- 
cluded the study of locally compact primitive rings of characteristic 0. But 
characteristic p is another matter; the example on page 459 of [4] is an 
indication of the numerous possibilities. But if we go so far as to assume a 
simple ring with minimal ideals, we get the usual strong result. 


THEOREM 2. A non-discrete locally compact simple ring with minimal 
ideals is a finite-dimensional algebra over its center. 


Two lemmas are needed, the first purely algebraic. 


Lemma 4. Let A be a simple ring with mimmal ideals, and {e} an 
infinite set of orthogonal idempotents in A. Then there cannot exist in A 
an element y such that, for every 1, ey is a non-zero element of Ag. 


Proof. Represent A as a ring of finite-valued linear transformations on 
a vector space. Then the proposed element y, as a linear transformation, 
would have infinite-dimensional range. For its range contains the range 
(say S;) of ey —eye;; and each S; is non-zero and is disjoint from the 
union of the remaining Sj’s. 


Lemma 5. Let A bea simple non-discrete topological ring, U a neighbor- 
hood of 0 in A, e an idempotent such that UN(1—e)A(1—e) =0. Then 
e is the unt element of A. 


Proof. Suppose e=41. By the simplicity of A we have A = A(1—e)A, 
whence 


(1) e— 

There exists a neighborhood V of 0 such that VCU and 

(2) (1— e)V(1—e) CU, (3) (1— e) e) CU, 
(4) (1— e)y¥,V(1—e) CU, (5) (1— e)yVaj(1—e) CU. 


Since UM (1—e)A(1—e) —0, the left side of (2)-(5) is in each case 0. 
Multiply (3) on the right by y;, add for 7—=1,--+,n and use (1); we 
get (l—e)Ve=0. Similarly from (4) and (5) we find eV(1—e) —0, 
eVe=0. On adding these four equations we obtain V —0, contradicting 
the non-discreteness of A. 


Proof of Theorem 2. It is sufficient to prove that A has a unit element, 
for then it has the descending chain condition, ete. Suppose the contrary and 
let U be be a compact open subring in A. Take any non-zero element z, in U. 
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It is known ([2], Theorem 9) that x, ¢¢,Ae, for a suitable idempotent e,. 
By Lemma 5, we can pick a non-zero element z, in UM (1—e,)A(1—e,); 
again 2, €¢,Ae,, where é, is a suitable idempotent orthogonal to e,. Con- 
tinuing in this fashion, we construct sequences 2%, e, with 2; 40, {e:} ortho- 
gonal idempotents, Write then ye U. 
By compactness there exists in U a limit point y of the sequence {y;}. We 
have €mYn 2m for all n= m, and hence ¢my 2m. We have contradicted 
Lemma 4. 


4. Right bounded rings. In [4], Theorem 4 it was shown that a 
locally compact bounded semi-simple ring is a direct sum of a compact ring 
and a discrete ring. We shall now obtain a fairly complete structure theorem 
under the weaker hypothesis of right boundedness. 


THEOREM 3. Let A bea locally co.. vact right bounded semi-simple ring. 
Then A contains an open ideal which 1s a local direct sum of finite simple 
rings relative to non-zero right ideals. 


Lemma 6. Let A be a semi-simple ring and I a right ideal in A. Then 
the radical R(I) of I is tts left annihilator. If I/R(I) has a unit element, 
then I is of the form I —eA, e an idempotent. 


Proof. Let re R(I), yelI. To prove zy =0 it is enough to prove that 
zy is in the radical of A; that is, we must show that xyz is quasi-regular for 
every z in A. But z(yz) eal is in R(L), and so is even quasi-regular in J. 


Suppose further that J/R(Z) has a unit element, and let eel be any 
element mapping on it. Then (1—e)ICR(I), whence [(1—e)I]?=0, 
(1—e)I is a nilpotent right ideal in A, (1—e)J=—0. This proves that e 
is an idempotent and I=eI CeA. Further ]DeA and so I~eA. 


Lemma 7. Let A be a semi-simple topological ring, and g a primitive 
idempotent in A. Then the closure of AgA is a primitive ring. 


Proof. Let C be the closure of AgA. We claim that the representation 
of C upon the right ideal gC = gA is faithful. If not, there exists a non-zero 
element z in C with gAx=0. But then Cr =0, which contradicts the fact 
that C, an ideal in a semi-simple ring, is itself semi-simple. 


LemMa 8. Let A be a locally compact right bounded semi-simple ring. 
Then A has a compact open right ideal of the form eA, with e an idempotent. 
Suppose further that P is a closed primitive ideal in A not containing e; 
then A/P is finite, and P 1s a direct summand of A. 


a 

it 
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Lemma 9. A locally compact right bounded primitive ring is discrete. 


Proof. It is convenient to prove these two lemmas together. Let A be 
as in Lemma 8. An application of [4], Theorem 1 shows that A must be 
totally disconnected. Then A has compact open subgroups. By [3], Lemma 9 
it even has a compact open right ideal J. Let R(Z) be the radical of I; 
R(I) is closed by [5], Theorem 1. Then by [3], Theorem 16 [/R(J) has a 
unit element. This makes Lemma 6 applicable and shows that I is of the 
form eA. We have proved the first part of Lemma 8. 


We now suppose further that P is a closed primitive ideal in A not 
containing e. Write B =A/P, and let f be the image of e in B; note that f 
is non-zero. We have that fB is compact open, since it is the image of eA. 
Likewise {Bf is compact, and moreover fBf (like B) is primitive. But a 
compact primitive ring is necessarily finite ([3] remark 7 on page 165). 
So fBf is finite, and this proves that B is a primitive ring with minimal ideals. 
Indeed f can be written as the sum of a finite number of idempotents which 
are primitive idempotents in fBf and likewise in B. Hence f lies in the unique 
minimal two-sided ideal of B, which we shall call D. Since D contains fB, 
it is open in B. Thus D is a locally compact simple ring with minimal ideals. 
If D is non-discrete, then by Theorem 2 it is a finite-dimensional algebra 
over a non-discrete center; but this is incompatible with the fact that D 
contains a compact open right ideal fB =fD. Hence D is discrete, whence 
fB is finite, from which it follows that B itself is finite (for an infinite 
primitive ring cannot have a finite non-zero right ideal). 

We have now completed the proof of Lemma 8, except for the fact that 
P is a direct sumand of A. Before showing this, we pause to prove Lemma 9. 
We accordingly let A be a locally compact right bounded primitive ring and 
let eA be a compact open right ideal, as above. There are two possibilities. 
If e 0, then A is of course discrete. If e40, we may take P —0 in the 
above discussion, and we conclude that A is even finite. 

We are now ready to conclude the proof of Lemma 8 by showing that P 
is a direct summand of A. For this purpose we look next at the compact 
semi-simple ring eAe, whose structure is completely known from [3], 
Theorem 16; in particular, it is well stocked with primitive idempotents, 
which are primitive idempotents also in A. It is not possible that P con- 
tains all these primitive idempotents; for then since it is closed it would 
contain e, the latter being a limit of sums of primitive idempotents. We pick 
a primitive idempotent g not in P. Let C be the closure of AgA. By Lemma 


934 IRVING KAPLANSKY. 


%, C is primitive. It is again right bounded,? and so Lemma 9 applies to 
show that C is discrete. That is, C is actually AgA and is a simple ring 
with minimal ideals. Since C is not in P, while both C and A/P are simple, 
we have a direct sum composition A = C @ P at least in the algebraic sense, 
But this shows that C is isomorphic to A/P, hence is a finite simple ring 
with unit element; thus the direct sum is topological as well as algebraic. 
This completes the proof of Lemma 8. 


Proof of Theorem 3. With Lemma 8 at hand, it-is not difficult to 
analyze the structure of a locally compact right bounded semi-simple ring A. 
The basic tool is the compact open right ideal eA. We consider the closed 
primitive ideals in A; it follows from [5, Theorem 1] that their intersection 
is 0. Let J denote the intersection of those primitive ideals (necessarily open) 
that contain e. Since J contains eA, it is again open. We shall prove that 
J has the structure described in Theorem 3. 


Let P; denote a typical closed primitive ideal not containing e. By 
Lemma 8 we have A =h,A @ Pi, where h,A is a finite simple ring with unit 
element h; We observe that h; lies in J. For let Q be a primitive ideal 
containing e. Then Q must contain either h,A or P;; but if it contains P; 
it must equal P;, since A/P; is simple. This is a contradiction, and so Q 
contains h;A. Thus h; lies in J, which is the intersection of the Q’s. 

We define a mapping T of J into the complete direct sum of the rings 
{h:A} by sending xeZJ into {hw}. In the first place, T is faithful. For if 
xT =0 then hiw = 0, lies in every P;; while reJ implies that lies in 
every remaining primitive ideal. Thus z—0. Next the range of T includes 
at least the algebraic direct sum of the rings h,A, that is, the elements with 
all but a finite number of coordinates zero; this is an automatic consequence 
of the fact that {h;A} are distinct minimal two sided ideals in J. From the 
compactness of eA we then deduce that eA is (algebraically and topologically) 
the complete direct sum of the right ideals heA. Incidentally hie is non- 
zero, since otherwise e would lie in P;. 

At this point we know that J contains the local direct sum of the rings 
hA relative to the right ideals hjeA. To complete the proof that J is pre- 
cisely this local direct sum, only one thing more is needed; for any yeJ 
we must show that all but a finite number of the elements Ayy lie in hjeA. 
Let U be a neighborhood of 0 (we can suppose that UCeA) such that 
yUCeA. Since eA is precisely the Cartesian product of hieA, it follows that 


? Right boundedness is inherited by subrings. 


) 
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U is unrestricted at all but a finite number of coordinates. That is, for all 
but a finite number of i we have yhjeA ChieA, which implies ye heA. This 
completes the proof of Theorem 3. 

The structure of J is thus completely determined, while A/J can be an 
arbitrary discrete semi-simple ring. We shall not attempt to study the ring 
extension problem that arises here, but it should at least be remarked that J 
need not be a direct summand of A. To get a counter-example, take J to be 
the locul direct sum of finite simple rings relative to proper right ideals, 
and let A be the result of adjoining to J the unit element of the complete 


direct sum. 
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CARTESIAN PRODUCTS OF REALS.* 


By SAMUEL KAPLAN. 


Introduction. Cartesian products of reals PR) have been finding in- 
creasing use in the theory of topological linear spaces, essentially because of 
their intimate connection with the weak topology of such spaces. An investi- 
gation of the basic properties of these products appears, therefore, to be 
desirable. 

The primary problem is to free these spaces once and for all from their 
dependence on the special axes used to define them. In the present paper, this 
is attacked in two directions. The first direction, to which we devote part I, 
is that of finding intrinsic properties which characterize cartesian products of 
reals. We obtain two such characterizations. One of these is Lefschetz’ 
linear compactness ([8], page %8), which he defined for his “linearly 
topologized vector spaces.” Lefschetz showed (cf. [4]) that a linearly com- 
pact space of his type is a cartesian product of reals, the reals being taken 
as discrete. Clearly linear compactness as a concept can be defined equally 
well for ordinary topological linear spaces, and what we show is that the same 
structure theorem is obtained, viz. 


A conver topological linear space is linearly compact tf and only if it is 
a cartesian product of reals. 


The second characterization is a not unexpected one: 


A convex topological linear space is a cartesian product of reals if and 
only if it is complete in its weak topology. 


The second direction, pursued in part III, is that of finding conditions, 
in a given cartesian product of reals PR), for a set of one-dimensional linear 
subspaces {f,’} to be an alternative set of axes for PR). A necessary and 
sufficient condition is given in Theorem 11. One result in terms of matrices 
is the following (Corollary 2, Theorem 16) : 


Let {x} be a set of elements of PR). Then a necessary condition that 
the xs generate an alternative set of axes is that the matrix of the coordi- 
nates of the xs be column-finite. 


* Received October 4, 1951; revised February 23, 1952. 
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In part III there are also given the answers to some immediate questions 
about closed linear subspaces of cartesian products of reals. For example, 
every closed linear subspace has a complementary closed linear subspace, or 
(Mackey) the join of two closed linear subspaces 1s closed. 

Part II is devoted to studying the conjugate space of a cartesian product 
of reals and using it to establish the reflexivity of the latter. The topology 
of the conjugate space turns out to be simply the supremum of all convex 
topologies which can be imposed on it. 

In closing we wish to point out that the present paper is heavily indebted 
to Mackey’s thesis ([10], [11]). 


I. Characterization Theorems. 


. 1. Basic definitions and propositions. All our spaces are real linear 
spaces, and we will omit the word “real.” We use the word “ linear ”—as 
applied to both spaces and functions—in its purely algebraic sense. 

We denote the identity of a linear space X by 06. If A and B are any 
two subsets of X, A+B consists of all « of the form a+ b, where ae A, 
be B. For any collection of subsets {Ay}, 3A, will denote the set of all 
finite sums of the form a, -+- --++ a,, where a,¢ Ay, (t=1,°--,k). 

In a topological linear space, any open set containing @ will be called 
a nucleus. As is customary, we will give the topology of a topological linear 
space by simply giving a nuclear base. 

Given a collection {X,} of topological linear spaces, the cartesian product 
X = PX) of the X)’s is the space of all collections = {xr}, where 


(i) for each A, the coordinate 2, of x is an element of X); 
(ii) multiplication by reals and addition are coordinatewise ; 


(iii) we take for a nuclear base all sets of the form {z]|2), ¢ U),;i=1,---, k}, 
where A;,° * *,A, is any finite set of A’s, and U) is any nucleus in X), 
(t==1,-- -,&). 


This topology is called the Tychonoff, or product, topology. We note 
that if the topology of every X, is convex, then that of X is also convex. 
For each Ao, we identify X), with the subspace for all Ao}. 
As a result we have X = (3% X))} (the dagger means closure), any sub- 
product PX, ({»}C{A}) can be written PX, = (2 X,)f, and a member of 
the nuclear base above can be written 
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It is easily verified that if f is a continuous linear functional on PX), 
then f is zero on all but a finite number of the X)’s. It follows that every 
continuous linear functional on PX) can be written f=—f,,+---+h,, 
where fy, is a continuous linear function on X), (t=—1,:--,). And of 
course every such sum is a continuous linear functional on PX). 

If X is a topological linear space and X* is the set of all continuous 
linear functionals on X, then the weak topology on X is defined as follows: 
For a nuclear base we take all sets of the form {z| | fi(x)| <<< (i=1,---,h)}, 
where f:,- - +, f; are any elements of X*, and « is any positive real number. 
It is easy to show that for f:,- - -,f; we need only consider linearly inde- 


pendent functionals. 

If X is a linear space and F is the set of all linear functionals on X, 
then the weak* topology on F is defined as follows: For a nuclear base we 
take all sets of the form {f| | f(a:)| <<< (i—1,:--,)}, where 
are any elements of X, and « is any positive real number. Here also we need 


only consider linearly independent elements for 2,,° - -, 2. 
We will need the following three (known) propositions. 


(1) Let X be a linear space, F the set of all linear functionals on X, 
and E any linear subspace of F which is total. Then under the weak* 
topology, =F. 


Proof. Consider any foe 7. We have to show that given « >0 and 
elements 2 of X, there exists an f such that | f(zi) — fo(xi)| <e 
for i—1,---+,k. We will show in fact that there exists an fe H such that 
f(x:) = fo(vi) fori =1,---,k. If we let H be the subspace {fe F| =0 
(1=1,- - -,k)}, then our last statement says that f, + H contains elements 
of EF; it is this that we will prove. We assume that 2,,- - -, 2; are linearly 
independent; then they are linearly independent as linear functionals on F. 
It follows ([3], Théoréme 1) that //H is exactly k-dimensional. Now £ is 
total; hence z:,- - -,2; are also linearly independent as linear functionals 
on £. Therefore E/H(ME is also exactly k-dimensional, and so is identical 
with F/H. It follows that F = F + H, which immediately gives the required 
conclusion. 


(2) The set of all linear functionals on a linear space X forms, under 
the weak* topology, a space topologically isomorphic to a cartesian product of 
reals PR:, where for the index set {&}, we can take any Hamel basis in X. 


Proof. Let {€} be any Hamel basis for X, that is, every xe X can be 
written uniquely in the form z—1?,é, +- +--+ t,é (the ¢’s real numbers). 


E 
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If f is a linear functional on X, f is completely determined by the values f(é), 
é running through the Hamel basis. Denoting f(é) by fe, the mapping 
f — {fe} is clearly an algebraic isomorphism of the set of all linear functionals 
onto PR:. It is easy to see that the Tychonoff topology on PR¢ is precisely 
the weak* topology. 


(3) Let X =PR¢ be a cartesian product of reals. Then no convex 
topology on X different from the Tychonoff has exactly the same set of con- 


tinuous linear functionals. 


Proof. As we remarked earlier, each continuous linear functional on PR) 
(under the Tychonoff topology) has the form f = -+- fx, where fy, 
is a linear functional on Ry, (1 —1,---,%). This implies immediately that 
the resulting weak topology is precisely the Tychonoff topology. Now suppose 
we are given a convex topology on PR, which has exactly the same set of 
continuous linear functionals as the Tychonoff. From what we have just 
remarked, this topology must be at least as fine as the Tychonoff. We show 
it cannot be finer. 

Let U be any symmetric convex nucleus in this topology. We will show 
that U contains all but a finite number of the R)’s, whence it will follow 
easily that U contains a Tychonoff nucleus. Let p(x) denote the pseudo-norm 
defined on PR, by U in the usual manner ([12],§9). What we have to prove 
is that p(x) is zero on all but a finite number of the A,’s. Suppose not. 
Then there is a denumerable set {/),} on which p(x) is different from zero. 
By the Hahn-Banach theorem, for each R,, there is a linear function f™ 
such that (i) f has norm 1 relative to p(x); (ii) f™ attains its norm on 
R,. From (i), each f™ is bounded relative to p(x), hence continuous in the 
topology, and hence by assumption continuous in the Tychonoff topology. 
It follows that it is zero on all but a finite number of the R’s. As a result 
(by taking a subsequence if necessary) we can assume each f™ equals zero 


on all Ry,, m>n. Now define f = > (1/3")f™. f is bounded relative to 
n=1 


p(x) and hence, by the same argument as above, equals zero on all but a 
finite number of R)’s. But a simple calculation, using (ii), shows that f 
differs from zero on all the R,’s. This gives a contradiction. 

In Mackey’s terminology (cf. [11]), the above theorem staves that a 
cartesian product of reals is both relatively weak and relatively strong. The 
theorem could have been proved from general considerations of Mackey on 
ideals of pseudonorm sets. Katétov also has a proof ([6], Theorem (2. 20)), 
but it seems to contain an error. 
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2. The characterization theorems. Given a linear space X, by a linear 
variety we mean any set of the form z+ Xo, where X, is a linear subspace. 
A topological linear space is called linearly compacct if, given any collection 
of closed linear varieties with the finite intersection property, the entire 
collection has a non-empty intersection. 


TuerorEM 1. Let X be a convex topological space. Then a necessary 
and sufficient condition that X be linearly compact ts that tt b. topologically 
isomorphic to a cartesian product of reals. 


Proof. Assume X is linearly compact. Let X* be the set of all con- 
tinuous linear functionals on XY, and X the set of all linear functionals on X*. 
By the usual identification, X C Zz 

We impose the weak* topology on X. Since the resulting topology on 
X (as a subspace of X) is its weak ‘opology, it follows that a set closed in X 
under the topology of X is closed in ¥ under the original topology. 

We show first that X is all of X. Consider any Ze X. Let {Wa} he 
the collection of linear subspace of X defined as follows: for each a, Wa is 
the set of linear functionals on X* which are zero on some finite numbers of 
points of X*, and every such set appears as a Wa. The Wo’s are each closed; 
therefore the linear varieties {2 + Wa} are each closed, and their intersection 
is exactly z. From the proof of (1), the closed linear varieties of X 
+ Wa) 1X} have the finite intersection property. Hence, since X is 
linearly compact, they have a non-empty intersection, which from the above 
must be Thus Ze X, and we have =X. 

Now from (2), X is topologically isomorphic to a cartesian product of 
reals. Also, XY and X have the same set of continuous linear functionals 
([3], Théoréme 2). It follows from (3) that the topology of X is identical 
with that of X. 

The converse property, that a cartesian product of reals is linearly com- 
pact, is proved by the same type of argument as that used in the Tychonoff 
Theorem (cf. [8], Chap. II (27. 2)). 


THEOREM 2. Let X be a convex topological linear space. Then a 
necessary and sufficient condition that X be topologically isomorphic to a 
cartesian product of reals is that X be complete under its weak topology. 


Proof. Assume X is complete under its weak topology, and let X* 
and X be the same as in the previous proof. Since the topology of X as a 
subset of X is its weak topology, X is a complete subset of X and therefore 
closed in X¥. But from (1), X+—X, which gives us X—X. That the 
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topology of X is identical with that of X follows by the precise argument 
given in the previous proof. 
The con’ »rse part of the theorem follows from the fact that a cartesian 
product of reals is complete, and its topology is its weak topology (cf. (3)). 
We summarize the above results in one theorem (in connection with (c), 
cf. [11], Theorem 15). 


THEOREM 3. For a convex topological linear space X, the following 
four properties are equivalent: (a) X is linearly compact; (b) X 1s complete 
in its weak topology; (c) X is complete and its topology 1s identical with tts 
weak topology; (d) X is topologically isomorphic to a cartesian product 
of reals. 


To disassociate the concept of cartesian product of reals from dependence 
on any special set of axes, we will call such a space an entire topological 


linear space. 


II. Reflexivity Properties. 


8. Weak products of reals. The weak or combinatorial (cf. [6]) 
product Y = PY) of a set of convex topological linear spaces is the subspace 
ZY) of PY, (that is, the points with only a finite number of coordinates 
different from the identity), but topologized as follows: each collection {V }, 
where V, is a convex nucleus of Y, determines a convex set V in Y, viz. the 


convex envelope of |) V); the set of all V’s obtained in this manner is taken 
as a nuclear base for the topology of Y. 


Note that we have defined the weak product of convex spaces only. 
This is merely for convenience, since we consider only convex spaces in this 
paper. It is possible to define the weak product of any topological linear 
spaces. 

What we are interested in is the weak product of reals, Y = PS) 
(throughout the paper we will denote the images of reals which occur in 
cartesian products by R’s and those which occur in weak products by S’s). 
We will aproach this by means of an intrinsic definition. That is, we define 
a certain type of convex topological linear space, study a few of its properties, 
and then show that it is topologically isomorphic to a weak product of reals. 

Let Y be a linear space. We take for a nuclear base the collection {V} 
of all sets containing @ with the following two properties: 1°. V is convex; 
2°. V intersects every one-dimensional linear subspace in an open interval. 
The resulting topology will be called the totally fine convex linear topology 
on Y. 
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That {V} does satisfy the conditions for a nuclear base is easily shown, 
The nuclear base defining any convex topology in Y always has properties 
1° and 2°; hence the totally fine topology is clearly the finest convex topology 
on Y, the supremum of all the convex topologies ([2], page 11). We will 
call a linear space under its totally fine topology a totally fine conver 
topological linear space or simply a totally fine space. As the following 
theorems show, the properties with which we will be principally concerned 
in such a space are determined entirely by its algebraic structure. 


THEOREM 4. If Y is a totally fine space, every linear functional on Y 
as continuous. 


Proof. The totally fine topology, being the supremum of all convex 
topologies on Y, is at least as fine as the weak topology defined by the set of 
all linear functionals of Y. (It is actually much finer.) 


THEOREM 5. Ina totally fine space, every linear subspace ts closed. 


From Theorem 4, every hyperplane is closed. Hence a linear subspace, 
being the intersection of all the hyperplanes containing it, is closed. 

By a Hamel basis of a linear space Y, we (for the moment) mean, as 
usual, a set {m,} such that every ye Y is a unique finite linear combination 


of m’s. For each A, let 8, be the one-dimensional linear subspace generated 
by »,. We will find it more convenient to work with the S)’s than with the 
m8; hence we will adopt the convention of calling the collection {S,} also a 
Hamel basis. Explicitly, a collection of one dimensional linear subspaces {S}} 
is a Hamel basis if Y — and, for every Ao, Sn = 6. 


Now let Y be a linear space and {8} a Hamel basis for Y. Every 
collection {J}, where J) is an open interval of S) containing 6, determines a 
convex set V’ in Y, viz. the convex envelope of (J J). Let us call any set V’ 
obtained in this way an {S)}-convex-set. It is easy to show that the collection 
of all {S)}-convex-sets forms a nuclear base for a convex topology on Y. 


THEOREM 6. Let Y be a linear space and {S,} a Hamel basis for Y. 
The topology defined by the collection of all {8)}-convex-sets is identical with 
the totally fine topology. 


It is enough to show that every set satisfying 1° and 2° contains an 
{S)}-convex-set. Suppose V satisfies 1° and 2°. For each A, let I) = VNS). 
Since V is convex, the convex envelope V’ of (J J) lies in V. 

Given any Hamel basis {S)} in a totally fine space Y, we may also 
consider the weak product P”’S). Clearly, under the identification of each 9) 


— 
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of the Hamel basis with the corresponding S, of P”S), we have an algebraic 
isomorphism of Y with P’S,. Theorem 6 shows that this is also a topological 


isomorphism. Thus we have the 


Corottary. A totally fine space is topologically 1somorphic to the weak 
product of any Hamel basis in it. 


Since the S)’s defining a weak product of reals obviously form a Hamel 
basis for the weak product, it also follows from Theorem 6 that every weak 
product of reals is a totally fine space. We thus have 


THEOREM 7. For a convex topological linear space Y, the following two 
properties are equivalent: (a) Y is totally fine; (b) Y 1s topologically tso- 
morphic to a weak product of reals. 


Also of interest is 


THEOREM 8. A totally fine space is complete. 


The proof is given in the Appendix (§ 10). 


4, Reflexivity. In normed linear spaces, the conjugate space of a given 
space X is topologized essentially by means of the bounded sets of XY. We 


do the same here. 
Given a topological linear space X, we topologize the set X* of all con- 

tinuous linear functionals on X as follows. For every closed bounded set G 

of X, let 

(4) N(B) = {fe X*| sup | f(z)| <1}. 


(Note that V(B) is automatically convex.) We take for a nuclear base 
in X* the collection of all N(B)’s. X* topologized in this fashion will be 
called the conjugate space of X, and will be denoted by the same symbol A*. 
We will need the following two lemmas. 


Lemma 1. Let X =PX) be a cartesian product of linear topological 
spaces. Then every bounded set B of X is contained in a bounded “ cube,” 
that is, a set of the form (3 By)f, By a bounded set in X). 


Proof. For each Ao, let By, = {x,,|zeB}. We show B), is bounded 
in X,,. Consider any nucleus U), of X),. Since B is bounded, there exists 
a real number ¢ > 0 such that the nucleus ¢(U),-+ (}Xy)f) contains B. 

Xo 


But then ¢U,, contains B),, hence the latter is bounded. The set (3 By)+ 
is then the required “ cube.” 
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LemMA 2. Let Y=PvY), be a weak product of convex topological 
linear spaces. Then every bounded set B lies in a finite dimensional subspace 


Proof. Suppose B lies in no such subspace. Then there exists a sequence 
{y™}CB and a sequence {A,} such that (n=—1,2,---). For 
each An, choose a convex nucleus Vj, such that y,,™ ¢ nV),; and for all other 
Ns, take == Y Then if V is the convex envelope of J V), BC tV for 
any t>0. 

In what follows, if y is a linear functional on a linear space X, we will 
sometimes use the notation ry or yx to denote y(z). 

We now proceed with the proof of reflexity. 


Lemma 3. Let {X)} be a set of topological linear spaces. Then 
(PX))* PvX,*. 


Proof. For each dA, let us write X,*=—Y). That PY) is the set of 
continuous linear functionals on PX), under the definition ry = 3 2y, is 
proved in ([6], Theorem (2.2)). (It also follows from a remark we made 
in §1). To establish the lemma, it is enough, from Lemma 1, to show that 
if B is of the form B= (3% B,)+ in PX), then N(B) is exactly the convex 
envelope of J) Vy), where V, = N(B)) in Y). This is readily verified by 
calculation. 


Lemma 4. Let {Y}} be a set of convex topological linear spaces. Then 
= PY,*. 


Proof. For each a, let us write Y,*—X),. That PX) is the set of 
continuous linear functionals on (with ry is easily proved 
(cf. [6], Theorem 2.2). To establish the lemma it is enough, from Lemma 2, 
to show that if B is a bounded set in Y),-+- +--+ Y),, then M(B) in PX) 
is exactly the set -,Axn) + (2 where U(Ai,° Ax) = N(B) 


in X),+-:+:-+X),. Again this is readily verified by calculation. 


If a topological linear space X has the property that (X*)* =X (not 
only set-theoretically, but topologically) we will say that X is reflexive. 
(In this case XY is convex). From Lemmas 3 and 4 we have immediately 


Lemma 5. If X = PX) and, for each d, is reflexive, then X is also. 
If Y = PY), and, for each , Y) is reflexive, then Y is also. 


From this we conclude 


is 
lt 
l 
b 
| 
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THEOREM 9. An entire topological linear space (a totally fine space) 
is reflexive, and its conjugate space is a totally fine space (an entire topological 


linear space). 


CoroLLary. The converse of (2) holds, that is, an entire topological 
linear space is the set of all linear functionals on a linear space topologized 


by the weak* topology. 


The concept of conjugacy and reflexiveness can be formulated with closed 
bounded sets replaced by compact sets in (4). Lemmas 1 through 5 and 
Theorem 9 are easily seen to hold in this case too. Indeed we have a stronger 
conclusion. In the reals, the compact sets are identical with the closed 
bounded sets. It is easy to show, using Lemmas 1 and 2 that the same is 
true for cartesian and weak products of reals, that is 


Lemma 6. In entire topological linear spaces and in totally fine spaces, 
the compact sets are identical with the closed bounded sets. 


Transformations of Axes. 


5. Sets of axes. Let XY bea linear space. Two linear subspaces X,, X, 
are called complementary if X, + and X¥,NX,—98. In such case 
it is trivial that every xe X can be written r—2, + t2e in 


only one way. 


Definition. Let X be a topological linear space. A set {R,} of one- 
dimensional linear subspaces of X will be called a set of axes for X if 
properties (I) and (II) below hold. 


(1) For each partition of the index set {r} into two disjoint sets, 
{A} — {u} U{v}, the closed linear subspaces (%R,)f and (%R,)t are 
complementary. 


Consider any xe X. For every X, Ry, and ( > Ry)+ are complementary, 


by (I); hence x can be written uniquely 2), + 2’, Ry, 2’ 


We will call x, the A»-component of x (with respect to the set {R,}). Now 
the finite subsets of the index set {A} are directed by inclusion, hence the 
finite sums 2, -+- +++ 2), of the components of x form a directed set, and 
we can consider the question of the (Moore-Smith) convergence of this 
directed set. We can now state property (II). 


SAMUEL KAPLAN. 
(II) For every xe X, the directed set of all finite sums of the com- 
ponents of x converges to x. We denote this by r= 2. 


We establish some immediate properties. In the following, {R)} is a 
fixed set of axes. 


(5) For any two elements x, x’ of X, x=2’ if and only if =z’, 
for all x. 


The necessity follows from the uniqueness of components; the sufficiency 
from the uniqueness of convergence. 


(6) If {u} is a subset of {A}, then a necessary and sufficient condition 
that xe ts that = for all X not in {p}. 


Proof. Assume xe (= and consider any A, not in {un}. We can 
write 6, where ze (3 R,)¢C( and Ge R,; hence from the 


uniqueness of components, 7,6. Conversely, suppose 2,9 for all A 
not in {nu}. Then (Dd 


(7) Let {pw} be a subset of {A} andxeX. We have r—y+2z, where 
ye(2R,)t and ze( SR )t. Then (i) for all w; (ii) yx = 8 for 
AAu 


all X not in {p}. 


(ii) was proved in (6). We prove (i). For any mw, y=y,+Y; 


ye(>R,)t. Hencex y+ (y +2), +2e(> It follows that 
AF Ado 


Lug = Yu. (Note that the proof of (7) uses only property (I)). 
(8) Suppose that for each o, Ac is a subset of {A}. If {uw} =] Ao, 
then Ac is empty, we write (= —8). 
dXeho 


Proof. 'The left side is clearly contained in the right. To show the 
inverse inclusion, consider r#(F,)}. From (6), 2,540 for some Ay 
not in {u}. Choose o such that Ay # Ac. Then, from (6) again, e# ( > Ry)f, 


hence, a fortiori, z is not an element of the right side. 


THEOREM 10. Jn a totally fine space Y, (a) every Hamel basis is a set 
of axes; (b) every set of axes is a Hamel basis; (c) property (1) implies 
property (II). 

Proof. Let {S,} be a Hamel basis. Then, for every partition of {A} 


into two disjoint sets, {A} = {u}U {v}, = 8, and =S, are complementary. 
But from Theorem 5, = S, = (2 S,)t and S, = (3 S,)+; therefore property 
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(I) holds. Since every ye Y lies in a finite sum of the S)’s, property (II) 
is trivially satisfied. This proves (a). 

Now suppose {S)} is a set of axes. This means Y = (3 8,)}=—239) 
and for each XA, Sx)t —4; thus {S)} is a Hamel basis. This 

proves (b). In proving (b), we have used only property (I), hence, applying 
(a), we have (c). 

If X is a topological linear space and X, a linear subspace, then by Xt 
we will mean the set of all continuous linear functionals which are zero on Xo. 


The following proposition is well known. 


(9) Let X and Y be convex topological linear spaces such that each 
is the set of continuous linear functionals on the other. Then 


a) if X, is a linear subspace of X, XX; 


) if (Xi, +X.)¢—X, then XANXA 


( 
(b) if {Xy} is a collection of linear subspaces of X, then (3 X))+—= NX)+; 
( 
( 


C 


Suppose Y and Y are convex topological linear spaces such that each 
is the set of continuous linear functionals of the other. Let {R,} be a set 
of axes in XY. Then a set of axes {S,} in Y (with the same index system) 
will be said to be orthogonal to {Ry} if, for every Apo, 


(10) Sy, = (2 


Note that there cannot be more than one set of axes in Y orthogonal to {R,}, 
since (10) deterimnes each 8), uniquely. 


(11) Under the above conditions: 
(i) For every partition of {A} into two disjoint sets, 
{A}= {u}U{r}, = )+; 
(ii) {Ry} is in turn orthogonal to {Sy}. 
Proof. From (9a), for each Apo, (> Ry)t =8),+. Hence, from (9b) 


and (8), (3 R,)t=(2S,)+. Applying (9a) again gives (i). To establish 
(ii) we put {u}—Ap, in (i) and obtain (> S,\)f{—),. Then another 


application of (9a) gives Ry, = ( t+, which is (ii). 
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6. Axes in entire topological linear spaces. It is of course trivial that 


LemMa 7. Ina cartesian product of reals PR), the collection {Ry} is a 
set of axes and is orthogonal to the collection {S,} of the conjugate space P¥S), 


The question arises: What other sets of axes are possible for PR, besides 
the set of R)’s defining it? One answer is given by 


THEOREM 11. Let X be an entire topological linear space and Y its 
conjugate totally fine space. Then there is a one-one correspondence between 
the sets of axes in X and the Hamel bases in Y, the correspondence being 
given by orthogonality. 


Proof. Consider any Hamel basis {S,} in Y. For each dA, at 
RB’), = (> We show that the resulting collection {R’,} is a set of 


axesin X. Now Y is topologically isomorphic to P“S) (Corollary to Theorem 
6), and therefore its conjugate space is PR,. Hence, since X is conjugate 
to Y, there is determined a topological isomorphism of X on PR). Moreover, 


since ( > 8))+ is R’), in X and R), in PR), we must have R’),— R, under 
this isomorphism. It follows that {R’,} is a set of axes in X. 


Conversely, consider any set of axes {R,} in X. For each dp, let 
8), = (> R,)+. We show that {S)} is a Hamel basis in Y. In the proof 


of (11) we did not use the fact that {S,} was a set of axes, hence we 

can apply the results here. This gives first (using (9a)) that for each Ao, 

8,,= hence (using (9c)) that 


Secondly, it gives }) 8, — 01 = Y, and thus {8} is a Hamel basis. 
r 


That the correspondence between the sets of axes in X and the Hamel 
bases in Y is one-one follows from the uniqueness of orthogonality. This 
completes the proof. 


Corottary. If {R,} and {R’.} are two sets of axes for an entire 
topological linear space, then the index sets {r} and {a} have the same 
cardinality. 

This follows from the fact that all Hamel bases in Y have the same 


cardinality ([8], Chap. II (24.1)). 
From the proof of Theorem 11, we also have 


THEOREM 12. If X is an entire topological linear space and {R)} a 
collection of one-dimensional linear subspaces, then X is topologically iso- 
morphic to PR, with R,— Ry tf and only if {Ry} is a set of azes. 


4 
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Corottary. If X is an entire topological linear space and {Ry} ts a 
set of axes, then the sets of the form 


(12) U (Ai, ° + 
k 
where *,Ax) ts a nucleus in the finite dimensional subspace > Ry,, 


form a nuclear base for X. 


7. Subspaces of entire topological linear spaces. 


THeEorEM 13. Let X be an entire topological linear space. If Xo is a 
closed subspace, there exists a set of axes such that X, = (3R,)f, 
where {un} is a subset of {A}. 


Proof. Let Y be the totally fine space conjugate to X. Choose a Hamel 
basis {8} for Y such that X, — = 8,, where {v} is a subset of {A}. Denote 
the remaining A’s by {un}. Now let {Ry} be the set of axes in X orthogonal 
to {S,}. Then from (11), (3 Ry)t = (29,)t—X. 


Tt X isa topological linear space and X, is a linear subspace, a pro- 
jection of X on Xp is a continuous linear mapping H of X onto X, such that 
E?(X) = for all In such case, as is easily shown, £-*(6) is com- 
plementary to X,. In a cartesian product PX) it is obvious that the natural 
mapping onto any subproduct PX, is a projection. Now in Theorem 13, X 
is topologically isomorphic to PR, which gives us 


THEOREM 14. In an entire topological linear space, if Xy 1s a closed 
linear subspace, there exists a projection on X, (and hence X_ has a comple- 
mentary closed linear subspace). 


It is also easily shown that 


THEOREM 15. If X is an entire topological linear space, and X,, X, 
are complementary closed linear subspaces, then there exists a set of axes {Ry} 
such that X, = (3 R,)t, R,)f, where {A} {pw} VU {yr}. 


In any topological linear space X, if X/X, is finite dimensional, the 
subspace X, is said to have finite deficiency ([{10], Chap. I, §1). 


THEOREM 16. Let X be an entire topological linear space and {Ry} 
a set of axes. Then if X_ is any closed linear subspace of finite deficiency, 
X, contains all but a finite number of the R)’s. 


Proof. Let {8} be the Hamel basis in the conjugate space Y which 


| 
| 
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is orthogonal to {R,}. Xp + is finite dimensional ([3], Théoréme 1) ; hence 


k k 
there exixst -,A, such that Since R)t—( S,,)4, 
4=1 4=1 
it follows that (> C(X,)+)+—X. 


CorottaRy 1. If {Ry}, are two sets of axes for an entire 
topological linear space, then for any finite set -, Ax, (2 Ry) contains 


all but a finite number of the R’a’s. 
In terms of matrices, this can be stated as follows. 


CoROLLARY 2. Given PR), suppose {z} generates a set of axes (that 
is, the set of one-dimensional linear subspaces determined by the respective 
2%)’s is a set of exes). Then the matrix of the coordinates of the zs is 


column-finite. 


Given two closed linear subspaces X,, X, of a topological linear space 
two questions that arise are the following: “Is X,-+ X, closed?” and “If 
X,NX: = 86, is X, + topologically isomorphic to the cartesian product of 
X, and X,.?” In general, the answer is no to both questions ([10], pp. 173- 
174). However Mackey has shown that in an entire topological linear space, 
the answer to both questions is yes. Because of its interest we state this as a 


theorem. 


THEOREM 17. (Mackey). In an entire topological linear space, if X,, X2 
is any pair of closed linear subspaces, then (a) X,+ Xz is closed; (b) tf 
= 0, then X, + ts topologically isomorphic to the cartesian pro- 
duct of X, and Xz. 


The theorem follows from ([10], Corollary 3 of Theorem III-6, Theorem 
III-7, and the paragraph preceding Theorem III-6). 


THEOREM 18. If the index set {r} has cardinality 2, then X = PR 
contains a linear subspace of dimension Sy which is dense in X (thus X 1s 


separable). 


Proof. Since all cartesian products of the same number of images of 
reals are topologically isomorphic, it is enough to exhibit one example with 
the above property. Let Z— PR’, (n =1,2,- - -) considered simply alge- 
braically. Let Y be the space of all linear functionals on Z. The cardinality 
of any Hamel basis in Y is clearly 2%. Now let X be the space of all linear 
functionals on Y, with the weak* topology. From (2), X has the form 
PR), where the cardinality of {A} is 2%; and from (1), Z is dense in XY. 


CARTESIAN PRODUCTS OF REALS. 951 


It is obvious the above theorem holds with Sy replaced by any infinite 
cardinal. 


Appendix. 


8. Sets of axes in Banach spaces. An interesting question on sets of 
axes is the following: does property (II) follow from property (I)? We 
show here that such is the case in Banach spaces. In fact we have a stronger 


result : 


THEOREM 19. Let X be a Banach space and {Ry} a set of one-dimen- 
sional linear subspaces having property (1). Then for each re X, all but 


n 
a countable number {x} of the components are zero and lim || c — > a; || = 0. 
4=1 


To prove this we make use of a tlieorem proved independently by E. R. 
Lorch ([{9], Theorems (2.1) and (2.2)) and H. Kober [7]. This theorem 
says essentially that in a Banach space, properties (a) and (b) of Theorem 17 
are equivalent. However we state it in a form adapted to the present 
requirements. 


(13) (Lorch-Kober) Let X be a Banach space and X,, X, two com- 
plementary closed subspaces. For every re X, lee 4%, 
t2€ Xo, be the unique representation of x with respect to X,, Xz. Then the 
mapping of X onto X, given by x—> 2, 1s continuous. 


We proceed with the proof of Theorem 19. Consider re X. For any 
subset {u} of the index set {A}, we have ct = 2’ + 2”, where a (= R,)t and 


(> Ry)t. We will call 2’ the component of in (3R,)f. Now 
Ag {u} 


te therefore there exists y™e Ry, such that ||} <1. 


n=1 


Denote > Ry, by Y, and the component of z in Y, by z™. It follows that 


(SB) 


hence there exist y@ such that 2) — || < 1/2. Denote 


n=n4+1 


by Y. and the component of in Y, by Continuing in this 


n=ny+1 


fashion, we obtain sequences {Ym}, {y™}, {x™} such that 


(i) a) is the component of z in Ym; 
M-1 


(ii) lim || (ec — —y™ | = 0. 
m=1 


L 
n=1 
13 7 


952 SAMUEL KAPLAN. 


We will show that lim | z—>2™ | —0, which will prove the theorem 
M->oo m=1 


M 1 
(Cf. (6)). Now | S | —y™ | + — |; 


m=1 m=1 


hence from (ii), it is enough to show that lim || y¥@ —a™ || —0. 
Suppose this last is not true. Then there exists « > 0 and a subsequence 


{M,} such that 
(iii) | — | > for 


and by dropping out terms if necessary, we can assume: 


(iv) No two successive M’s are in the subsequence {Mp}. 


M-1 M 
Now from (ii), lim ||( > 2™ + y¥™) — a™ — || and this 
m=1 1 


m= 
reduces to 


(v) jim | y™) — _ y (M+) 0. 


Let Z = (= Xy,)f. From (iv), the component of — — in Z 
is y™»)_ (>), Hence from (v) and the Lorch-Kober Theorem above, 
lim || y@“») — a>) || == 0, which contradicts (iii). 

p00 


9. In contrast to the above, we now show that in an entire topological 
linear space, property (1) does not imply property (II). Let Z, Y, X be 
the spaces in the proof of Theorem 18. We show first that the set {R’n} has 
property (I) in X. Let {n}=—{p}U{q} be a partition of {n}. That 
(3 + (3 =X follows from Theorem 17 and Theorem 18. We 
show that (= R’,)¢N (= = 8 by showing that (= F’,)+ + (2 
Now Y can be considered as the space of all sequences, y = (91, Y2,°**; Yn) °°") 
and clearly (= R’,)+ consists of exactly the sequences with zero in the p- 
positions while (= R’,)+ consists of exactly the sequences with zero in the 
g-positions. It is obvious that these two classes of sequences generate Y. 

Thus the set R’, has property (I). If it had property (II), it would 
constitute a set of axes, which would contradict the Corollary to Theorem 11. 
This completes the proof. 


10. Completeness of totally fine spaces. We present here the proof 
of Theorem 8. From Theorem 7, it is enough to give the proof for a weak 
product of reals Y = PS). By definition an element V of the nuclear base 
is the convex envelope of a set U I, where J, is an open interval of S) 


M 
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containing zero. Clearly, we can confine ourselves to J,’s which are sym- 
metric around zero, and we shall do so. If we denote the half-length of each 
], defining V by e, (e, may possibly be ©), then V is completely determined 
by the e)’s as follows: 

(14) V = {y[3 | <1}. 


(Since only a finite number of the y)’s in any one y are different from zero, 
the above sum is always well defined.) 

Now consider a Cauchy system {y} in Y. This means that given any 
collection {e,}, there exists a such that 


(i) B >a implies & | y, — y,|/e, < 1. 
This gives, in particular, that 
(ii) >« implies | y,® —y,@ | < e, for every A. 


This latter implies that the coordinates of the ys converge on each S,. We 
denote the limit on each S, by y. 

We show first that y, 0 for all but a finite number of A’s. Suppose 
not. Then for some denumerable set of A’s, {An}, the yy,’s are all different 
from zero. Choose | (7 and for the rest of the 
choose e,==0o. Let @ satisfy (ii) with respect to the set {e,}. Then since 
yx == 0 for all but a finite number of d’s, there is an n such that y, = 0. 
But then, for this n, 8 >a implies y,, <4|y, |, which contradicts the 
fact that lim y, = yp,. 


Since only a finite number of the y)’s are thus different from zero, 
y= > y, is an element of Y. We complete the proof by showing that 
X » 


lim y) = y. Given any set {e,}, choose « to satisfy (i). Let Ax,--°,Ax 
be the set of indices for which the coordinates of either y or y™ are different 


k 
from zero. Since > 9, is finite dimensional, we can find a’ > «@ such that 
i=1 


k 
(iii) B > implies = | yr, — yn |/en < 1. 
=1 


For the rest of the \’s we have (since y, = 0 = y,) 


(iv) B> implies | |/er= | yr|/er 
AAM 


= | | < 1, 
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from (i). Combining (iii) and (iv), we obtain that 


B > implies > | yx — yy |/e, < 2. 


This completes the proof. 


ably 


Remark. It may be of interest to note that a weak product of a count- 
infinite set of reals P“S, furnishes a simple example of a complete 


topological linear space which is of the first category. 


As a final remark, we point out that the completeness of entire and 


totally topological linear spaces are, as is not hard to see, just special cases 
of the following. 


If {X)} is a set of complete topological linear spaces, then PX, and 


PX) are also complete. 


WAYNE UNIVERSITY. 
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- NORMAL CURVATURE OF A VECTOR FIELD.* 


By T. K. Pan. 


1. Introduction. Let v be a vector field in a surface in an ordinary 
space. The derived vector of v along a curve @ on the surface is called 
the absolute curvature vector of the field with respect to the curve, This 
derived vector can be decomposed into a component tangential and a com- 
ponent normal to the surface. The former, called the associate curvature 
vector of v along C or the angular spread vector of v along C, was studied 
by W. C. Graustein [1] and was later generalized to Riemannian space by 
R. M. Peters [2]. This paper deals with the latter component, which is 
called the normal curvature vector of the vector field v with respect to the 
curve C. The following terms are defined: normal curvature of a vector field 
with respect to a curve, asymptotic direction of a vector field, asymptotic line 
of a vector field, principal direction of a vector field, line of curvature of a 
vector field, principal curvature of a vector field, indicatrix of a vector field, 
curve of a vector field, and principal vector field of the surface; new charac- 
terizations of the principal curvatures of the surface and the lines of curvature 
of the surface are derived; and some properties analogous to those connected 
with normal curvature of a curve on the surface are studied, first for vector 
fields in a surface in an ordinary space, and then extended to fields in V, 
in Vy, and to fields in Vy in Vm. 

The notation of Eisenhart [3], [4] will be used for the most part except 
that Tg. will be employed for Christoffel symbols of the second kind. 


2. Definitions. Let S:xv‘*=—vzi(u',u?), 1=1,2,3 be a real proper 
analytic surface in an ordinary space with reference to a rectangular cartesian 
coordinate system. Associate to each point of S§ an arbitrary but fixed unit 
vector v? such that vt = p%r,44, gagp*p® = 1, and vi are real analytic functions 
of u*. It will be denoted throughout by v or p at appropriate places. Let 
C:u* = a=1,2 be a curve on S. .Then to each point P(z*) of C 
there is associated a unit vector v. Consequently, v‘ are functions of the are 
length s along the curve C. The derived vector of v along C at P is defined by 


dvi/ds = = ,xwt = qp%,du¥/ds + (p°ds,du¥/ds) X*, 


* Received January 9, 1952; revised February 4, 1952. 
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where psy is the covariant derivative of the contravariant vector p* based 
upon gas, where X* are the components of the unit normal to S at P, and 
where ,«, called the absolute curvature of the vector field v with respect to C 
at P, is the magnitude of the derived vector ,k in whose sense the unit vector 
w‘ is taken. Let w be the angle between w‘ and X*. We have from (2.1) 
vk COS w = p°ds,du7/ds. If ,« does not vanish, the right side of the above 
equation is positive or negative according as 0w< $a or r2o>}r. 
Let yn = ep*ds,du¥/ds, where e=1 is to be taken in the first case and 
== in the second. Then is the magnitude of the normal component 
in (2.1). 


Definition 1. The signed magnitude of the normal curvature vector of 
a vector field with respect to a curve at P is called the normal curvature of 
the vector field with respect to the curve at P. It will be denoted by e(yxn). 


The normal curvature of the field » with respect to ( is defined more 


generally by 
(2. 2) €(vkn) dsyp?du/ 


when p® are not necessary the components of a unit vector. 

The normal curvatures of » with respect to all curves through P on S 
are equal if and only if ,x, is independent of du*. Thus 0(,xn)/0(du*) =0 
for all du* at P, which can be found to be equivalent to gd —0 at P. Since 
g > 0, and (2.2) is symmetric in p* and du*, we conclude that the normal 
curvature of any vector field with respect to any curve in the surface is a 
constant at a point if and only if d= 0 at the point. This constant is equal 
to zero by Definition 3 which follows. Unless otherwise indicated, we shall 
always assume d= 0. It is easy to show that there exists a unique direction 
with respect to which the normal curvature of a vector field at P has a finite 
extreme value different from zero. 


Definition 2. The unique direction, with respect to which the normal 
curvature of a vector field at P has its extreme value, is known as the principal 
direction of the field at P and the corresponding normal] curvature is called 
the principal curvature of the field at P. A curve on S, whose direction at 
each and every point is a principal direction of a field, is called a line of 
curvature of the field. 


The principal direction of the vector field v and the line of curvature of 
the vector field v at P are found from (2.2) by setting 0(.xn)/0(du*%) equal 
to zero. The resulting equation after simplification is 


2.3 €*3g,dgsp°duY = 0. 
Jay 
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Definition 3. A direction, with respect to which the normal curvature of 
a vector field is zero, is called an asymptotic direction of the vector field. 
A curve on the surface, whose direction at each and every point is an asymptotic 
direction of a vector field, is called an asymptotic line of the vector field. 


The asymptotic direction of the vector field v at P and the asymptotic 
line of the vector field v at P are defined by the equation 


= 0). 


Definition 4. A curve on the surface, along which the vectors of a vector 
field of S are tangent to the curve, is called a curve of the vector field. 


The curve of the vector field v at P is defined by 
(2. 5) = 0. 


The normal curvature of a vector field with respect to the curve of the field 
at a point is the normal curvature of the curve at the point. In this respect, 
the normal curvature of a curve on the surface may be considered as a special 
case of the normal curvature of a vector field. 


Definition 5. A curve on the surface, relative to which the vectors of a 
given field are parallel in the sense of Levi-Civita, is called an indicatriz of 


the vector field. 
The indicatrix of the vector field v at P is defined by 
(2. 6) psyduY = 0. 


Definition 6. A field of vectors, whose directions at each and every point 
of S constitute a family of principal directions of 8, iy called a principal 
vector field or a principal field of S. The direction of the vector of a principal 
field and the line of curvature of § at P determined by the principal field are 
respectively called the corresponding principal direction of S and the corre- 
sponding line of curvature of S at P. 


It is obvious that the curve of a principal field at P is the corresponding 
line of curvature of § at P. The vector field v is a principal field of S if 
and only if 
(2.7 = 0. 


3. Properties. From Definitions 3 and 4, it is obvious that the asymp- 
totic direction of a vector field is conjugate to the direction of the vector of 
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the field at P. The orthogonal trajectory of the asymptotic line of the vector 
field v at P is given by the equation 
= 0, 
which is the same as (2.3) since eaggg*”’ = gg. Hence we have 


THEOREM 3.1. The asymptotic lines of a vector field form a conjugate 
net with the curves of the field on the surface and form an orthogonal net 
with the lines of curvature of the field on the surface. 


Let v be a principal vector field. Then on substituting for p* in (2. 7) 
their expressions from equation (2.3), we obtain 


(3.1) PV g5ydape yy, dupdu™ = 0. 
By the application of the process of contraction and the formulae 
Jay9 ps = dag = 


equation (3.1) can be reduced to the form e*¥dgcg,ydu%du’ = 0, which is the 
equation of the lines of curvature of S. Since p* can not be orthogonal to du* 
by Theorem 3.1 and by the assumption d ~ 0, they must be coincident. 


THEOREM 3.2. The principal direction of a principal vector field of 8 
at P coincides with the corresponding principal direction of S at P. The 
line of curvature of a principal vector field of S at P ts the corresponding line 
of curvature of S at P. The principal curvature of a principal vector field 
at P is the corresponding principal curvature of S at P. 

The principal direction of the vector field v at P is found from (2. 3) 
to be 
(3. 2) duY = 


‘The square of the length of this vector is equal to 
(3. 3) = 
Substitution of (3.2), (3.3) into (2.2) gives 


(3. 4) €(ckn) = 


where hag = (0X*/du*- 0X*/du®). 


The extreme values of the extreme values (3.4) at P as the vector field 
y varies are given by those vector fields v for which 0(,k,) /dp® = 0, that is, 
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gagp*p®hysp — happ*p>gep By means of (3.4) this equation is expres- 
sible in the form 
(3. 5) (hay Jon) p» = (0. 


= 0, which, in conse- 
g2np* 


Eliminating ,x,° from (3.5) we obtain 
quence of [3, p. 253], implies that 

d,,p* 
where M and K are respectively the mean curvature and the Gaussian 
curvature of S. Hence p* are the components of the principal directions of 8. 


(3. 6) hag = dagpM — gupk, i. e., == (), 


THEOREM 3.3. The two principal vector fields of S are the vector fields 
in S which have the extremal principal curvatures of all vector fields in 8 
at P. 

This theorem characterizes a line of curvature of S as a curve whose 
unit tangent vectors at each and every point form a vector field whose 
principal curvature assumes an extreme value of the normal curvatures of 


all vector fields in VS. 
From Theorems 3. 2 and 3.3 it is obvious that the extreme values of the 


principal curvatures of all vector fields in S are equal respectively to the 
principal curvatures of the surface. Hence 


THEOREM 3.4. The principal curvatures of the surface at a point are 
the extremal principal curvatures of all vector fields in the surface at the pownt. 


Since hag is the fundamental tensor of the Gaussian representation G of 
the surface S, (hagp*p’)4 is the magnitude of the vector p* in G. If we 
assume v to be a field of unit vectors in S, then (3.4) reduces to 


(3. 7) €(vkn) = (hepp%p*)4. 
Hence we have 


THEOREM 3.5. The principal curvature of a unit vector field in 8 at P 
is numerically equal to the magnitude of the same vector in the Gaussian 
representation of S at the corresponding point. 


If the vector field does not necessary consist of unit vectors, the content 
of the above theorem can be stated as follows: 


The principal curvature of a vector field in S at P is numerically equal to 
the ratio of the two magnitudes of the same vector in the Gaussian repre- 
sentation of S and in § at the corresponding points. 
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If equations (3.6) be multiplied by p*p’-and summed up with respect 
to a and 8, we have 
(3. 8) (vkn)? = Mx, — K, 


where x, is the normal curvature of the curve of the field v on S. Hence 


THEOREM 3.6. The square of the principal curvature of a vector field 
in S at P is a number diminished by the Gaussian curvature of S at P, the 
number being the product of the mean curvature of S and the normal 
curvature of the curve of the field at P. 


Let p* and q* be two orthogonal vector fields. Let e(pk,) and e(gkn) 
denote respectively the principal curvatures of the two fields. Let x, and x, 
be the principal curvatures of the surface S. Then by (3.8) and by Euler’s 
theorem we have 


(3. 9) (skn)? + —= M? —2K + 


Hence 


THEOREM 3.7%. The sum of the squares of the principal curvatures of 
two orthogonal vector fields at P is constant and is independent of the choice 
of the two orthogonal vector fields. The constant 1s equal to the square of 


the mean curvature of S diminished by twice of the Gaussian curvature of 8 
at P or equal to the sum of the squares of the principal curvatures of S at P. 


Similarly, from (3.8) we find 
(3. 10) gkn)? = K? + 4M?(x,; — x2)? sin? 26, 


where 6 is the angle between a line of curvature of S§ at P and the curve of 
one of the two fields at P. 

By Theorem 3. 4 it is evident that if P is an elliptic point, the principal 
curvatures of all vector fields at P are of the same sign. If P is a hyperbolic 
point, the principal curvatures of certain vector fields are positive and the 
principal curvatures of other vector fields are negative. 

At a hyperbolic point the normal curvatures of a vector field with respect 
to different curves are either all positive or all negative, because the normal 
curvature of a vector field is zero with respect to the asymptotic line of the 
field, which is orthogonal to the principal direction of the field, and because 
okn 18 continuous at every point of S. Hence the principal curvature of a 
vector field at either an elliptic point or a hyperbolic point is sufficient for 
the determination of the sign of the normal curvatures of the vector field 
with respect to different curves. As a vector field at the hyperbolic point P 


[ 
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varies from one principal direction of § to another principal direction of S 
through an asymptotic direction of S, the principal curvature of the field 
changes from + to — or vice versa. Hence the principal curvature of a vector 
field has the sign of that principal curvature of S which is situated together 
with the vector of the field at P in the same section separated by the asymptotic 
lines of S at P. Consequently, at a hyperbolic point of S the principal curva- 
tures of the two orthogonal vector fields may or may not differ in sign. From 
(3.10) we have 


THEOREM 3.8. At an elliptic or hyperbolic point P of S, the product 
of the principal curvatures of two orthogonal vector fields is respectively = 
or numerically = the Gaussian curvature of S at P. The equality sign holds 
if and only if P is an umbilic point of 8, or the two vector fields are the 
principal fields of S, or S ts a sphere or a minimal surface. 


Let A,|* be a unit vector in the asymptotic direction of the vector field 
v at P and d.|* a unit vector in the principal direction of the vector field v 
at P on S. Then we have = 0, gapdy|*Ay|F = 1; y= 1,2. Any 
unit vector tangential to S at P, say du*, can be expressed as a linear com 
bination of A,|* and Az|*, such as 


(3. 11) du == cos 0, + cos 


where cos 6 = y = 1,2. Assuming gogp*p® 1 and making use 
of (2.2) and Definitions 2 and 3, we find the normal curvature of the vector 
field v with respect to a curve with (3.11) as its tangent vector at P is equal 
to @(»kn) = @(vkn) COS 6. Thus the normal curvature of a vector field with 
respect to an arbitrary curve can be expressed in terms of the principal 
curvature of the field. Hence we have the following property similar to 
Euler’s and Meusnier’s theorems. 


THEOREM 3.9. The normal curvature of a vector field with respect to 
an arbitrary curve C always satisfies the following first relation with the 
principal curvature of the field and the second relation with the absolute 
curvature of the field with respect to C: 


cKn = vk C08 ¢, vKn = pk COS o, 


where is the angle between the direction of the curve C and the principal 
direction of the field and w denotes the angle between wt and X‘ at the 
point considered. 


/ 
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Let a vector field in S be given. Through a point P on S, there pass 
the following two curves: the curve of the field and the asymptotic line of 
the field. The straight lines along these two curves in the direction of the 
vectors of the field associated to the curve form generators of two developable 
surfaces. The first one is the tangential surface of the curve of the field and 
the second one is developable because of the conjugacy between the asymptotic 
direction of the field and the vector of the field. We want to show that these 
two curves are the only curves possessing this property on 8. 

Let C: u*=u*(s) be a curve on S such that the straight lines on v 
associated with C are generators of a developable surface. Then the develop- 
able surface will be defined by 


(3. 12) y' =z'i(s) + Avi, 


where s and are parvameters. A—a constant 0 defines a curve on the 
developable surface, the tangent of which has the direction defined by 
dy'/ds = t' + -,k, where ,k has the same meaning as in (2,1). 

Since implies (¢‘, v',,k) =0, we find that a 
necessary and sufficient condition for the surface (3.12) to be a developable is 
yk =0 or tt = + 


Case 1. ,k =0. Then v‘—const. The vectors of the field are absolutely 
parallel . The lines on them form generators of a developable surface along 
any curve on the surface. The surface is consequently isometric with the 
plane. If then and from (2.1) we have p%,duY —0, 
p°ds,duY = 0, which mean geometrically that the lines on the vectors of the 
field will form generators of a developable surface along the curve C which is 
both an indicatrix of the field and an asymptotic line of the field. 


Case 2. té=—-+v‘. The curve C is then a curve of the vector field. 


Hence 


THEOREM 3.10. At a point on a non-developable surface there are two 
and only two curves, along each of which the straight lines on the vectors 
of a field form generators of a developable surface. These curves are the 
asymptotic line of the field and the curve of the field. 


The following theorem is an immediate consequence of Definitions 1 


and 5: 


\ 
5 
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THEOREM 3.11. The normal curvature of a vector field at P is the same 
with respect to all curves tangent at P to the same direction. The normal 
curvature of either one of two vector fields with respect to the curve of the 
other field is the same. The absolute curvature vector of a vector field with 
respect to the indicatria of the field has at each point the direction of the 
surface normal. The absolute curvature and the normal curvature of a vector 
field with respect to a curve C are numerically equal tf and only tf the curve 
C is the indicatriz of the field. 


4. Generalization. Let Vy: a=1,---,n+1 
be a hypersurface in Let C: at(s),1—1,- - -,nbeacurve on Vy. 
Let v be a field of unit vectors in V, such that v* = p*y%, and v* are real 
analytic functions of x‘. Then the normal curvature of v with respect to C 
at a point P of V» is defined by 


We assume the fundamental forms of all spaces discussed in this section are 


positive definite. 
When, in particular, the vector v is tangent to C at P, 


(xe) = 


and, consequently, the normal curvature of v with respect to C becomes the 
normal curvature of the curve C. It is evident ,.«g¢—O at P along the 
direction for which 

(4. 2) 


OX ;p'dri = 0 


This direction is called an asymptotic direction of the vector field v at P of Vu. 
A curve, whose direction at each and every point is an asymptotic direction 
of a vector field is an asymptotic line of the field. Such a direction and such 
a line satisfy the differential equation (4. 2). 

The extreme values of e(,xg) at P are attained with respect to those 
directions for which 0(,«¢)/0(dz‘) =0 for i—1,---,n, that is 


(Vis — giz) = 0, 


(4. 3) 
where 
(4. 4) 


Vij = 


and where ,x¢? is a root of the equation 


(4. 5) | Wis — vee? gi; | = 0. 
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Since the metric of V, is assumed to be positive definite, the roots of 
(4.5) are all real; and since || %;; || is of rank 1, nm —1 roots are equal to 
zero which correspond to asymptotic directions of the vector field v at P. 
The square of the non-zero extreme value corresponds by (4.3) to a principal 
direction determined by the tensor %;. The extreme value of e(,«¢) is 
called the principal normal curvature of the vector field v at P in Vy and 
the corresponding direction is the principal direction of the field at P in Vj, 

From (4.1) we know that the normal curvature of a vector field in V, 
has equal value with respect to all curves of Vy, through P with the same 
direction. Its value with respect to an indicatria of the field is the absolute 
curvature of the field in Vn, with respect to the indicatriaz of the field of V,, 
since an indicatrie of the field v satisfies and yx, the absolute 
curvature of the field v with respect to C, is defined by 


vk = = dv*/ds = + e( xg) 


where w* is a unit vector in the same sense as ,k. Similarly, when an 
asymptotic line (4.2) of a vector field v is an indicatria of the field in Vy, 
the latter is also the indicatrix of the field in the enveloping space Vn, and 
conversely. 

The principal direction of the vector field v in Vy ts indeterminate if 
and only if 
(4. 6) Vij = 


Such space is then homogeneous with respect to the tensor Wj; An asymptotic 
line of a vector field is conjugate to a curve of the field at P in Vy. 
If the vector field v is a principal vector field in V,, then 


(4. 7) (Qi; — xegij) p' = 0, 


where x¢ is the corresponding principal curvature of V, at P. In virtue of 
(4.1), (4.3), (4.4) and 4.7) we obtain e(,«g) = «zg at P. It follows that: 


The principal direction of a principal vector field in V, at P and the 
principal curvature of the same field in Vy, at P are respectively identical 
with the corresponding principal direction of Vy and the corresponding prin- 
cipal curvature of V, at P. Consequently, a line of curvature of a principal 
vector field in V, is the corresponding line of curvature of Vn. 


Let the unit vectors of an orthogonal ennuple at P formed by Aj,|* be 
taken in the principal direction of the vector field v at P in V» and 


> 
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asymptotic directions of the vector field v at P in Vy. In particular, let 
\,|* be in the principal direction. Then we have 


(4. 8) 


Any field of unit vectors in Vy, say dz‘, is defined by 
(4. 9) = cos 0, + An|* cos On, 


where cos 6, = gijA,|*daI. Thinking that p* and dz‘ are unit vectors, we can 
write (4.1) in the form e(,xg) = Qip‘dri, and by (4.4) we have 


(4. 10) (xe)? = 


Substituting in (4.10) from (4.9) and making use of (4.3) and (4.8), 
we obtain 

(4. 11) okt” = C08? 

which is analogous to Euler’s formula, e(,x¢) being the principal curvature 
of the vector field. 


Consider a Riemannian space V, of coordinates z* immersed in a Rie- 
mannian space Vm of coordinates y*. Then the normal curvature of the 
vector field v at P in Vn in Vm is denoted by e(,xg) such that 


(4. 12) (oe)? = 


where i, j, 4,] =1,--:,n,v—=n-+1,---:,m. Proceeding with this definition 
and others in a manner similar to the preceding discussion for Vn» in Vyy1, 
we may obtain for V» in Vm the following properties: 


The normal curvature at a point P of a vector field with respect to a 
curve C in V» in Vm depends only on the direction dz‘ of C at P, and ts the 
same with respect to all curves tangent to C at P in Vy. It is zero in an 
asymptotic direction of the field, which is conjugate to the vector of the field, 
and its finite extreme value for the normal é,|* is attained with respect to 
the principal direction of the field for the normal é,|*. The principal direc- 
tion at P of a principal vector field in V,, and the principal normal curvature 
at P of the same field for the normal é,|* are respectively identical with the 
corresponding principal direction of V, at P and the corresponding curvature 
of V, at P for the normal é,|*. A line of curvature of a principal vector 
field in V, for the normal é,|* is the line of curvature determined by this 
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corresponding family of principal directions of V, for the normal é,|*. The 
normal curvature of a vector field with respect to an indicatria of the field 
in Vy. An asymptotic line of a vector field in V, and an indicatrix of the 
field in Vy are coincident if and only if the latter is also an indicatria of 
the field in Vm. 
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A SYNTHESIS OF THE CLIFFORD MATRICES AND ITS 
GENERALIZATION.* 


By T. G. Room. 


Clifford matrices of 2" row and columns are a set of 2r-+ 1 matrices yi, 
with the properties 
+ yivi = 9. 


In Part I these matrices are synthesized from two elementary sets of r matrices, 
U; which are diagonal matrices, and V; which are substitution matrices. The 
key to the development is the numbering of the rows and columns of the matrix 
in the reversed binary scale, namely as a, + 2a -+- - -+ 2r-1a,. 

In Part II, geometrical properties of the collineations determined by these 
matrices are worked out, and in particular the existence of a sequence of 
systems of spaces exhibiting a “ Mutuality ” exactly analogous to Study’s 
“Triality ” is established. 

Part III suggests generalizations of Part I using scales other than the 
binary to obtain sets of matrices in which most pairs commute, but for some 
pairs, in one case UV —kVU, and in another U?V = VU. 


Part I. 


1. The basic family of matrices. Number the rows and columns of a 
2” X 2" matrix in the reversed binary scale, beginning with 0, so that the 
row or column in position number + 2a, -+ 4a, -+----+ from the 
top or the left carries the indices a,¢.0;: - -a,. Throughout Parts I and II 
of this paper I use the conventions 


(i) Greek indices take the values 0 and 1 only, 


(ii) All arithmetical functions of Greek indices are reduced modulo 2, 


(iii) For any index a, a’; is defined by a + a’; = 1. 


* Received November 22, 1950; revised July 25, 1952. 

* My interest in the Clifford matrices was aroused by Professor O. Veblen, and Drs. 
W. J. Givens and N. H. Kuiper. A recently published paper by Dr. Kuiper (1949) 
gives much of the geometrical background, and many references to the history of the 
problem may be found in it. Part II of this paper was presented to the International 
Congress of Mathematicians. 
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Denote the elements of a matrix by a $'g% 1g; or a (3; (with superscript as 


row number) and define matrices U;, V; thus: 
U, is the diagonal matrix with elements 


—= (— 1) 


V;, is the substitution matrix with only one non-zero element in each row and 
column, given by 


— 1, 


where each superscript except the i-th is equal to the corresponding subscript, 
and the i-th superscript and subscript are different. 
For r= 2 the matrices are 


U,— 


These matrices have the properties: 


THEOREM 1.1. (i) U? —V/?—1, 
(ii) All pairs commute, except the r patrs U,, Vi, 


(iii) UV; = — 


THEOREM 1.2. W(33, —1U,“11V, is the matrix with one non-zero 


element in each row and column, given by 
(As) 
@ = (— 1) 


E. g., when r= 2, 


1 1 
1 
—1 
1 1 
1 1 

1 V, 1 j 
1 1 

| 
1 
11 
W U,UL),= 1 ; 
1 
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THEOREM 1. 4. [W 12 (— 1) 
If we take W — i246 32,8; being reduced modulo 2, then 
(aj) 2 
(a) *]? 
THEOREM 1.5. Two matrices W{$3, W{Z) commute or anti-commute 
according as Xa 8; + = 9, or 1. 
THEOREM 1.6. W(g}} is symmetric or skew-symmetric according as 
= 0, or 1. 
Thus, the non-zero elements of the matrix are 
a —= (— 
Si (At) 
ince the element @ (146,) = @(\1+8:+6;), 1t is also a non-zero element of the 
matrix, and 
ah (— 1) = (— 1) 


THEOREM 1.7. Any given 2" X 2" matrix, H = (h($}}), may be expressed 


in a single way as 3k (g3W(3'}, there being 2° terms in the summation. 


Thus, if we rearrange the terms in the rows of the matrix H, so that 
(a1) 


they form the matrix H = (h{2?.,,)), then H = 82K where K = (k(g3) and 
Da SW ry, that is, $2 is the matrix each of whose elements is + 1 


or —1, the sign being given by = (— 1) =a, 


For r= 2, we have 


OS KK COO 
OS OO 


) fi 1 1) 
1 —1 1 —1 
1 1 —1 
—1 —1 Ag 


0 


= 
oH OS 


RO 


OF CO 
cH OF OO 
or of Of CO 
HO 


CO COO 
or OF FO 


0 
1 
1 
0 
0 
1 
1 
0 


0 0 
0 1 
0 1 
0 0 
1 0 
1 1 
1 1 
1 0 


1 
1 
0 
1 
0 


= U, U2, + V,U2 + 2. 


2. The Clifford matrices. The Clifford matrices y;), of 2" rows and 
columns, have the properties: 


+ = O. 
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They may be defined inductively from the matrix ¥ 9‘ of one element thus: 


I I 
ora” I ), Yor") ). 


In the notation used in this paper, this set is 


888-88, 
that is: W ($3, where *,@p—1, and all B; = 0, 
except 1, and iW where @,° *,@,=0, =1, 
and all B; = 0, except = 1. 

For our imemdiate purpose the factor 7 is unimportant, and we define as 
the primary Clifford set, the set of 27 -+ 1 matrices W which correspond to 
the matrices ¥™. A Clifford set of matrices W is one with the same properties 
as the ¥™, namely W? = + I, W,W,, = — W,W,,, that is, a set of matrices 
W such that no pair commutes. 

One of the problems (the solution of which I do not attempt here) is 
the determination of all Clifford sets. It is clear that from any given set 
we may obtain other sets by any of the operations 


(i) changing each U into a V and each V into a U, i.e., by replacing 
each W(3') by W(®). E.g., the second set of those listed below is obtained 


(ai): 


in this way from the first, 


(ii) effecting on each symbol of the given set the same permutation of 
both superscripts and subscripts. E.g., the third set below is obtained from 
the first by interchanging the first and second indices, 


(iii) adjoining I to the set, multiplying by any member of the set, and 


removing I from the resulting set. E.g., the second set below is obtained 


from the first by multiplying by Ws 


From Theorem 1.5 it follows that the problem is equivalent to the 


following combinatorial problem: 


Let (a;); B;)), s==1,---,m, be m pairs of permutations of r terms 


¢€ 
q 
= 
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each 0 or 1. It is required to determine all sets of m such pairs of permu- 


tations, which are such that for every two pairs in a set 


4 


In the solutions above m —2r-+1, and this is probably the largest value 
of m. 
In the case r = 2, there are six Clifford sets, namely 


wos 
W 
Wit 
Wie 


W 
Wis 
W 
ws 
W do 
W 


ooo 


On 


If these matrices are regarded as collineation matrices in projective [3], then: 
the five points obtained from any general point under the transformations of 
one of the sets lie in a plane and on a conic with the point, and the six such 
planes are the planes through a point of a Kummer 16, configuration. 


Part II. 


Quadrics associated with Clifford Matrices. 


3. The Clifford involutions. For convenience of exposition, in this 
Part of the work I take r = 4. 

As coordinates in [15] take (%) = Zagys,” where a,-- -,8=0,1, and 
aBys are the numbers 0 to 15 expressed as a + 28+ 4y+ 88. The primary 
Clifford matrices are 


1111, yy1111 0111, 0111 0011... g0001 000 
W000; W1000, W1000; Wo100, Woo01, - 
The pairs with identical subscripts have the non-zero elements, + 1, in the 
same places, with half the signs agreeing. It is simpler therefore to replace 

these matrices by the set of 9: 


2? The coordinates are related to Cartan’s (Cartan, 1938, p. 4) coordinates 


fij.... thus: i, j,k,. - . are the position numbers in any order of the non-zero subscripts 
a,8,7,6. E.g., is the same as 


W 
W 
W 
W 
| 
W 
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000, Yo=4(Wi000 + 

—4(— 
¥o 0100 + ¥1 = 4(— + Wooo1). 
Each of these has only 8 non-zero elements, which for Yo are above the 
leading diagonal and for Y; are below it. The non-zero elements of typical 
matrices are: 


a — 


1py6 
@ (— 1) 
= 
05 
a = (—1)° 


0 
a 


The nine matrices determine a linear family of matrices I of freedom 
8 defined by 
Wee + ¥§ + 


From this it is easy to prove that 


THEOREM 3.1. (W)?=— where 6 = (c)?+ cj. 


THEOREM 3.2. If 6 =0, W is of rank 8. 
TurorEM 3.3. =—c¥ + Yi. 


The matrix A, —= W conpty which is the product of the four skew- 
symmetric matrices of the original set of 9 Clifford matrices, has the following 


relations to each WT: 
THEOREM 3. 4. =I", 
THEOREM 3. 5. Tar — @A. 
The first of these comes directly from relations such as 


1111 1111 
AW 10004 =— 


SW is the reversed diagonal matrix with elements a = (—1)a+y, The 
corresponding matrix associated with the set of 2r + 1 Clifford matrices of 2” rows and 
columns is W so i , and is symmetrical or skew-symmetrical according as the 
number of non-zero superscripts is even or odd. I.e., the corresponding correlation is a 
polarity with regard to a quadric if r = 4s—1, 4s, and with regard to a null-system 
if r=—4s+ 1, 48+ 2. 
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using the form above, and for the second we have 


If KE is taken to be the matrix of a collineation, it follows from 
Theorem 3.1, that (i) the collineation is involutory, and (ii) if @—0, 
then the collineation is singular, and the invariant space is a [7], y, say. 
From Theorem 3.5 it follows that the conjugate, Ix, of a point x, is such 
that (x77) = @x7Ax. That is 


THEOREM 3.6. The quadric Q==x7&x = 0 ts invariant under all the 
collineations 


THEOREM 3.7%. The invariant space, y, of a singular collineation © 
lies on Q. 


4, The space of conjugates of a point. The conjugates of a point P, 
(popys), under the linear family of Clifford collineations FW are linearly 


dependent on the nine points P = YP, P; = Y; P, where, e. g., Pj is given by 
Laopy = 0, = (—1)**’peogy. In general these points determine a [8]. 
Take now the eight primes w} of which the equations, each involving 


eight terms, are 
BX: = 0, 
etc., the fixed index for  } being in the i-th place, and the sign being deter- 


mined in each case by (—1)**%. Using the matrices W we may write these 
equations as 


(W oii — 
+ 
From the following relations we see that m4 contains R, Pi, and the 
six points Pi, j = 2,3,4, which may be typified by P?: 
p™(W + W 0111) 0000 Pp = — (W + P 
= 0 since the two matrices W are skew-symmetric. 
p?(W + W (W i000 — 
=p"(—Wi 


1 

1) ( 
010 
111 


= 
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2 0101 py i101 0111 001 
PS: p?(Woiri + W 0111) (W + Woro 
0010 0110 w 1110 
= + Woo11 — 1 + Wo011)P 
= 0 since each of the matrices W is ay cae 
0101 1101 1111 0111 
0 = p?(W 0111 + W 0111) (W 1000 + W000) Pp = — 2p Mp. 
From the corresponding relations among the points P, P;, and the primes 


w1,, it follows that all the conjugates of P lie in all eight primes, if P lies on 
Q=xTAx=0. Le, 


THEOREM 4.1. The necessary and sufficient condition that the space of 
conjugates of a point P should be of dimension less than 8 ts that P should 
he on the quadric Q. 


There are two systems of [7]|-generators on Q, each of freedom 28, and 
such that a general pair of spaces of opposite systems has a common point. 
The invariant [7]’s y, of the singular collineations belong to one system 
and have freedom 7, the [7]’s above belong to the other system and have 
freedom 14. 


Take next the 24 primes w’,, typified by 
24, ‘ 
Dry > X(—1)*panrg Tarp, = 9, 


the sum extending over the four terms given by possible pairs of #8. These 


primes contain all nine points P, P;, as well as P itself, if, in addition to 
lying on Q, the point P lies on the 8 quadric [7 ]-cones: 


gx = = 0, 
qx == (— 1) = 0, 
(— 1) = 0, 
== (— 1) = 0.° 


In terms of the matrices W these quadrics are determined by: 


* These may be expressed in matrix form using the sums of four W’s. 

5 Note added in proof: In addition to these quadrics the point has also to lie on 
Q. + Q, (as defined after Theorem 4.2). This does not affect any of the theorems and 
involves only minor adjustments of the text. 


1, 70101 1101 
Qx: Wo111 + 


A SYNTHESIS OF THE CLIFFORD MATRICES. 975 


etc., the indices § and 9 being inserted in the i-th position among 101 for 


qo and gi respectively. That is, the nine quadrics Q, q} define a linear 
family of freedom 8 depending on the quadrics determining by the nine 


1010 0101 1101 
matrices Wo111, Wo111, ete. 


These nine do not of course themselves form a Clifford set (since none 


of them is skew-symmetric), but if each is multiplied by Wisi. we obtain 


the Clifford set W000, Wo001, Wooo1,° which is derived from the 
primary Clifford set by effecting the interchanges (1,4), (2,3) among the 
positions of the indices. It follows that ®=/fQ + = 0 is in general 
a non-singular quadric, but that, if (f)* + Sfo‘f;‘—0, it is a [7]-cone. 

There are thus oo? [%]-cones forming a quadric system in the linear «0° 
system of quadrics, the vertices of the cones being the invariant spaces, y, of 
the singular collineations. 

Writing ® in the form 


= x'Gx, say, 
it may be verified that 


where the form on the right hand side is that of another quadric of the 
o* system. Thus the family of quadrics is invariant under the system 
of collineations FW, and the locus X common to the family is therefore trans- 
formed into itself by all collineations FH. We have then 


THrorEeM 4.2. If P lies on K, then it lies in the space, x, of tts con- 


jugates, and x lies in the meet of the twenty-four primes w i,; x lies on K. 


In the next section we prove that x is of dimension 4, and X of 
dimension 10. 

The nine quadratic forms, Q, q,‘, are linearly independent, but are 
connected by a number of relations quadratic in the coordinates. We may 
express these most easily by separating the form Q into two parts, thus 


Qo = (— 1) reg af oF 
1 == (— 1) rag asp’ 1; 
so that Q =Q5 —Q,. Then we have the 16 relations 


= La'pysqa’ + (— 1) 
+ (—-1) + (— 1) 


where 


= x'G*x, 
| 
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5. The locus of a point which lies in the space of its conjugates. If 


W($') is taken to be a collineation matrix, then from Theorem 1. 2, 
So that, using the notation of § 3, 
YAagys = (— 


Y Aopys = (— 1) + (— 1) Aways, ete 
Consider now the spaces of conjugates determined by Apooo (=A). 
Taking + 3b; Yj, we have 
B= yA = bAoo00 + 6041000 + 6040100 + 040010 + 4040001, 


i.e. the space of conjugates of Agooo is the [4], 


%@== [Agoo90, 41000, Ao100> 40010, 4ooo1], and A and lie on K. Simi- 
larly for any sets of values b, c, d, e we find that [.W,Agooo0 is a set of 
points lying entirely in the space determined by all points Aagys with two 
or fewer subscripts “1,” and E¥,N.K,A by all points with three or fewer 
subscripts “1.” That is, the points IX.K,A lie in the [10] a* given by 
@1111> 9111, 71011,» 71101, T1110 = 0 and all lie in the prime, 
A*, 21111 = 90. does not in general lie in any element of the 
simplex {Aag,s}. 

Any point B of « may be transformed into Agooo (by the collineation 
I,), so that the space B of the conjugates of B is also a [4] lying on &. 
Next any point C of 8 may be transformed into B and thence into Agogo, s0 
that the space of conjugates of C is a [4], and all these spaces lie on K and in 
the prime A*, forming its complete intersection with X. 

Now suppose # is any other point of X. Whatever the coordinates of £, 
it is clear that at least one of the points YE, Y) £ is different from £, so 
that # has a line of conjugates (at least). This meets A* in a point D, 
the space of conjugates of which passes through HZ. Thus £ is also reducible 


to A, i.e., 


THEOREM 5.1. There exist collineations, formed from products of the 
collineations T', which transform any point of K into Agogo, 1. ¢., all points 
of K are projectively equivalent. 


From this it follows that all properties of K proved in relation to 
Aoooo are valid for all points of X. 
XK is the complete intersection of the quadrics Q), q\, so that its tangent 
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space at any point is the meet of the tangent primes to the quadrics at the 
point. From this we find, in particular 


THEOREM 5.2. The [10] a* is the tangent prime to K at A, and 
therefore 


THEOREM 5.3. &K ts of dimension 10. 
THeorEM 5.4. The tangent-[10]’s at all points of a lie in the prime A*. 


The invariant-[7]’s, y (Theorem 3.6), all lie on Q. Particular among 
them are the invariant spaces of the collineations Y,. Using the form given 
at the beginning of this section we find that the invariant space of Y 9 is the 
space determined by the eight points Aogys. This lies on all quadrics gi except 
q0> which it cuts in the non-singular quadric sixfold 

Go = = 0, 
(with = 0) 

THEOREM 5.5. There are 7 [7]’s, y, each cutting K in a quadric 
sixfold. 

I prove next 


THEOREM 5.6. The locus of space x4 which pass through A 1s a cone 


AY projecting the Grassmannian & 3 of lines of [4]. 


The required locus is the section of K by a*; a* lies on the four 


quadrics gi, and meets the other quadrics in: 


— 2910070011 + %0010%0101 — 2011020001 = 9 

— 100070011 + £o010%1001 — 7101070001 = 9 

— £10900%0101 + T0100 71001 — 21100%0001 = 9 

— £1900%0110 + 7010071010 — 7110070010 =0 

— £9110%1001 + 71010 0101 — 71100%0011 = 0. 
In place of Wlite Yn, When 1 and the other two 
subscripts are zero, and write yi9,—= Yoi, When «#1 and the other three 
are zero. These equations are then usual equations of the Grassmannian in 
[9] of lines in [4], except that the signs are written into the equations 

instead of being carried by the convention 2%; + 24% = 0. 


Properties of & are most easily discussed in relation to figures in [4]; 
take then a [4] and name its elements z-points, z-lines, ete. On & there 


= 
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is a single oo* system of solids g (each corresponding to z-lines through 4 
m-point), each pair with a single common point (corresponding to the z-line 
joining two z-points). To the lines in a z-plane there correspond points of a 
plane s on %: through any line on % there passes on plane s and one solid g 
(the line corresponds to a pencil of z-lines of which the vertex is represented 
by g and the plane by s). Through any point of & there are oo solids g 
and o* planes s forming a cone of order 3, the complete section by the 
tangent-[6].° 


Thus for the cone AY we find: 


THEOREM 5.7. On A§ in the [10] a* there are «* [4]’s xa all through 
A, and each pair with a common line, also 0° [3]’s o, all through A. Through 
any plane through A and on A§& there pass one x and one o. 


A “typical” is [Ago00, 40100, 40010; 40110]: 


THEOREM 5.8. The spaces of conjugates of points of a line through A 
and in « all pass through the line and form a cubic line-cone (| 2,3 |, [7]). 


Associated with 9 there are oo* [5]’s (corresponding to z-solids) one 
through each point of the [9], and each cutting % in a quadric fourfold, the 
two systems of generators on which are planes s and section of solids g. 
Each of these quadrics gives a quadric point-cone in [6] on AY, with 
generators o and sections of x. This point-cone is the section by a tangent 
prime of the quadric g in one of the invariant spaces y. 

In Theorem 5.7% we proved that each [4] xa through A meets each 
other x4 in a line and no more. Now take B in a, and B the space of its 
conjugates. «, 8 meet only in the line AB. Each space xg which passes 
through B meets every other xg in a line through B. But amongst the xz 
is a, so that any two [4]’s x meet in a line (exactly) or not at all, and all 
the x’s that meet any [4] « of the family in lines lie in the tangent prime A*. 


We may summarize the structure of K thus: 


THEOREM 5.9. There are on K: (i) 7 [4]’s x two of which in 
general do not meet but each meets «°® other in lines, (ii) 01% [3]’s o, any 
pair of which either do not meet, or they may have a point or a line common. 
Through any plane of K there pass one x and one o, (iii) «7 quadric siz- 
folds G on which the generators are solids o and sections of [4]’s x. 


This cone is the “ determinantal locus” (| 2,3 |, [6]). See, e.g., Room (1938), 
p. 202. 


& 
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Let us return now to the systems of: 


points K, [4]’s x, [10]’s x*, and primes K* each of freedom 10. 


Any set of sixteen homogeneous parameters as, satisfying the ten relations 


0, = 0, qh = 0, determines: the point K, of which they are the coordinates, 


the space x of its conjugates (from the primes wi, § 4), 
the tangent-[10]’s x* to K at K, 
the prime K* containing the tangent-[10]’s at all points of x. 


Any collineation I (or product of K’s) replaces all these by other 
spaces of the same system. Any correlation I (or product of a correlation 
¥ with collineations I) replaces each K by a K* and each x by a x*. 

Thus any incidence relation among a set of points K is reproduced by 
the corresponding primes K* and likewise of x by x*. If we can show that 
there are incidence relations among a set of spaces x corresponding to given 
incidence relations among a set of points K, we shall have established a com- 
plete “ mutuality ” among all four systems. In general terms the existence 
of such a correspondence is clear, because each x is the space of conjugates 
of a definite point K of itself. The detail of some of these correspondences is: 


(i) Two points K,, K, of a space x determine a line lying in «x; two 
spaces x,;, kK. which meet in a line determine an oo7 system through the line 
forming (| 2,3 |, [7]). 

(ii) To points of a solid o correspond the [4]’s x meeting it in planes. 

(iii) On any quadric sixfold q there is the Study “ triality ” linking 
the points, with the spaces x the sections of which are one system of generators, 
and the spaces «* the sections of which are the tangent-[6]’s to 4. 


We may therefore say 

THEOREM 5.10. There is a “ mutuality” among the systems of spaces 
K, x, «*, K* analogous to Study’s “ triality” of points, generator-[3]’s, and 
tangent primes of a quadric in [7]. 


In the general configuration in [2"—1], we will have a “ mutuality ” 


among systems of spaces of dimensions vo, 14, v2,° * *,¥r-1 Where 


7 For this sequence of numbers, see for example, Room (1936), p. 539. 
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Part III. 
Two generalizations of the commutative-anti-commutative set. 


6. Sets, in general commutative, but with some pairs for which 
VU =kUV. The matrices to be considered have n* rows and columns, 
Number the rows and columns in the reversed scale of n, so that @,¢2- - - a, is 
the index of the row or column with position number @, + na,-+- - +--+ n™"a,, 
I make the conventions that: 


(i) Greek indices takes the values 0,1,- + -,2—1, and Italic indices 
take the values 1,- - -,7, and 


(ii) all arithmetical functions of the Greek indices are reduced modulo n, 


Denote the elements of a matrix by agt’'g,, or ats) , and define matrices 
U,, V; thus: 


U;: the diagonal matrix with elements where 
exp(2z1/n). 
V;: the substitution matrix, with one non-zero element in each row and 


column, given by 


a — 


where each subscript except the i-th is equal to the corresponding superscript, 
while the i-th subscript exceeds by 1 the 1-th superscript. For ~ = 3, r= 2, 
the matrices are: 


U, = U, ((11leee where + 1—0. 
V., V. correspond respectively to the transpositions 231564897, 456789123. 
For these matrices we may prove: 


THEorEM 6.1. (i) U*®=V"—I. 

(ii) Every pair of matrices commutes, except the r pairs, U,,Vi. 

(iii) VU; = UM, 

6.2. is the matrix with one non-zero 
element in each row and column, given by a{x?.g,) = eo, 


I if n is odd, 
if n is even. 


THEOREM 6. 4. — 
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THEOREM 6.5. The matrices form a group. The 
collineations determined by them form a group. 


THEOREM 6.6. Any matrix of n" rows and columns may be expressed 


in a unique way as 3kQ9 Wiz, there being n** terms in the summation. 
(ai) 


Thus, let H = (h(g'}) be an arbitrary matrix, and let H = (h{§'}) be the 
matrix obtained by rearranging the terms in each row in the way determined by 


hip) = - 
Then we may prove that 
H — 2K 
where K = (k{3‘}), and &2 is the matrix the elements of which are the powers 
of « given by 


aff} — 


For example, for n = 3, r= 2, we have 


wo 


mr 


h 
k 
k 


The problems that these matrices suggest immediately are 


(i) to pick out Clifford sets of matrices W, namely sets no two of 


whose members commute, 
(ii) to pick out sets Wr, such that (SceWr)" =f (cr), 


(iii) to find geometrical interpretations of the collineation group deter- 


mined by the family of matrices. 


7. Sets of matrices, in general commutative, but with some pairs for 
which VU = UV. Number the rows and columns of a n” X n’ matrix as 


in § 6, and take as basic matrices: 


ch 
iS. 
is 
br. 
00 00 00 00 00 00 00 
0 0 0 0 0 0 10 10 
hio hoo hoo hil has his hoo hoz 
22 2 2 
90 E29 £00... 299 
— 
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U;: the diagonal matrix 


@ a;...ac 7 


where 
= exp{2mi/(2"—1)}. 
V;: the substitution matrix defined in § 6. 
For n = 3, r= 2, we have: 
where 7’ = 1. 
Then: 


THEOREM 7.1. (i) UPA 

(ii) Every pair of matrices commutes, except the r pairs U;, Vi. 
(iii) VU, = 

THEOREM 7. 2. V 8. 


TuEoreM 7.3. If W then 


(ai) 
Wis 


where the superscripts of W are reduced modulo 2" —1, and the subscripts 


modulo n. 


THEOREM 7.4. The matrices W form a group in which 


8. Further generaliaztions. Let 1,,%2,:--,n, be any r positive 
eee not necessarily all different, each greater than 1, and let N = IIn, 
t=1,---,r. Write the position numbers, beginning with 0, of the rows 


and columns of a N-by-N matrix in the form 


where is to take the values 0,1,---,m—1. Take or a as the 
elements of a matrix. Then construct the two sets of r matrices: 


U;: the diagonal matrix in which 


where = exp (2ir/n;) 


V;: the substitution matrix with non-zero elements @ ¢)..a,:1..ar = 1, 


each subscript except the i-th being equal to the corresponding superscript. 
E. g., for n, = 2, nz = 3, nz = 2 the matrices are 
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—1 —1 1 1 —1)), 
U,= ((1 € € 

where ec? +¢e+1—0, 
V;, V2, Ws correspond to the substitutions: 1032547698et, 23450189te67, 
6789%e012345. 


These matrices have properties analogous to those discussed in § 6, the 
difference being that the number nn; involved is different for each pair of 
matrices U;, V;, instead of being the same for all pairs. 


THEOREM 8.1. (i) U+ =I, =—I. 
(ii) Every pair of matrices commutes except the r pairs U,, Vi. 
(iii) ViU;—aU Vi, where = 
THEOREM 8.2. Jf Wg, then 
Wis) Wis) W ? 
where the 1-th index is reduced modulo 1. 


THEOREM 8.3. Any N-by-N matrix may be expressed in a singl: way 
in the form 3k(3'} WG) for a given ordered set of factors m, of N. 


Thus, if H = (h{3')) is the matrix, then, writing 


(a4) F (ai) (a) (a4) 
H = (hg) where hig) = K = (k@)), 
— the matrix with elements a = 


we have H 


E. g., for == 3, ng = 2: 


| 
hip hao hoo hit hal hoy 
hoi hoi hit hoo hid 
1 1 1 ee bis 
15 


984 T. G. ROOM. 


The family of matrices discussed in § 7 may be generalized in the same 
way, and may be generalized also by defining the 4 in terms of powers 
which are powers of numbers ¢; different from 2, so as to obtain relations 
VU; | 
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Completely Revised And Enlarged 
NUMERICAL MATHEMATICAL ANALYSIS 


2nd Edition (1950) 


By James B. Scarborough 


Designed to serve as a textbook and reference work for students and 
workers in mathematics, statistics, engineering, and the exact natural 
sciences, Dr. Scarborough’s revised and enlarged second edition sets forth 
logically and clearly the most important principles and processes used for 
obtaining numerical results. Means for estimating their accuracy are 
propounded, sufficient theory is given to show their soundness, and the 
limitations and pitfalls of these methods are pointed out... 
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